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1 Optimal Matching between Point Clouds

1.1 Monge Problem for Discrete Points

Assignment problem.

Definition 1.1 (Optimal assignment problem). Let n > 1. For a cost matrix C € R"*" and the set Perm() of bijections of
[n] ={1,...,n}, the optimal assignment value is
1 n
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A minimizer is an optimal assignment, or optimal permutation.

When C; j = c(x}, yj), every permutation induces the empirical coupling 7y = n~! 31, O(x;,y,y) Detween a = nt Y, 6y and
p=nt Z7=1 0y, If the source locations are pairwise distinct, this coupling is the graph of the map T;(x;) = y,(;), and the
assignment problem is exactly the Monge problem between a and f.

Convex costs on the line.

Proposition 1.2 (Monotone matching on the line). Assume that x1, ..., x, are pairwise distinct and that y1, ..., y, are pairwise
distinct. If C; ; = h(x; — y;) for a strictly convex function h : R — R, then the unique optimizer is the order-preserving permutation,
characterized by (x; — xi")(Yo(i) — Yo(ir)) >0 forevery i # i’. In particular, the result applies to h(s) = |s| for p > 1.

Proof. A permutation that does not preserve order contains an inversion: after relabeling, x < x” are matched to y’ > y. Set
d=vy -y >0and D(s) = w. Strict convexity of h makes D strictly increasing. Therefore h(x — y’) + h(x’ — y) —

h(x —y)—h(x’—y’) =d(D(x’ — y) — D(x — y)) > 0. Swapping the two inverted targets strictly lowers the cost. Repeating this
exchange eliminates every inversion; the only order-preserving bijection between the two sorted clouds pairs equal ranks. O

If h is convex but not strictly convex, the same exchange inequality is non-strict. The equal-rank matching remains optimal, but
other, non-monotone optimizers can coexist. To construct a monotone optimizer, choose sorting permutations oy, oy such that

Xox(1) S Xoy@) < --- and Yo (1) < Yoy(2) < .. and match x,, () with y,, ). Thus 0 = oy o axl is optimal.

Histogram equalization. A typical application is grayscale histogram equalization. Let I;, { € [N], be the labeled pixel
intensities, write ay = N~} Z?jzl 01,, and choose a stable sorting permutation ¢ such that I,() < - -+ < I,(). For a target law §,
assign the pixel of rank k the intensity Cy Y((k —=1/2)/N), using the quantile function of Definition 2.24. Stable sorting breaks
ties between equal source intensities.

Two-dimensional geometry.

Proposition 1.3 (No proper crossings in Euclidean-distance matchings). Let x1,..., Xy, Y1, ..., Yn € R?and let c(x, y) = |x — y|.
If 0 is optimal, then two matched segments cannot cross properly: their relative interiors cannot meet at a point where their supporting
lines are distinct.

Proof. Suppose that [x;, y,(;)] and [x}, y,(j)] cross properly at z. The triangle inequality along the two reconnected paths gives
lxi = yopl < lxi =zl + |z = yo(il, Ixj = yoi)I < Ixj =zl + |z = Yo(i)ll. The sum of the two right-hand sides is exactly the
cost of the two original segments. At least one inequality is strict because a proper crossing is non-collinear. Swapping o(i)
and o(j) therefore strictly decreases the assignment cost, contradicting optimality. Collinear overlaps are excluded from the
statement precisely because the exchange can then have equal cost. m]

For an alternately colored convex 2n-gon, the number of non-crossing perfect matchings is the Catalan number

1 (2n 4"
"Tun+1\n rnd/2'
The Hungarian algorithm solves the assignment problem exactly in O(n3) operations by maintaining feasible dual potentials
and augmenting a matching along edges where the dual constraint is tight.

2 Monge Problem between Measures

2.1 Measures
Histograms.

Definition 2.1 (Probability simplex). The probability simplex of length nis £, := {a € R% ; ¥/, a; = 1} . Its elements are
also called probability vectors or histograms.
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Discrete measure, empirical measure.

Definition 2.2 (Discrete measure). A discrete measure with weights a and locations x1, ..., x, € X is
n
a= Z a;0x;, (2.1)
i=1
where 0, is the Dirac mass at position x. It is a probability measure if a € ,,, and a positive measure if all weights a; are
nonnegative.

General measures. We write M(X) for finite signed Borel measures on a metric space (X, d). A Dirac measure 6, is then
defined as 6x(A) = 1if x € A and 0 otherwise, and this extends by linearity for discrete measures of the form (2.1) as

a(A) = Lyenai
Polish metric spaces.
Definition 2.3 (Polish metric space). A metric space (X, d) is Polish if it is complete and separable: every Cauchy sequence

converges in X, and X contains a countable dense subset. More generally, a topological space is called Polish if its topology
can be induced by some complete separable metric.

A Polish path space with its uniform metric is S = C([0, 1];R¢), do(y,n) = SUPte[0,1] lly(#) —n(t)].

Definition 2.4 (Support of a measure). Let a be a positive Borel measure on a metric space X. Its support is supp(a) :=
{x € X; a(B(x,r)) > 0 for every r > 0} . If X is separable, this is the smallest closed set of full a-mass.

Radon measures.

Definition 2.5 (Radon and probability measures). A locally finite positive Borel measure a on X is Radon if a(A) =
sup {a(K) ; KCA compact} for every Borel set A. We write M_(X) for finite positive Radon measures and ML(X) =
{a € M (X); a(X) = 1} for probability measures.

For an integrable function f, we use the pairing notation (f, a) = /X f(x)da(x). Integration of such a measurable f against a
discrete measure a computes a sum f(\, fx)da(x) = X7 aif(x:).

Relative densities.
Definition 2.6 (Relative density). If a is absolutely continuous with respect to a positive reference measure A, its
relative density is the Radon-Nikodym derivative p, = %, da(x) = pa(x)dA(x). Equivalently, for every bounded
measurable function /1, and more generally whenever 1 is integrable with respect to the total variation of «, /X h(x)da(x)

/X h(x)pa(x)dA(x). If a is positive, the same identity holds in [0, +oo] for every nonnegative measurable /.

Total variation norm.
Definition 2.7 (Total variation). For a finite signed Radon measure @ on a compact space X, [a|rv

sup {{f, @); Iflle <1}.

feC(X)

The absolute value of a signed measureis |a|(A) == sup >;|a(B;)|, where the supremum is over finite or countable measurable
A=U;B;

partitions of A. Thus, if a = }}; a;0y; with distinct atoms, |a| = 3; [a;|6y;; if da(x) = p(x)dA(x), then d|a|(x) = |p(x)|dA(x).
Proposition 2.8 (Dual and measure definitions of total variation). For a finite signed Radon measure a on a compact space X, one
has ||ty = |a|(X).

Proof. The inequality |a|rv < |a|(X) follows from | / f da| < / |fld|e| < |fllelal(X). For the reverse inequality, write the
Jordan decomposition & = a* — a7, so that || = a® + a~. The measurable sign s = % takes values in {-1,1} outside a
|a|-null set and satisfies da = s d|@|. By regularity of Radon measures on compact spaces, s can be approximated in L!(|a|) by
continuous functions fx with || f¢|e < 1. Hence f frda — / s da = |a|(X), which proves the equality. The final statement is
the Riesz-Markov—Kakutani representation theorem with this norm. m|

For two absolutely continuous measures da = p,dA and df = pgdA, this gives the concrete formula |a - v = fX lpalx) —
pp()dA(x). If @ = X7, iy, B = Z;”zl bjoy,, let z1,...,z, be the distinct points in the union {x;}; U {y;}; and set
Ak = Vjyy=z, i by = Z]»%:Zk bj. Then a = Z,r(:l a6z, and = 22:1 bx 62, . This convention merges masses located at the
same point before comparing the two measures. With this common-support notation, || = flltv = X} _; lax — bxl.
Probabilistic interpretation.

Definition 2.9 (Random variable and law). Let (Q, 7, P) be a probability space and let X be Polish. An X-valued random
variable is a measurable map X : (QQ, ¥) — (X, B(X)). Its law is Law(X) = XyP, Law(X)(A) = P(X € A) for every
Borel set A C X.

For every integrable function f, integration with respect to this law is expectation: /X f(x)dLaw(X)(x) = E[f(X)].
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2.2 Push-Forward

For a measurable map T : X — Y, the push-forward operator T : M(X) — M(Y) records the distribution of the image points.
For discrete measures (2.1), the push-forward operation consists simply in moving the positions of all the points in the support
of the measure Tya = }; a;07(x;)-

Definition 2.10 (Push-forward). For a measurable map T : X — Y and @ € M(X), the push-forward measure § = Tya €
M(Y) is defined, for every measurable set B ¢ Y, by

B(B) = a({x € X ; T(x) € B}). (22)
Equivalently, for every bounded measurable function 1 : Y — R,
[ mp) = [ nrodac 23)
Y X

Note that T preserves positivity and total mass, so that if a € MUL(X) then Tya € MLY).

Proposition 2.11 (Push-forward formula for densities). Let U,V C R? be open, let a and p have Lebesgue densities p, and pg on U
and V,and let T : U — V be a C' diffeomorphism such that p = Tyar. Then, for Lebesgue-almost every x € U,

pa(x) = | det(T"(x))|pp(T (x)). (2.4)
Equivalently, for Lebesgue-almost every y € V, pg(y) = pa(T™'y) ldet(T’lTy))l'

Proof. Apply (2.3) to an arbitrary compactly supported continuous test function # and use the change of variables y = T(x), for
which dy = | det(T’(x))|dx.

/V h(y)ps(y)dy = /V h(y)dB(y) = /u W(T(x)da(x) = /u BT ()pa(x)dx

- dy
= [ h@)pa(Ty) e
/V (¥)pal y)|det(T’(T’1y))|

Since the identity holds for every such &, uniqueness of Lebesgue densities gives the target-variable formula in the statement.
Substituting y = T(x) then yields (2.4), where T’(x) € R¥ is the Jacobian matrix of T. O

2.3 Monge’s Formulation
Monge problem.

Definition 2.12 (Monge problem and Monge map). For a € ML(X), B € ML(Y) and measurable ¢ : X x Y — [0, +0],
define
Mcla, ﬁ) = T:X—>y11131£asurable {»//\’ D)) Tﬂa ) ﬁ} ‘ 22

A feasible T is a Monge map; a minimizer is an optimal Monge map. The value is +oo if no feasible map exists.

On the real line, for the quadratic cost and finite second moments, the optimal map from an atomless source to an arbitrary
target is the monotone rearrangement T = C[; Loy,

Proposition 2.13 (Empirical Monge maps and matchings). Assume that the source atoms x1,...,x, are distinct and that
a=313y" 6., p=1 Z}“:l Oy, If Ty = B, then for each distinct target value z in the support of B, exactly np({z}) source atoms are
mapped to z. In particular, if the y; are distinct, then there exists a permutation ¢ € Perm(n) such that T(x;) = y,( for all i. Conversely,
every such assignment of source atoms to target atoms with the correct masses defines a feasible Monge map on the support of a, and
in the distinct-target case f(\, c(x, T(x))da(x) = % Yy (i, Yo(i))- The values of a feasible map away from {x1, ..., x,} may be chosen
arbitrarily, provided the resulting extension is measurable. If source locations are repeated, they should first be merged into atoms with
larger masses; such atoms cannot be split by a Monge map.

Proof. Since Ty = B, all images T(x;) must belong to the support of f; otherwise the push-forward would give positive mass
to a point outside that support. For any target atom z, ({z}) = a(T"'({z})) = %# {i; T(x;) = z} . This proves the counting
statement. If all target atoms have mass 1/n, each target receives exactly one source atom, which is a permutation. The
converse and the cost identity follow by direct substitution. m]

Proposition 2.14 (Existence of transport maps from atomless sources). Let o and f be Borel probability measures on Polish spaces,
and assume that « is atomless. Then there exists a measurable map T such that Tya = .

Proof. A standard measure-isomorphism theorem identifies the atomless standard probability space (X, a) with ([0, 1], Leb),
modulo null sets. It is therefore enough to construct a map from [0, 1] to the target law . Since the target is Polish, it is a
standard Borel space; choose a Borel isomorphism i from a full-g Borel subset of / onto a Borel subset of [0, 1]. The generalized
quantile of iy pushes Lebesgue measure to igf. Composing it with i ! and with the source isomorphism gives the desired
measurable map, after arbitrary definitions on the discarded null sets. m]
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Monge distance.

Definition 2.15 (Directed Monge distance). Let (X, d) be a metric space and 1 < p < +co. For probability measures with
finite pth moments, define

W(a,p)y = T:xﬁxiﬂﬁasmme { /X d(x, T(x))Pda(x) ; Tya = ,3} ) (2.6)

The value is +co when the constraint set is empty.

Proposition 2.16 (Directed Monge distance). Let X = Y be a Polish metric space and 1 < p < +oco. On probability measures with

finite p-th moment, the quantity ’171/,; is nonnegative, vanishes only on the diagonal, and satisfies the triangle inequality. It is therefore a
directed extended distance: it need not be symmetric and may take the value +oo.

Proof. Nonnegativity is immediate. If ‘Wp(a, B) = 0, choose feasible maps Tj with / d(x, Tr(x))Pda(x) — 0. For every bounded
1-Lipschitz function F,
1/p

/hdﬁ—/ hda| = ‘/ h(Ti(x)) — h(x)da(x)| < (/ d(x, Ti(x))’da(x)|  — 0.

Since bounded Lipschitz functions separate probability measures on Polish metric spaces, a = . Conversely, the identity map
shows that (Wp(a, a)=0.

If either W, (a, y) or W »(y, B) is infinite, the claim is automatic. If both are finite, feasible maps Sya = y and Tyy = f exist,
so their composition is feasible from « to ; in particular, the left-hand side is finite. Fix ¢ > 0 and choose e-minimizers
satisfying E4(S)'? < Wy(a, y) +¢, Ey(T)VP < W, (y, B) + €. The composed map is feasible from a to §, and Minkowski’s
inequality gives

i 1p
Wy(a,p) < (/ d(x,T(S(x)))pdac(x))

1/p

1/
< (/ d(x,S(x))pda(x)) ’ + (/ d(S(x), T(S(x)))Pda(x)

= 8a(S)P +8,(T)P < Wy(a,y)+ W,(y,p) +2¢.
Letting ¢ — 0 gives the result. m|

2.4 Existence and Uniqueness of the Monge Map

Brenier’s theorem.
Theorem 2.17 (Brenier). Let a, B € ML(R?) have finite second moments, and assume that « is absolutely continuous with respect

to Lebesgue measure. For the quadratic cost c(x,y) = |x — y|?, there exists a convex function ¢ : RY — R U {+oo} such that
T=Vg, Tya = B, and T is the unique optimal Monge map a-almost everywhere. The optimal Kantorovich plan is (Id, T)ya.

Proof. Apply Proposition 5.11 to the normalized cost and multiply its dual potentials by two. This supplies optimal extended
c-concave potentials (f, ) for the cost |x — y|?, finite almost everywhere and integrable against their respective marginals.
Define ¢(x) = %"xll2 - % f(x), Y(y) = %ll y|* - % g(y). The c-concavity of f makes ¢ convex. Dual feasibility is equivalent
to @(x) +(y) > (x, y), and equality holds for almost every pair under any optimal plan. Replacing 1) by the convex conjugate
@* therefore yields the Fenchel equality ¢(x) + ¢*(y) = (x, y) on the optimal relation, hence y € dp(x). Since « has a density
and convex functions are differentiable Lebesgue-almost everywhere, dp(x) = {Vo(x)} for a-almost every x. Every optimal
plan is therefore concentrated on the same graph, which proves existence and uniqueness of both the optimal plan and the
Monge map. ]

Gradients of convex functions are monotone: (Ve(x) — Vo(x’), x — x’) > 0.

Definition 2.18 (Measures not charging hypersurfaces). A Borel measure @ on R? does not charge hypersurfaces if a(S) = 0

for every countably (d — 1)-rectifiable set S, i.e. every set that can be covered, up to an H“~!-null set, by countably many C!
hypersurfaces.

Radial measures. Radial symmetry gives a useful higher-dimensional case where the Brenier map reduces to a one-dimensional
monotone rearrangement. A measure a on R? is radial if Q4 = a for every orthogonal map Q.

Proposition 2.19 (Optimal transport between radial measures). Let o, € ML(R?) be radial probability measures with finite
second moments, and assume that o is absolutely continuous with respect to Lebesgue measure. Define their radial distribution functions

Fo(r) == a({x : x| < r}), Fg(r) = B{{y : lyl < r}), r = 0, and let Fgl(u) = inf{r > 0 : Fg(r) > u} be the generalized
inverse. Set T(r) := F;Y(F,(r)). Then the quadratic Brenier map from « to B is the radial map T(0) = 0, T(x) = Wy for x #0.
B q p p

[EY]
Moreover, if ag = (x > | x|)ya is the law of the source radius, then ‘W%(a, B) = /OOO lr — 7(r)|? dag(r).

Proof. Let ag = (| - )y and Br = (| - )38 be the radial laws. Since « is absolutely continuous, ag has no atoms. The map
T= Fﬁ_1 o F, is therefore the monotone one-dimensional transport from ar to fr. If X ~ @ and R = | X]|, then 7(R) has law fr.

Moreover, by radiality, the conditional direction X /| X| given R = r is uniform on the sphere for ag-a.e. ¥ > 0. Thus T changes
only the radius, from R to 7(R), and keeps the uniform angular distribution. It follows that Ty« is radial with radial law g,
hence Ty = .
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The function 7 is nondecreasing and nonnegative. Define 1(r) := for 7(s)ds on R.. Then ¢ is convex and nondecreasing,

so ¢(x) := Y(|x|) is convex on R¥. Since a is absolutely continuous, it does not charge the origin nor the radii where the
monotone function 7 is discontinuous. Thus Ve(x) = =(|x|)x/|x| = T(x) for a-a.e. x. The map T is therefore a gradient of a
convex potential and pushes a to f. Brenier’s theorem identifies it as the unique quadratic optimal Monge map. The displayed

cost formula follows by substituting T(x) in f lx = T(x)|>de(x). O

If o is not absolutely continuous, the same radial idea is still useful but has to be interpreted at the level of couplings of the
radial variables: atoms on spheres may have to be split, so a Monge map need not exist.

Displacement interpolation.
Definition 2.20 (Monge and McCann displacement interpolation). If Tya = 8, the Monge interpolation generated by T is the

curve Ty(x) == (1 —t)x + tT(x), at = (T )ya, t € [0, 1]. For the quadratic cost, when T is the optimal Brenier map,
this curve is called McCann’s displacement interpolation.

Proposition 2.21 (Directed Monge displacement geodesics). Let 1 < p < +oo, let a, € ML(R?) have finite p-th moments, and let

T be an optimal map for (Wp(a,ﬁ) in (2.6). Set ay = (Ty)ya with Ty = (1 — t)Id + tT. Assume that, for every t < 1, T is one-to-one on a
full a-measure Borel set. Its inverse on the image of that set is then measurable and defined a;-almost everywhere. For0 < s <t <1,

Wy(as, ar) = (t —s)Wy(a, ). Thus t & ay is an oriented constant-speed geodesic for the directed Monge distance. In particular, for
p = 2, this applies to the Brenier map under the hypotheses of Theorem 2.17.

Proof. The case s = t is trivial, so assume s < t. Since s < 1, the inverse T, ! is defined a;-almost everywhere along the
transported particles. Define S;; = T; o T, as-a.e. Then (Ss,t)gas = at, and, using the optimality of T, ‘Wp(ocs, ap)P <
/ [Ss,t(z) — z|Pdas(z) = / 1T (x) — Ts(x)|Pda(x) = (f - s)P(Wp(a,ﬁ)V. The same particle construction gives (Wp(oc,as) <
s(Wp(a,B). Ift <1,themapT o Tt‘1 sends a; to § and gives (Wp(at,ﬁ) <(1- t)(ﬂ/p(a,ﬁ); if t = 1, this latter distance is zero.
Using the triangle inequality from Proposition 2.16,

‘Wp(a,[:?) < (Wp(a, as) + ‘Wp(as,at) + (Wp(at,ﬁ) < S(Wp(a,ﬁ) + (Wp(ozs, ap) +(1- t)Wp(a,ﬁ).
Hence "ﬂ/,,(as, a) = (f - s)(Wp(a, B), which proves equality. For a Brenier map T = Vg, the map T; is the gradient of

x> (1- t)@ + t@(x), which is (1 — t)-strongly convex for every f < 1. On the full-measure set where ¢ is differentiable, this
gives (T;(x) — Ti(y), x — y) > (1 — t)|x — y|?, so T; is injective there. O

Regularity and the Monge—-Ampére equation.
Proposition 2.22 (Caffarelli regularity). Let Q, A C R be bounded uniformly convex domains with C? boundaries. Let a = py(x)dx
and B = pg(y)dy be supported on Q and A, respectively, with 0 < m < pa, pp < M < +00.If py € C*(Q) and pp € C*(A) for some
a € (0,1), then the Brenier potential ¢ is strictly convex in Q) and belongs to Ci;f(Q). Under the standard compatibility and higher
boundary-regqularity assumptions, the same reqularity extends to the boundary.

a(x)

pp(Ve(x))
boundary condition Vp(Q) = A. The density bounds and convexity of the domains give strict convexity and localization of

sections. Caffarelli’s interior theory then yields Clzo? estimates for ¢; the boundary statement follows from the boundary
regularity theory under uniform convexity and compatibility assumptions. O

Proof. The potential solves the Monge—Ampere equation det(VZ¢p(x)) = in the Alexandrov sense, with second

For sufficiently smooth positive densities and a classical Brenier map, the change-of-variables formula (2.4) gives the
Monge-Ampeére equation

det(VZ@(x))pp(Vo(x)) = pa(). 2.7)
Proposition 2.23 (Linearization of the Monge-Ampeére equation). Let p. = po + €7 + 0(¢) be a smooth perturbation of a positive
reference density po on a smooth bounded domain (3, with /Q rdx = 0. Assume that the expansions hold in a topology strong enough to
differentiate the change-of-variables identity. If T,(x) = x + eVu(x) + o(¢&) transports podx to p.dx, then, to first order, =V - (poVu) = r.
In particular, when py is constant, the linearized equation is —Au = r [ po. If the source and target occupy the same fixed domain and no
mass crosses its boundary, the accompanying first-order boundary condition is pod,u = 0 on dQ; together with fQ udx = 0, it fixes the
additive constant.

Proof. The change-of-variables equation for T; is po(x) = p¢(T:(x)) det(VT:(x)). Expanding p.(x + eVu) = po(x) + er(x) +
e(Vpo, Vu) + o(¢) and det(Id + £V2u) = 1 + eAu + o(¢) gives

po = po + &(r + (Vpo, Vu) + poAu) +o(e) = po + &(r + V- (poVu)) + o(e).
The first-order term must vanish. O

2.5 Beyond the Quadratic Euclidean Cost

W, costs. The quadratic cost is special because it identifies the optimal map with the Euclidean gradient of an ordinary
convex potential. For the Wasserstein cost, normalized as c(x, y) = |x — y|’/p with p > 1, the same Monge-map picture
survives, but the potential is adapted to the cost. At differentiability points of f, Vf(x) = Vyc(x, T(x)). For c(x, y) = |x - y|? /p,
this gives the explicit relation T(x) = x — [Vf(x)[172Vf(x), % + % = 1. Here ||z|772z denotes the continuous duality map,
defined to be 0 at z = 0. This convention includes the case g = 2 and removes the apparent singularity when 1 < g < 2.
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Squared geodesic distance. Let M be a complete connected Riemannian manifold, let a, € M}r(M) have finite second

moments, and assume that a is absolutely continuous with respect to Riemannian volume. For c(x, y) = dp(x, y)?/2, the
optimal map is expressed using the exponential map: T(x) = exp,(—V¢(x)), where ¢ is c-convex and the formula is understood
a-almost everywhere, with T(x) outside the cut locus of x. This is the intrinsic version of the formula T = x — V¢ in normal
coordinates. The associated McCann interpolation is

Ti(x) = exp,, (t exp;l(T(x))) = exp,(-tVo(x)), ar = (Ty)ya, t €]0,1].

More generally, for an arbitrary optimal coupling 77, choose a minimizing geodesic from x to y measurably for m-almost every
(x,y) and let G¢(x, y) be its point at time ¢. Then a; = (Gy)y7.

2.6 One-Dimensional Transport and Quantiles
Cumulative and quantile functions.

Definition 2.24 (Cumulative and quantile functions). For & € ML(R), its cumulative distribution function is
Ca(x) = a((—o0, x]). (2.8)
Its generalized inverse, or quantile function, is
C;l(r) =inf{x € R; Cu(x) > 1}, r € (0,1). (2.9)

Proposition 2.25 (Quantile push-forward). One has (C;');Leb(o1) = a. If a has no atoms, then (C)sox = Lebyg 1).

Proof. For simplicity, assume first that « has a strictly positive density, so that C, is strictly increasing and continuous. Denote
y = (C;")4Lebyg 1). It is enough to prove that C) = C,. For every x,
1

1
C(x) = /0 1o (C2(2))dz = /0 1i0,6,01(2)dz = Ca(),

where we used C;1(z) < x if and only if z < C,(x). General measures follow from the same argument with generalized
inverses and right-continuity of the cumulative distribution function. If @ has no atoms, the probability integral transform
gives (Ca)ya = Leb(g 1). m|

1-D Monge solutions.
Theorem 2.26 (One-dimensional Monge solution). Let a, € ML(R), assume that a has no atoms, and let h : R — [0, +c0) be
convex. Consider the cost c(x,y) = h(x —y). Write q, == C;' and qp = Cﬁ_l, and assume that h(q, — qp) € L'(0,1). Then

TzqﬁoCa:Cﬁ_loCa (2.10)
satisfies Tyaw = B and minimizes Smn}} / h(x = S(x))da(x). In particular, for any 1 < p < +o0, if a and B have finite pth moments and o
Hor=
has no atoms, then h(t) = |t|P gives the usual one-dimensional Monge optimizer.

Proof. By Proposition 2.25, atomlessness of a gives (Cy )y = Lebg,1), while (gg)yLeb(,1) = . Hence Tyar = p.

Let S be any admissible map and set 7t = (Id, S)y. The one-dimensional uncrossing theorem for relaxed couplings, proved
later as Theorem 3.28, shows that the quantile coupling 7* = (44, 43)4Leb o 1) is optimal among all couplings. Since a has no
atoms, (Id, T)ya = *, and therefore / h(x — T(x))da(x) = / h(x — y)dn*(x,y) < f h(x —y)dms(x,y) = / h(x — S(x))da(x),
where every integral is understood in [0, +oo]. This proves optimality of T among Monge maps. m|

For discrete measures, one cannot directly apply the map formula when the source has atoms, but if the measures are uniform
on the same number of Dirac masses, then it is exactly the sorting formula of Proposition 1.2.

Proposition 2.27 (One-dimensional Wasserstein formulas). Let 1 < p < +oo and let o, f € ML(R) have finite p-th moments. Then

1
W,(a, ) = /0

. - p - -
-G dr=1c: -G} @11)
For p =1, this is equivalently

LpP([0,1])"
Wi(a, ) = |Ca — Calinm = / 1Ca(x) - Cp(x)| dx = /
R

1/ -

dx. (2.12)

Proof. The first formula follows from Theorem 3.28: the optimal coupling is obtained by taking the same quantile level r for
both measures. For p = 1, use the layer-cake identity. If 4, and gg are the two quantile functions, then /01 |ga(r) — qp(r)|dr =
fR A({r : ga(r) < x < gp(r)} U{r : gp(r) < x < qa(r)})dx. The measure of the displayed set is exactly |Cy(x) — Cp(x)| for almosDt
every x.

At time f € [0, 1], interpolate the quantiles: Cojtl(r) =(1-HC (r) + tCﬁ‘l(r), r € (0,1).

2.7 Gaussian Measures and the Bures Metric
One-dimensional Gaussians. Let @ = N(imq, 02) and B = N(mg, aé) be two nondegenerate Gaussians on R. Then T(x) =
z—Z(x —mg) + mg satisfies Tya = B. It is the derivative of the convex function ¢(x) = %(x —mg)? + mgpx, The associated distance

is
2

Wata = [ (= ma)-+ s =x) da(s) = On = P+ (0 = )
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The formula extends by continuity to Dirac masses, although the affine Monge map itself only pushes a Dirac source to another
Dirac. Thus the OT geometry of one-dimensional Gaussians is the Euclidean geometry of the closed half-plane (1, 0) € RXR,.

Multivariate Gaussians. Consider two Gaussian laws and an affine transport candidate:

a=N(my, Ly), B =N(mg,Zp), T(x) = mg + A(x — my), (2.13)
Proposition 2.28 (Affine push-forward of Gaussians). One has Ty = f if and only if
ATAT = % (2.14)

Proof. An affine function maps a Gaussian to a Gaussian, so the law of T(X) is determined by its mean and covariance. If
X ~aand Y = T(X), then E(Y) = mp + AE(X — m,) = mg, and E((Y — mg)(Y —mp)T) = AE((X = ma)(X —ma)T)AT = ALAT.
Thus AX, AT = Y4 is necessary and sufficient for Y to have the same mean and covariance as f3; since both laws are Gaussian,
this is equivalent to equality in distribution. m]

Definition 2.29 (Bures metric). For positive semidefinite covariance matrices X and A, the Bures metric is

B(Z, AP = tr (z +A- 2(21/2/\21/2)1/2) . (2.15)

Proposition 2.30 (Gaussian ‘W formula and Bures covariance term). Assume that L., and Lg are positive definite. The covariance
equation and its unique symmetric positive-definite solution are

AL, A=Y A>0, = A=x]" (z}/zzﬁz}ﬁ)l/z 2 (2.16)
The affine map T(x) = mg + A(x — my) is the optimal quadratic-cost transport from N(my, o) to N(mg, Zg), and
Wala, p)? = [me — mp|* + B(Za, p)?, (217)
where B is the Bures metric of Definition 2.29.
Proof. Multiplying AX,A = X4 on the left and right by Z}J/ z gives (zi/ ZAZEY/ 2)2 = Ztl)/ ZZﬁZy %, Since A is symmetric positive,

Z(lx/ 2A2y %is symmetric positive and is therefore the unique positive square root of the right-hand side. Conversely, the matrix
in (2.16) is symmetric positive and satisfies the covariance equation.

By Proposition 2.28, this affine map pushes a to . It is the gradient of a convex quadratic potential, so Brenier’s theorem
implies optimality. If X ~ a, then

EIX = TQOI? = Ima = mg)? + EI(1d = A)(X — ma)|?
= lma = mg|? + tr((1d — A)Zo(Id — A)T)
= mq — mg)* + tr(Za) + tr(AZ,A) — 2tr(AZ,)
= o = mgl + tr(Za) + tr(Zg) = 2 (2 "L ) 72),
which is the desired expression. The formula for singular covariance matrices follows by adding ;Id and letting 1 | 0. m|

Comparison with the Fisher—-Rao metric for zero-mean Gaussians. For X, Y’ € SdJr +, write
KL(Z | ) := KL (N(0,Z) | N(0,%)) = % (tr((z')-lz) —d-log det((z')-lz)) .
If D=DT and X + ¢D remains positive definite, then
KL(Z+¢D [ X) = %(QZ(D),DME +o(e?),  Qx(D)= %E_lDZ_l,

where (A, B)r = tr(A"B) is the Frobenius pairing. Thus the local quadratic form is gs(D,E) = %tr(Z_lDZ_1E). With this
normalization, the Fisher-Rao, or affine-invariant, geodesic distance on S%, is dpr(Z, 2)? = 1| log(Z7V/22'271/2)|2, where log
denotes the principal matrix logarithm, and the corresponding geodesic is

ZFR —yl2 (2—1/22,):—1/2)t y1/2.

Rank-deficient covariances are at finite Bures distance, but at infinite Fisher—Rao distance.

For 2 x 2 covariances, use z = (f,u,v) with Z(z) = 2712 (*+* ,® ) and t > Vu2 + v2, and set A, = t2 — u? — 0?2, (z,2)g =
tt’ +uu’ + vv’, (z,2" )71 = tt’ — uu’ — vv’. Then the two distances admit the side-by-side expressions
B, ) = \/E(t +t') — 2\/(2, 20 + VA A, (2.18)
(z,2")L % 1\ (z, Z’>]% = Az Ay

drr(S, T/ = % ((log A2 + (log A_)2), A= (2.19)

A, !
where the Fisher-Rao formula requires A;, A,» > 0 and A. are the eigenvalues of iy,

3 Kantorovich Relaxation

3.1 Discrete Relaxation
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Mass splitting and couplings. The relaxation is encoded, in place of a permutation ¢ or amap T, by a coupling matrix P € R*",
where P; ; describes the amount of mass flowing from x; to y; in the formalism of discrete measures a = }}; a;0y;, B =
2jbjdy;.
Definition 3.1 (Discrete couplings and mass conservation). Admissible couplings are only constrained to satisfy conservation
of mass:
U(a,b) = {PeRY"; Pl,,=a and P'1,=h}. (3.1)
Equivalently, P1,, = (Zj P;j); € R, P11, = (ZiPi,j)j e R™,

Definition 3.2 (Discrete product coupling). Given weights a € £, and b € ¥, the discrete product, or trivial, coupling is
(a®b);; = a;b;. It belongs to U(a, b) and corresponds to choosing the source and target labels independently.

Proposition 3.3 (Discrete product optimality is degenerate). Assume that the zero-mass rows and columns have been removed, so that
a; > 0andb; > 0, and let C be a finite cost matrix. The product plan a ® b minimizes P +— (C, P) over U(a, b) if and only if every
coupling P € U(a, b) minimizes it.

Proof. The reverse implication is immediate. Assume conversely that a ® b is optimal and let Q € U(a, b) be arbitrary. Since

all entries of a ® b are positive, there exists t > 0 small enough that R := (1 + )(a ® b) — tQ has nonnegative entries. Its row
and column sums are R1,, = (1 +t)a—ta=aand R"1, = (1 +t)b —tb =b,so R € U(a,b). Moreover,a®b = ﬁR +£=Q.
By optimality of a ® b, both (C, R) and (C, Q) are at least (C, a ® b). Taking the scalar product of the convex-combination
identity with C gives (C, a®b) = %(C, R) + ﬁ(C, Q). A convex average of two numbers not smaller than (C, a® b) can

equal (C, a ® b) only if both numbers are equal to it. Hence (C, Q) = (C, a®b), and Q is optimal. Since Q was arbitrary, all
couplings are optimal. O

Thus the product plan is mainly a feasibility witness. Except in the degenerate situation where the linear cost is constant on
the whole transportation polytope, it is not expected to solve optimal transport.

Linear-programming structure.

Definition 3.4 (Discrete Kantorovich problem). Fora € Z,,, b € X,,, and C € R™™, define

Lc(a,b) == min (C, P) = min @PRF 3.2
c(ab) PeU(a,b)< ) PeUiab) 4= K (32)

A minimizer P is an optimal coupling, or optimal transport plan.

Proposition 3.5 (Convexity in the marginals and concavity in the cost). For every fixed cost matrix C € R™™, the map
(a,b) = Lc(a, b) is jointly convex on X, X L. For every fixed (a,b) € X,, X L, the map C — Lc(a, b) is concave on R"™™.

Proof. For r € {0,1}, let P, be optimal between a, and b,. For ¢t € [0,1], the matrix Py = (1 — )Py + {P; belongs to
U((1 - t)ag + tay, (1 — £)bg + tb1). Therefore LC((l —t)ag + tay, (1 — )by + tb1) < {(C, P;) = (1 —t)Lc(ag,bp) + tLc(a, by). For
fixed marginals, every P € U(a, b) satisfies {((1 — t)Co + fCy, P) > (1 — t)L¢,(a,b) + tLc, (a, b). Minimizing the left-hand side
over P proves concavity in C. O

Proposition 3.6 (Rank-controlled sparse minimizers). Let A : R — R be linear, let d € R7 and C € R™™, and consider

inf  (C, P), (3.3)
P>0, AP)<d

where the inequality is componentwise. If the feasible set is nonempty and the objective is bounded below on it, then (3.3) admits a
minimizer P* satisfying

# {(i,j); PY; > 0} < rank(A). (3.4)
Here rank(A) = dim(Im A). The same conclusion holds when A(P) < d is replaced by A(P) = d.

Proof. The feasible region is a nonempty polyhedron, and the objective is bounded below on it. The attainment theorem for
linear programs therefore provides a minimizer. Among all minimizers, choose P* with the smallest number of positive
entries, and denote its support by S.

Suppose that #S > rank(A). The restriction of A to the #S-dimensional space of matrices supported on S then has a nontrivial
kernel. Hence there is a nonzero matrix H, supported on S, such that A(H) = 0. Since P* is strictly positive on S, both P* + tH
and P* — tH remain nonnegative for all sufficiently small ¢ > 0. Moreover, A(P* + tH) = A(P*), so both perturbations satisfy
exactly the same linear inequalities, or equalities, as P*. Optimality forces (C, H) = 0; otherwise one of the two signs would
strictly decrease the objective.

Choose ¢ € {-1,1} such that H has a negative entry, and set t, := Ming jy. ¢H, ;<0 PZ]./(—GHI-,]-) > 0. Then P* + t,0H is
nonnegative, feasible, and has the same cost as P*. At least one of its positive entries has become zero, while no new entry has
appeared outside S. This contradicts the minimality of S and proves (3.4). O

Proposition 3.7 (Sparse optimal plans). Assume a; >0, b; > 0and };a; = %;bj = 1. The linear program (3.2) admits an optimal
coupling with at most n + m — 1 nonzero entries.

Proof. The transportation polytope is nonempty and compact, so the minimum is finite. Apply the equality case of
Proposition 3.6 to the marginal operator Amarg(P) := (P1,, P'1,) € R**™ . Tts rank is n + m — 1. Indeed, every matrix satisfies
>i(P1y,); = 3 j(PT]ln)j, so there is one linear dependence among the n + m marginal coordinates. It is the only one: if
u € R" and v € R" satisfy (u, P1,,) + (v, PT1,) =0 for every P, then testing this identity on each elementary matrix
gives u; + v; = 0 for every (i, j). Thus all u; equal one scalar and all v; equal its opposite, so the annihilator of Im(Amarg) is
one-dimensional. It follows that rank(Amarg) = 7 + m — 1, and Proposition 3.6 supplies the claimed optimal coupling. O
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Proposition 3.8 (North-west corner feasible plan). Let a € R} and b € RY} have the same positive total mass. Starting from
(i,7) = (1,1) with residual masses r; = a; and s; = bj, skip zero residuals, set P; ; = min(r;, s;), subtract this value from both residuals,
and advance every index whose residual has become zero. Repeat until all residual masses are exhausted.

Proof. All assignments are nonnegative. At each step, the mass placed in entry (i, j) is subtracted from exactly one current row
residual and one current column residual, so no row or column can receive more mass than prescribed. Conversely, an index
is advanced only when its residual has been fully filled. When the algorithm stops, the total assigned mass is }}; a; = X; bj,
hence all row and column sums are exactly a and b.

Each positive assignment exhausts at least one current row or one current column. Before the final assignment, at most n — 1
row advances and m — 1 column advances can occur without terminating the construction. Hence the number of positive
entries is at most (n — 1) + (m — 1) + 1 = n + m — 1. For acyclicity, view the positive support as a bipartite graph. Once a row or
column index is advanced, it never appears again, so each new positive edge either starts a new component or attaches at
least one new vertex to the component currently being swept. No edge is ever added between two old vertices of the same
component, so no cycle can be created. m]

One-dimensional cases.
Proposition 3.9 (One-dimensional weighted sweep). Let x1 < --- < x, and y1 < -+ < Yy be points on the line, and let
c(x,y) = h(x — y) with h convex. The north-west corner plan between the sorted weighted atoms is optimal for (3.2).

Proof. The north-west plan is monotone: if i < i and j > j/, it cannot put positive mass on both (7, j) and (i’, j*), because
the sweep exhausts rows and columns in increasing order. To prove optimality, start from an arbitrary feasible plan P. If
P11 < min(aj, by), then row 1 sends positive mass to some column j > 1, while column 1 receives positive mass from some
row i > 1. Moving 1 = min(Py j, P; 1) from (1, j) and (i, 1) to (1,1) and (i, j) preserves both marginals. Convexity of & gives the
Monge inequality i(x1 — y;) + h(x; — y1) > h(x1 — y1) + h(x; — y;), so this exchange does not increase the cost. Each exchange
either removes the chosen entry in row 1 or removes the chosen entry in column 1. Repeating finitely many times forces
Py1,1 = min(aj, b1), exactly the first north-west assignment. It exhausts row 1, column 1, or both. Removing every exhausted
index reduces the problem to a smaller ordered transportation problem. Induction on n + m produces the complete north-west
plan without increasing cost. Sorting costs O(n log 1 + m log m) and the sweep uses at most n +m — 1 positive assignments. O

Permutation matrices as couplings.

Definition 3.10 (Permutation matrices). For a permutation ¢ € Perm(n), its permutation matrix P, is
1 if j=0()

(Po)ij = { 0 otherwise.

The set of all permutation matrices is P, := {P, ; ¢ € Perm(n)} .

If the matching cost matrix is C, then (C, P, /n) = 1 1 Ci o)

n
Definition 3.11 (Birkhoff polytope). The Birkhoff polytope is the convex set of bistochastic matrices B, =
{PeR™ ;Pl,=1, and PT1,=1,}.

Then U(1,/n,1,/n) = B,/n, and permutation couplings are included in this convex relaxation. More precisely, PY~" =
B, N {0,1}™" c B,, so before using the structure of B, one first obtains only the relaxed inequality minpeg, (C, P) <
minpepserm (C, P).

Definition 3.12 (Extreme points). For a convex set C in a finite-dimensional vector space, Extr(C) :=

{xeC;x=Wy+2)/2, yzeC=>y=z=x}.

Proposition 3.13 (Existence of extreme points). If C is a non-empty compact convex subset of a finite-dimensional vector space, then
Extr(C) is non-empty.

Proof. Among all non-empty faces of C, choose one of minimal affine dimension. If this face contained two distinct points,
maximizing a linear functional that is not constant on the face would produce a non-empty proper exposed subface,
contradicting minimality. Hence the minimal face is a singleton, and its point is extreme. |

Proposition 3.14 (Linear programs have extreme minimizers). Let C be a non-empty compact convex set. For every linear form ¢,
Extr(C) N argmin, ., £(x) # 0.

Proof. The set S = argmin, . {(x) is non-empty, compact and convex. By Proposition 3.13, it has an extreme point x. If
x = (y +z)/2 with y, z € C, then by linearity and optimality of x, both y and z also minimize ¢ on C, hence y, z € S. Since x is
extreme in S, y = z = x. Thus x is extreme in C. O

Theorem 3.15 (Birkhoff-von Neumann). The extreme points of B, are exactly the permutation matrices.

Proof. We first prove that permutation matrices are extreme. Let P, € PP and assume that Py = (Q + R)/2 with Q,R € B,,.
Every bistochastic matrix has entries in [0, 1]. Since the only extreme points of [0, 1] are 0 and 1, each entry of P, fixes the
corresponding entries of Q and R: if (P;);; = 0, then Q; ; = R; ; = 0, while if (P;); ; = 1, then Q; j =R; ; = 1. Hence Q = R =P,
so P, is extreme.

Pick P € B, \ Py Since an integral bistochastic matrix is necessarily a permutation matrix, P has at least one fractional

entry. We shall split P = % with Q,R € 8, and Q # R, proving that P is not extreme.

Associate with P the bipartite graph whose left vertices are the rows, whose right vertices are the columns, and whose edges
are the fractional entries 0 < P; ; < 1. An entry equal to 1 uses the whole mass of its row and column, so it is isolated in the
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positive support and does not appear in this fractional graph. If a left vertex i is incident to a fractional edge (i, j1), then it must
be incident to at least one other fractional edge. Indeed, the row sum is one; after the contribution P; j, € (0, 1), a positive
amount 1 — P; ; remains in the same row, and it cannot be carried by an entry equal to 1. The same argument applies to right
vertices, using the column sums. Thus every non-isolated vertex of the fractional graph has degree at least two.

Starting from any fractional edge, one may therefore walk through adjacent fractional edges without immediately backtracking
and without getting stuck. Since the graph is finite, some vertex is eventually visited twice; the portion of the walk
between the two visits contains a cycle. Choose a shortest such cycle and write it in alternating form (i1, j1, i2, j2, . . . , ip, jp),
with 7,11 = i1, where both (is, js) and (is41, js) are fractional for every s. The minimality of the cycle implies that the
vertices is are all distinct and that the vertices js are all distinct. In particular, 0 < P; i, <1 and 0 <P;,, < 1. Define

€ '= minj<s<p {Pis, jor Pijor 1= Pigjo, 1=Pi i } All these numbers are positive, so € > 0. Split the cycle edges into the two

alternating families A := {(is, js)})_,, B :={(is+1,j5) Yo,
Pi/]', (i,j) ¢ AUB, Pi,j/ (i,j) ¢ AUB,
Qij=1Pij+e/2, (i,j)€A, Rij=1Pij—¢/2, (i,j) €A,
Pi/]‘—S/Z, (i,j) € B, Pi,j+5/2/ (i,j) € B.

By the definition of ¢, all modified entries stay in [0, 1], so Q and R are nonnegative. Each row vertex i, of the cycle is incident to
exactly one edge of A and one edge of B; the +¢/2 and —¢/2 perturbations therefore cancel in that row. The same cancellation
holds in each column vertex j;, and all other rows and columns are unchanged. Finally, Q # R because ¢ > 0 and the cycle is
non-empty, while by construction P = (Q + R)/2. Thus P is not extreme. O

Corollary 3.16 (Kantorovich for matching). If m = nand a = b = 1, /n, then the discrete Kantorovich problem (3.2) admits an
optimal solution of the form P, /n. The associated permutation o solves the assignment problem of Section 1.1.

Proof. The feasible setis B, /n. By Proposition 3.14, the linear objective has an optimal extreme point. Since scaling preserves
extreme points and Theorem 3.15 identifies the extreme points of By, this optimizer is P, /n for some permutation ¢. Its cost is

exactly n 'y, Ci 4(i), S0 0 is an optimal assignment. O

Constructive Birkhoff-von Neumann decomposition.
Corollary 3.17 (Birkhoff-von Neumann decomposition). Every P € B, admits a representation P = Y AP, , Ap >
0, Zle A =1, L < (n—-1)+1, where each Py, isa permutation matrix.

Proof. Let K be the convex hull of the permutation matrices. Clearly K c 8B,. Conversely, if some P € 8,, did not belong to the
compact convex set K, strict separation would provide a linear form ¢ such that {(P) < mingex ¢(Q). Proposition 3.14 and
Theorem 3.15 give mingeg, ¢(Q) = Mingeperm(n) £(Py) = mingex £(Q), contradicting P € B,,. Hence 8, = K

The 2n row- and column-sum equations have rank 2n — 1, and the strictly positive matrix 1,1, " /n lies in their affine space.
Therefore B, has affine dimension n2 — (2n — 1) = (n — 1)%. Carathéodory’s theorem in this affine hull now reduces any convex
decomposition to at most (n — 1?2 +1 permutation matrices; zero coefficients can be discarded. O

If N(I) denotes the neighbor set of I, then s|I| = Xie; Xjenay Rijj < Zjenqy 2i Rij = sIN(I)]. Thus [N(I)] > |I], so Gr contains a
perfect matching.

If A <s,then P’ := RS%A}]\)” If the current support graph has E edges, the elementary matching subroutine performs at most n
breadth-first searches and costs O(nE). Thus a dense implementation costs O(n?) per extracted permutation and, using the

term bound above, at most O(n°) arithmetic and graph operations overall.

Rational weights.

Proposition 3.18 (Rational weights as duplicated uniform matching). Let a = )7 ; %5::,-, B =2 %6%., 2iki =
2 {j = N, with positive integers ki, {j. Replace each x; by k; identical copies and each y; by {; identical copies, producing two uniform
N-point clouds. Then the duplicated assignment problem and the discrete Kantorovich problem between o and B have the same optimal
value. Moreover, there exists an optimal coupling of the form P; j = %, nij €N, Zj ni;=ki, X;ni;=4%,and couplings
whose scaled entries NP; ; are integral are exactly the collapsed assignments between duplicated clouds. Fractional optimal couplings may
nevertheless coexist when the optimum is degenerate.

Proof. Any assignment between the duplicated source and target clouds defines integers n;; counting how many copied
particles of type x; are matched to copied particles of type y;. These counts satisfy }};nj; = ki and 2; n;; = {j, and the
associated coupling P; ; = n; j/N has marginals k;/N and {;/N. The assignment cost is % i nijc(xi,y;) = i P;jc(xi, yj)-
Conversely, any nonnegative integer count matrix with those row and column sums can be realized by allocating the k; copies
of each x; among the target copies according to (1;);. Scale a feasible coupling by N and write Q = NP. The constraints
on Q have integer right-hand sides (ky, ..., ks, 1, ..., {y). After multiplying the target rows by —1, their coefficient matrix
is the oriented node-edge incidence matrix of a bipartite graph and is therefore totally unimodular. Every vertex of this
transportation polytope is integral. Since a linear objective attains its minimum at a vertex, an integral optimal Q exists,
proving equality of the two optimal values. The argument establishes existence, not integrality of every optimizer; convex
combinations of distinct integral optima give fractional optima. ]

3.2 Linear-Programming Algorithms
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Interior-point methods. The logarithmic-barrier problem on the resulting transport polytope is

P,:= argmin (C,P)-¢ Z logP; j, (3.5)
Pl1,=a, PT1,=b ij
Pi,]'>0
where ¢ > (0 is decreased along the algorithm. The barrier is singular at the boundary, so each iterate stays strictly inside the
transportation polytope; as ¢ | 0, the central path approaches the set of LP minimizers.

3.3 Relaxation for Arbitrary Measures
Continuous couplings.

Definition 3.19 (Marginals of a joint measure). Let 1 € M1 (X X Y) and let Px(x,y) = x, Py(x,y) = y be the coordinate
projections. The marginals of 7t are 111 = (Px)y7t € ML(X), ny = (Py)ym € ML (Y). Equivalently, for all bounded
continuous test functions f on X and g on Y, fXXy fx)dn(x,y) = fodnl, f{\,xy g(y)dn(x,y) = fy gdmy.

A useful mnemonic for the marginal constraint 711 = a and m; = f is the formal row-and-column notation fy dn(x,y) =
da(x), fX dn(x,y) = df(y), which is made rigorous by Definition 3.19, or equivalently by the identities (A X Y) = a(A)
and 7t(X x B) = B(B) for measurable sets A € X and B C Y.
Definition 3.20 (Couplings). Given a € ML(X)and g € M1(Y), the set of couplings between a and f is

U(a,p) = {n eMLXxY); mi=a and m= ﬁ} (3.6)
This is the continuous analogue of the transportation polytope (3.1).

Definition 3.21 (Tensor product and trivial coupling). Given a € ML(X) and € M1 (Y), the tensor product coupling a ®
is the probability measure on X X Y defined by

/X )@@ P y) = /X ( /y h(x,wd/s(y)) e

for every bounded measurable k. It is also called the trivial coupling because it makes the two coordinates independent.

/Xxyf(x)d(a@)ﬁ)(x,y) = (/x f(x)da(x)) (/y dﬁ(y)) - /fda,

Proposition 3.22 (Product optimality is degenerate). Assume that X and Y are compact metric spaces and that ¢ € C(X X Y).

a ® f € argmin / cdm, every coupling in U(a, B) is optimal. They are also equivalent to the additive decomposition of the cost on
neU(a,p)
the product support, c(x,y) = u(x) + v(y), u € C(supp(a)), v € C(supp(p)).

Indeed, for every f € Cy(X),

Proof. If every coupling is optimal, then a ® § is optimal. Conversely, assume that a ® f is optimal. We first show that,
for every xg, x1 € supp(a) and yo, y1 € supp(B), c(xo0, yo) + c(x1,y1) = c(x0, y1) + c(x1, yo). Indeed, if this equality failed,
after exchanging yo and y; if necessary one would have a strict inequality c(xo, yo) + c(x1, y1) > c(x0, y1) + c(x1, yo). Failure
of the equality forces xo # x1 and yo # y1. By continuity, the strict inequality persists with a uniform margin on small
neighborhoods Uy, U; of x¢, x1 and Vy, V1 of yo, y1, chosen disjoint within each pair. Since the four points lie in the supports,
these neighborhoods have positive marginal mass. Denote by «; and 8; the normalized restrictions of a to U; and of § to V;, and
choose 0 < A < min{a(Up)B(Vp), «(U1)B(V1)}. The exchanged measure 7 = a @ f—A ap®Po—A a1 @1+ A ap®@B1+ A a1 ® Bo
is nonnegative and has the same two marginals as @ ® . The uniform strict inequality on the neighborhoods implies that
[ cdft < [ cd(a ® p), contradicting optimality.

Fixing any x, € supp(a) and y. € supp(B), the equality of cross differences gives, for all (x,y) € supp(a) X supp(B),
c(x,y) = c(x,yx) + c(xx,y) — c(xx,y4x). Thus ¢ = u + v on the product support, with u(x) = c(x,yx) — c(xx, yx) and
v(y) = c¢(xx, y). These functions are continuous on the corresponding supports. Every coupling is concentrated on this product
support, so for any © € U(a, p), f cdn = f uda + f v dp, which depends only on the marginals. Hence all couplings are
optimal. m]

The tensor product is therefore a trivial feasible coupling, not a typical optimizer. Product optimality means that the cost
cannot distinguish between dependences once the marginals are fixed.

If there exists amap T : X — Y such that Tya = 8, then the Monge map induces the graph coupling = = (Id, T)ya € U(a, p),
characterized by /Xxy h(x,y)dn(x,y) = /X h(x, T(x))da(x). Applying this identity to h(x,y) = f(x) or h(x,y) = g(y) gives
respectively 71 = a and 1o = . Thus graph couplings are precisely the Kantorovich representation of deterministic Monge
maps.

Continuous Kantorovich problem.

Definition 3.23 (Continuous Kantorovich problem). For & € ML(X), p € ML(Y), and a nonnegative Borel cost ¢ : X x Y —
[0, +00], define
Lc(a,p) = inf / c(x, y)dn(x, v). 3.7)
nel(a,p) Jxxy
A minimizer is an optimal coupling, or optimal transport plan. The value is understood in [0, +oo].
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Proposition 3.24 (Convexity in the marginals and concavity in the cost). Fix a nonnegative Borel cost c. The extended-valued map
(a, B) — Lc(a, p) is jointly convex on pairs of probability measures. Conversely, for fixed marginals («, ), the map c — Lc(a,p) is
concave on the cone of nonnegative Borel costs: for any such co, c1 and t € [0,1], La—pepute, (@, ) = (1 =) Leo(e, B) + t Le (v, B). The
inequality is understood in [0, +oo]; in particular, the map is concave on every convex family of costs on which it is finite.

Proof. For joint convexity, let (ap, Bo) and (a1, f1) be two pairs of probability measures. The claim is immediate at ¢ €
{0,1} or if one of the two values on the right-hand side is infinite. Otherwise, for n > 0, choose n; € U(«a;,Bi) such
that /cdni < Le(ai, Bi) +nfori € {0,1}. Then (1 — t)mg + t111 couples (1 — +)ag + tag and (1 — £)Bo + tB1, and hence
L((1-t)ag+tar, (1 —t)Bo+tp1) < (1 —t)Lc(ao, Po) + tLc(a1, B1) + 1. Letting 1 — 0 proves joint convexity.

For concavity, the endpoint cases are immediate, so assume t € (0,1) and fix m € U(a,f). Linearity of integration for
nonnegative functions gives / (1 =t)co +ter)dm > (1 —#) Ley(e, B) + tLe, (a, B). Taking the infimum over 7t proves the stated
inequality. ]
Proposition 3.25 (Existence for lower-semicontinuous costs). Assume that X and Y are Polish spaces and that ¢ : X XY — [0, +o0]

is lower semicontinuous. Then the Kantorovich problem (3.7) admits at least one minimizer. In particular, this applies to every continuous
nonnegative cost on compact metric spaces.

Proof. The constraint set is non-empty because it contains the product coupling a ® . It is uniformly tight: given ¢ > 0,
choose compact sets Ky € X and Ky € Y such that a(Kx) > 1 - ¢/2 and (Ky) > 1 — ¢/2. Every n € U(«, B) then satisfies
n(Kx X Ky) > 1 — ¢. By Prokhorov’s theorem, the set of couplings is relatively compact for weak convergence; the weak
topology is reviewed in Section 4.2. It is also weakly closed, because the coordinate projections are continuous and therefore
preserve the marginal identities in the limit. Hence U(a, ) is weakly compact. Finally, Portmanteau’s theorem makes

T / cdm weakly lower semicontinuous. The direct method gives a minimizer. m|

Axiomatic characterization of the relaxation.

Theorem 3.26 (Kantorovich cost as the maximal convex relaxation). Assume that X and Y are compact metric spaces and that
c: X XY — [0, +00) is continuous. Then L, is the pointwise largest proper functional F : ML(X) x ML(Y) — (-0, +0o] that is
jointly convex, weakly lower semicontinuous, and satisfies F(0x, 0y) < c(x,y)  forevery (x,y) € X X Y. More precisely, every such F
satisfies F(a, B) < Lc(a, B) for all (a, ), while L. itself has these properties and obeys L:(0x, 0y) = c(x,y).

Proof. Joint convexity follows from Proposition 3.24. For weak lower semicontinuity, consider converging marginals and
optimal plans along a subsequence realizing the lower limit. Compactness gives a further weakly convergent subsequence; its
limit has the limiting marginals, and lower semicontinuity of the integral gives the claim, exactly as in Proposition 3.25. The
only coupling of (0x, 6y) is O(x,y), which proves the identity on Dirac pairs.

Fix m € U(a,p). Its marginal constraints are exactly the barycentric identity («, ) = f (0x,0y)dmt. Jensen’s inequality
for lower-semicontinuous convex functionals therefore gives F(a, §) < f F(0x, 0y)dm(x,y) < f c(x, y)dn(x, y). Taking the
infimum over © € U(a, f) proves maximality. O

Monge-Kantorovich equivalence.
Corollary 3.27 (Monge-Kantorovich equivalence under Brenier). Let a, € P2(RY), assume that « is absolutely continuous with

respect to Lebesgue measure, and let c(x,y) = ||x — y||%. If T is the Brenier map solving Monge’s problem, then 7w = (Id, T)ya is the unique
optimal coupling solving the Kantorovich problem. In particular, Monge and Kantorovich costs are the same.

Proof. The proof of Brenier’s theorem shows that the support of any optimal Kantorovich plan is contained in the subdifferential
de of a convex function ¢. When « has a density, ¢ is differentiable a-almost everywhere, so dp(x) = {Ve(x)} for a-almost
every x. Thus every optimal coupling is concentrated on the graph of T = V¢ and must equal (Id, T)y«. The graph coupling is
feasible and optimal, and the two formulations have the same value. m|

Kantorovich solution in 1-D.
Theorem 3.28 (One-dimensional Kantorovich solution). Let &, € ML(R) and let h : R — [0, +0) be convex. Consider the

cost c(x,y) = h(x —y). Write g, == C;' and q = C;*, and assume that h(qa — qg) € LY(0,1). Then the quantile coupling
7 = (qa, qp)yLebjo 1) = (Cgl,Cﬁ_l)ﬁLeb[o,l] solves the Kantorovich problem (3.7) for c(x, y) = h(x —y). In particular, h(t) = |t|P gives
the usual one-dimensional optimal coupling for every p > 1.

Proof. The push-forward statement 7* € U(a, p) follows from Proposition 2.25.

The key point is the one-dimensional uncrossing inequality. If x < x’and y > y’,seta =x-y,0 =x'—x >0andn=y -y’ > 0.
Convexity of h implies that increments are monotone, hence h(a + 1) — h(a) < h(a + 6 + 1) — h(a + 6), which is exactly
h(x —y)+ h(x" = y’) = h(x — y’) + h(x’ — y). Thus removing a crossing never increases the cost. For a finite transport matrix
on two ordered grids, if i < i" and j > j” carry crossed masses P; ; and Py j, one may move 6 = min(P; j, Py ;) units of mass
from the crossed entries (i, j), (', j’) to the uncrossed entries (i, j’), (i’, j). The row and column sums are unchanged, and the
preceding inequality shows that the cost does not increase. Repeating this elementary uncrossing step yields an ordered plan;
on an ordered uniform quantile grid, this is the diagonal plan.

For general measures, apply the same argument in quantile coordinates. Let = € U(a, ). Let U, and Ug be uniform random
variables on (0, 1), and denote by K,(x,dr) and Ks(y, ds) regular conditional laws of U, given q,(U,) = x and of Ug given
qp(Ug) = y. Given (X, Y) ~ 7, draw conditionally R ~ K4(X, ) and S ~ Kg(Y, ). The law y of (R, S) has uniform marginals
and satisfies 77 = (qq, gp)4)-

Let «p(r) = max(—M, min(r, M)) and set go,m = Km © qq and qg v = K © qg. These functions are bounded and nondecreasing.
Approximate them almost everywhere by nondecreasing step functions qgf » and qé\{ y that are constant on the uniform
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intervals Iy = ((k —1)/N, k/N]. The matrix GkN ¢ = Yk X Iy) is a coupling of the two uniform histograms. Proposition 3.9,

applied to the ordered step values, therefore gives /01 h(qy’M(r) - ng(r))dr < /(0 12 h(qg,M(r) - ng(S))dy(r, s). For fixed M,
the arguments of /1 remain in the compact interval [-2M, 2M]. Dominated convergence as N — oo yields the same inequality
for qq,m and qp, m-

Finally, x s is nondecreasing and 1-Lipschitz. Hence, for every x, y € R, there exists tp1(x, y) € [0, 1] such that xp(x) —xm(y) =
tm(x, y)(x — y). Convexity and nonnegativity imply h(tar(x, y)(x —y)) < (1 —tam(x, y)h(0) + tpm(x, y)i(x —y) < h(0) + h(x —y).
The assumed integrability controls the diagonal term. If the cost of 7 is finite, the same bound controls the right-
hand side; if it is infinite, the desired comparison is immediate. Dominated convergence as M — oo therefore gives

/01 h(qa(r) = gqp(r))dr < / h(x — y)dn(x, y) for every m € U(a, ). O

3.4 Cone of Convex Functions and Monge Gap
Definition and optimality certificate.

Definition 3.29 (Monge gap). Let a € ML(X),let T : X — Y be measurable, and assume that the following costs are finite.
The c-Monge gap of T relative to a is

ME(T) = / e(x, T()de(x) — Le(a, Tya). (3.8)

Proposition 3.30 (Elementary properties of the Monge gap). Under the standing Polish-space assumptions, suppose that the relevant
integrals are finite. Then MG (T) > 0, with equality if and only if (Id, T)ya is an optimal coupling between a and Tye. Moreover,

ML(T) = sup [c(x, T(x)) —c(x, T(z))]dn(x,z). (3.9)
nel(a,a)

Finally, the gap is unchanged when c(x, y) is replaced by c(x, y) + r(x) + s(y), provided the modified cost remains admissible and all
marginal terms are integrable.

Proof. The graph plan (Id, T)ya is feasible for L (a, Tya), which proves nonnegativity and the equality criterion. Every
n € U(a, a) induces the coupling (x, z) = (x, T(z)). Conversely, disintegrating a along T lifts every coupling in U (e, Tya) to
such a self-coupling. Subtracting the resulting infimum from the graph cost gives (3.9). Adding r(x) + s(y) shifts both terms
in (3.8) by f rda + f sd(Tya). O

Convex gaps and convex potentials.
Proposition 3.31 (Convex Monge gaps for affine-difference costs). Let Y C R™ be convex and let the nonnegative cost ¢ have the form

c(x,y) = a(x) +b(y) - (A(x), y), (3.10)
where A, T € L*>(a;R™) and all displayed terms are finite. Then
ML(T) = sup (A(x), T(z) — T(x))dn(x, z). (3.11)
neU(a,a)

Moreover, MS(T) = 0 if and only if there is a proper lower-semicontinuous convex function ¢ such that
T(x) € dp(A(x))  for a-almost every x. (3.12)
Proof. The marginal terms a and b cancelin (3.9), giving (3.11); this is a supremum of linear functionals of T. Next, disintegrating
a along A lifts every coupling between Aya and Tya. Hence zero gap is equivalent to optimality of (A, T)ya for the bilinear

cost (u,y) — —(u, y). Up to marginal terms, this is the quadratic cost %||u — y|2. By Rockafellar’s characterization, recalled in
Section 3.5, its optimal plans are exactly those concentrated on the subdifferential of a proper lower-semicontinuous convex
function. O

It also contains the Bregman divergence of Definition 9.1 with x as base point, Bo(y|x) = ®(y) — P(x) — (VD(x), y — x), where
® is differentiable and convex: here a(x) = (V®(x), x) — ®(x), b(y) = ®(y) and A(x) = VO(x). The argument order is essential:
on a full-dimensional domain, the reversed divergence Bo(x|y) is generally not of the form (3.10) unless ® is quadratic.

One-dimensional order and isotonicity.

Definition 3.32 (Increasing rearrangement relative to a source). Let a € MZ(R) be atomless and let T : R — R be measurable.
The increasing rearrangement of T relative to « is

TP = (G

e © Ca (3.13)

It is the unique a-almost-everywhere nondecreasing map satisfying (T1%)ya = Tya.

Proposition 3.33 (One-dimensional Monge-gap formulas). Let @ € ML(R) be atomless, let c(x, y) = h(x — y) with h convex, and
assume the relevant terms are integrable. Then

ME(T) = / [h(x = T(x)) = h(x —= T"*(x))]da(x). (3.14)

If h is strictly convex, this gap vanishes if and only if T has a nondecreasing representative a-almost everywhere. For the equal-weight

atomic measure o, = % Yty Ox, on the increasing uniform grid x; = x1 + (i — 1)A with A > 0, let t; = T(x;) and let t(q) < - -+ < t,) be
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their order statistics. For c(x,y) = |x — y[?,

P 1y 2A
Moy =3 25 =P = Gimt?] =55 D, =t (3.15)

1<i<j<n

Proof. The one-dimensional rearrangement result of Theorem 2.26, together with its coupling extension in Theorem 3.28,
shows that TT is optimal between a and Tya. If h is strictly convex, atomlessness makes this optimal map unique a-almost
everywhere, so zero gap is equivalent to T = TT* a-almost everywhere. For the empirical formula, A > 0 orders the source
points increasingly, so sorting (t;); gives the increasing optimal assignment and hence the first equality. An adjacent exchange
of an inversion u > v decreases the average squared cost by 2A(u — v)/n; bubble sort exchanges every inverted pair once, which
gives the second equality. m|

Monge-gap-regularized kernel regression. The hinge representation above turns transport optimality into a tractable soft
monotonicity prior. Let x; = x1 + (i — 1)A with A > 0 and let y; € R be noisy observations. For a positive-semidefinite kernel k
with reproducing-kernel Hilbert space H, consider

. 1< 2 2 |17
min {;;mxi)—m FMTR, +yMEME, 250, y>0, (316)

where @, = n71Y;6y,. The usual orthogonal-projection argument shows that a minimizer has the representer form
Ty() = Z]’.’:l qjk(x;j,-). Writing K; ; = k(x;, x;) and y = (y;);, formula (3.15) reduces (3.16) to

. 1 5 2yA . ‘
min | IKq -yl + Mg Koy + = 12} [(Kq)i — (Kq)], ¢ (3.17)

This is a finite-dimensional convex program: the first two terms are convex quadratics because K > 0, and the last term is

a sum of hinges of affine functionals. Thus every point along the regularization path can be computed globally, without
alternating between regression and transport.

3.5 c-Cyclical Monotonicity

Support and c-cyclical monotonicity. The support of a coupling is the topological support introduced in Definition 2.4, now
applied to a Radon measure on X X Y. Thus (x, y) € supp(7) exactly when every open neighborhood of (x, y) has positive
71-mMass.

Definition 3.34 (c-cyclical monotonicity). A setI' C X X Y is c-cyclically monotone if, for every k > 2, every finite family

(x4, y,')i.‘:l c I' and every permutation o of {1, ..., k}, Zle c(xi, yi) < Zle c(Xi, Yo(iy)-

Any permutation is a product of cycles, so it suffices to verify the inequality for cyclic permutations, Zle c(xi, yi) <
YK e(xi, yiv), Yi+1 = V1.

Optimal matching to optimal transport. Let the marginals be uniform on n points, a = % 2y Ox; and B = % Yiz1 Oy By
Corollary 3.16, there exists an optimal plan induced by a permutation. Its support I = {(x;, y(;))}: is c-cyclically monotone:
otherwise exchanging the finitely many targets along a violating cycle would lower the matching cost.

Theorem 3.35 (Optimal plans are c-cyclically monotone). Assume that ¢ : X X Y — [0, +00) is continuous and that the Kantorovich
value is finite. For any optimal plan m solving (3.7), supp(n) is c-cyclically monotone.

Proof. Suppose that supp(m) is not c-cyclically monotone. Then there exist points (x;, yi)le in the support and a permutation
o such that 3, c(x;, yi) > X; c(xi, Y4(i))- By continuity of ¢, after shrinking neighborhoods U; > x; and V; > y;, the same strict
inequality holds uniformly for every choice of points in these neighborhoods: }; c(u;, vi) > X; c(ui, D4(;)) (u; e Ui, v; €

-1
Vi, D4(i) € Vi(i))- Choose the sets so that m; = m(U; X V;) > 0. Taking 0 < A < (Zk 1 ) ensures that the scaled restrictions

i=1 m;
= )\—nllr],;'ixv" have common mass A and satisfy 3’; ; < 7, even if some rectangles overlap. Let a; = (Px)y7t; and §; = (Py)ym;,
and define 7t = mw — }}; 71; + X ;(@; ® Bs(i))/A. The removed and reinserted first marginals are both }}; a;, and the removed and
reinserted second marginals are both }}; B; because ¢ is a permutation. Hence 7t € U(«, §). Integrating the uniform strict

inequality against the product probability ®;(r; /A1) shows that the reinserted crossed terms have strictly smaller cost than the
removed diagonal terms. This contradicts the optimality of 7. m|

Monotonicity. Assume the optimal plan is induced by a measurable map T : X — Y, meaning that 7 = (Id, T)yr. There is a
set G C X of full a-measure such that (x, T(x)) € supp(m) for every x € G. For any x, ..., xx € G, cyclical monotonicity reads

YK e, T(x) < ZK vy, T(xis1)),  xksn = x1.

One dimension. Inone space dimension, with cost c¢(x, y) = |x—y|?, the two-point inequality becomes |x =T (x)|P +|y -T(y)|’ <
|x =TW)|P + |y = T(x)|”, For p > 1, strict convexity implies that a reversed pair x < y and T(x) > T(y) violates this inequality.
Hence every optimal map is nondecreasing on the full-measure transport set, recovering the classical monotone rearrangement.

4 Wasserstein Space

4.1 Wasserstein Distances
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OT defines a distance.
Lemma 4.1 (Discrete gluing lemma). Given (a,b,c) € L, XLy X Ly, let P € U(a, b) and Q € U(b, c). Then there exists a nonnegative

nXpXxXm

three-way array S € R, such that its two-way marginals satisfy 2 Sijk = Pij and  2;Sijr = Qjk- Rix = 2;Sijk
belongs to U(a, c). For the canonical construction below, this glued coupling is the twisted matrix product R = P diag(1/b)Q, with
Rix= Zj:bj>0 P; jQ;/bj. In the matrix notation, 1/b; is understood as 0 when b; = 0.

Proof.
PiiQix . )

One verifies that Sijk = b; if bj#0 (4.1)
0 otherwise

has the required marginals. Indeed, if b; # 0, 3 S j x = X P”b—?]k = %(Q]lm)j = %ﬁfbj. If b; = 0, then necessarily P; ; = 0 and

2k Sijk = 0=P; ;. The same computation gives the other prescribed marginal:

Qj, .
Zsi]’k= T ZiPij=Qix if bj>0
— 0=Qjr if b;=0.
Summing over j then gives the displayed formula for R. Its row and column sums are »; Rix = X;P;; = a; and
2iRik =2;Qjk =cr, soR € U(a, o). m

When the cost matrix is the pth power of a distance matrix, the discrete Kantorovich value becomes a metric on histograms.

Definition 4.2 (Discrete Wasserstein distance). Let D € R?*" be a distance matrix on [n] and let p > 1. The discrete
p-Wasserstein distance between histograms a, b € X, is

W, (a,b) = Lpr(a, b)'/?. 4.2)
It depends on the chosen ground distance D.

Proposition 4.3 (Metric property of discrete Wasserstein distance). For every distance matrix D on [n]], Definition 4.2 defines
a distance on L,: W) is symmetric, positive, W,(a,b) = 0 if and only if a = b, and it satisfies the triangle inequality Va,b,c €
Ln, Wy(a,c) < Wp(a,b) +Wy(b,c).

Proof. Transposition maps U(a, b) bijectively onto U(b, a) and preserves the cost because D is symmetric. This proves symmetry.
If a = b, the diagonal coupling diag(a) has zero cost. Conversely, if an admissible coupling has zero cost, every off-diagonal
entry must vanish because D; ; > 0 for i # j. The coupling is therefore diagonal, and its two marginals coincide. This proves
definiteness.

For the triangle inequality, let P € U(a, b) and Q € U(b, c) be optimal. Lemma 4.1 provides S € R}*"*" with these two marginals.
Its first-third marginal R; x = %; S; j x belongs to U(a, ¢). The ground-metric triangle inequality and Minkowski’s inequality
give

1/p
Wp(a, Q) < Z DZkSi,j,k
ik
1/p 1/p 1/p
< Z(Di’j + D]',k)psi,]‘,k < Z Df,].S,«,j,k + Z Df’ksl‘,]',k
ik ik i1k
=Wy(a,b) + Wy (b, c).

Continuous gluing.

Lemma 4.4 (Gluing lemma). Let (a,f,7) € ML(X) x ML(Y) x ML(Z), where X, Y and Z are Polish spaces in the sense
of Definition 2.3. Given m € U(a,p) and & € U(B,y), there exists a probability measure 0 € MLX x Y X Z) such that
(Px.y)go =m and (Py z)yo = & where Py y(x,y,z) = (x,y)and Py z(x,y,z) = (y, z) are the coordinate projections.

Proof. Disintegrate the two couplings with respect to their common marginal f as n(dx, dy) = n,(dx)B(dy) and &(dy, dz) =
B(dy)&y(dz). The Polish hypotheses guarantee the existence of the probability kernels y +— m, and y +— &,. Define
their conditional product by f gdo = /y fX /Z g(x,y,z) &y(dz)my,(dx)B(dy) for every bounded Borel function g. Taking
g(x,y,z) = h(x, y) recovers 7, while taking ¢(x, y, z) = h(y, z) recovers &, proving the two marginal identities.

In the discrete setting, 7, = 2.i(Pij/bj)oy; and &y, = 2x(Qj x/bj)oz, whenever b; > 0. Hence 0 = Zi/j,k Si,j kO(x;,y; z), Wwhere
Sijx = PijQjk/bj, with the value zero when b; = 0, exactly as in (4.1). O

Definition 4.5 (p-Wasserstein space). Let (X, d) be Polish, let p > 1, and fix xp € X. The p-Wasserstein space is
Pp(X) = {a e ML(X); / d(x, xg)Pda(x) < +oo} , which is independent of the choice of xo.

If a, B € Pp(X), then the product coupling has finite p-cost by the triangle inequality, so the Kantorovich value is finite.

Optimal Transport / Compact Notes 15



Definition 4.6 (Wasserstein distance). Let (X, d) be a Polish metric space and p > 1. On the space #,(X) of Definition 4.5,
the p-Wasserstein distance is

1/p

Wyla,B) = Lar(a, P = (neg}gﬁ) [ dprante) 43)

It depends on the ground distance 4.

Proposition 4.7 (Metric property of the Wasserstein distance). Definition 4.6 defines a distance on Pp(X): ‘W, is symmetric and
nonnegative, W,(a,B) = 0 ifand only if « = B, and ¥ (a, B, y) € Pp(X)?, Wyla,y) < Wyla, )+ W,(B,y).

Proof. The value is finite on $,(X) because the product coupling has finite p-cost. If 7(x, y) = (v, x) is the flip map, then
41t € U(B, a) whenever € U(a, f), and the transport cost is unchanged. This proves symmetry. The diagonal coupling
(Id, Id)ya proves W ,(a, a) = 0.

Conversely, Proposition 3.25 supplies an optimal coupling 7. If W,(a, ) = 0, then d(x, y) = 0 for m-almost every (x, y), so
x = y almost surely under 7. For every bounded Borel function f, ffdoz = ff(x) dn(x,y) = ff(y) dn(x,y) = /f dg, and
therefore o = .

For the triangle inequality, consider optimal couplings 7 € U(«a, f) and & € U(B, ), and glue them into o by Lemma 4.4. Let
P13(x,y,z) = (x,z) and define ) := (P13)y0. Thenn € U(a, y). If the two original couplings are induced by maps T and T,
this construction is induced by T, o Ty; gluing therefore extends composition of deterministic maps. The triangle inequality
and Minkowski’s inequality give

1/p
Woyla,y) < (/ d(x,z)’”da(x,y,z))

1/p
< ( [ +d<y,z»Pda<x,y,z))
1/ 1/
< (/ d(x,y)pda(x,y,z)) ’ + (/ d(y,z)pdo(x,y,z)) ’

1/p 1/p
= (/ d(x,y)’”dn) + (/ d(y,z)”dé) =Wyla,B)+W,(B, 7).
O

Proposition 4.8 (Euclidean mean bound and quadratic decomposition). Let p > 1and a, p € P,(RY), and denote their means by
My = /Rd x da(x)and mg = /Rd x df(x). Then |my—mg| < Wy(a, B). For p = 2, define the centered translates a¥ = (x - X=Mg )y
and B = (y — y — mg)yB. Then the following exact decomposition holds: Wi(a, p) = |mq — mg|> + W5(a®, g°).

Proof. For every m € U(a,p), my —mg = fRded(x - y)dmn(x,y). Jensen’s inequality therefore gives |m, — mg| < (/ [x —
ylI? dm(x, y))l/ P. Taking the infimum over 7 proves the first claim.

Forp =2, setn” := ((x,y) = (x — mq, y — mg))ym. This translation defines a bijection from U(a, B) onto U(a®, p°). Writing
u=x-myandv =y —mg onehas [ |x—y|*dn = |ma —mg|?+ [ |u —v|*dn(u,v), because [(u —v)dn’(u,v) = 0. Taking
the infimum over the corresponding couplings proves the decomposition. O

Interpolation induced by an optimal plan.

Definition 4.9 (W, geodesic induced by an optimal plan). Let ag, a1 € P,(RY), and let 7* € U(ap, a1) be optimal for
‘W%(ao, aiq). For t € [0,1], define e;(x,y) == (1 — t)x + ty, at = (e;)y*. The curve (ay)seo,1) is the displacement, or
McCann, ‘W» geodesic induced by n*.

Proposition 4.10 (Optimal-plan interpolation is a ‘W geodesic). Let (a;)iejo,1] be defined by Definition 4.9. Then, for every
0<s<t<1 Walas, ar) =(t —s)Walag, ar). Thus t = a; is a constant-speed geodesic for the metric ‘W .

Proof. Push the optimal plan7* forward by (es, e1). [ |z—2'[*dys (2, 2') = [ lles(x, y)—es(x, y)|2dn*(x, y) = (t—s)> Wi(ao, a1).
Hence Wa(as, ar) < (f —s) Walao, a1). Applying this upper bound to the three pairs (0, s), (s, t) and (¢, 1), and using the
triangle inequality of Proposition 4.7, gives W (ag, 1) < Walao, as)+Walas, ar)+Walar, a1) < Wa(ao, a1). Allinequalities
are therefore equalities, in particular the middle segment has the claimed length. m]

Comparison with Monge.
Proposition 4.11 (Kantorovich as the plan-space relaxation of Monge). Let (X, d) be a compact metric space, let p > 1, and let

a,p € P(X) with a atomless. Then Wy(a, B) = Wp(a, B).

Proof. Let m € U(a,p). Choose finite Borel partitions (A;); and (B;); of X whose cells have diameter at most ¢. Set
m; j = (A; X Bj). Since « is atomless and Z/' m; j = a(A;), each A; can be partitioned into Borel sets A; j with a(A; ;) = m; ;. If
mi,; > 0, then B(B;) > 0, and Proposition 2.14 gives a measurable map T;; : A;; — B; satisfying (T;,j)y(e|a,;/mi,j) = Bls;/B(B;)-
Define T by T = T; ; on A, j, ignoring null cells. Then Tya = B, because the contributions landing in B; sum to |5, and the
graph coupling (Id, T);a has the same masses m;,; as 7 on all rectangles A; X B;.

Let h € C(X X X). By uniform continuity on the compact product, the oscillation of 1 on every rectangle A; x B; goes to zero
as ¢ — 0. Since 7t and (Id, T)ya have the same mass on each rectangle, their integrals against & differ by at most this maximal
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oscillation. Taking partitions with mesh tending to zero therefore gives graph couplings (Id, Ty )ya converging weakly to 7.
Applying this to the continuous function (x, y) — d(x, y)? gives the convergence of costs.
Define

G(a,p) = {(Id, Ty ; Tya = ﬁ} c U(a,B), Fp(m) = ‘/X . d(x, y)Pdn(x,y),

and let G be the Monge graph functional which equals F, on G(a, ) and +oo otherwise. The function F, is weakly continuous on
U(a, B) and satisfies F, < G. If H is any weakly lower-semicontinuous function with H < G, then for the graph approximation
above, H(n) < liminfy H((Id, Ty)yr) < limy F,((Id, Tx)ya) = Fp(m). Thus F, is the largest weakly lower-semicontinuous
minorant of G, that is, the lower-semicontinuous envelope. Minimizing this envelope over all couplings gives the Kantorovich
value, and the density argument gives the same infimum when restricting to graph couplings. m]

Corollary 4.12 (Lower-semicontinuous envelope of the Monge p-cost). Let (X, d) be a compact metric space and assume that

atomless probability measures are dense in P (X) for the ‘W, topology. Then (a, p) — W ,(a, B)F is the lower-semicontinuous envelope,
on P(X) X P(X) for the product ‘W, topology, of the extended Monge cost

Wit = J a6 Ty dac),
1=

with the convention W p(a, )P = +oo if no admissible map exists.

Proof. For every admissible map T, the graph plan (Id, T)sa is a coupling, hence W, (a, )P < W,(a, ). Since ‘Wﬁ is
continuous for the product W, topology, it is a lower-semicontinuous minorant of the extended Monge cost.

Conversely, let H be any lower-semicontinuous minorant of the extended Monge cost. Fix («, ) and choose atomless ay — « in
‘W,. By Proposition 4.11,' (Wp(ak, B = W (ay, /3)”. Therefore H(a, ) < liminfy H(ay, B) < limg Wy (ak, p)F = Wy(a, )P.
Thus no larger lower-semicontinuous minorant exists. m]

4.2 Topology and Applications

Convergence in law topology. On a bounded metric space, all ‘W), distances define the same topology, although their
comparison is generally Holder rather than bi-Lipschitz.

Proposition 4.13 (Comparison of Wasserstein distances on bounded spaces). Let (X, d) be a bounded Polish metric space, let
1<p<qg<ooandleta,p € Py(X). Ifp < q, then

Woyla,B) < Wyla,p) < diam(X)g (M/p(a,ﬁ)%, diam(X) = su}; d(x, y).
X,y€
If p = q, the comparison is simply the identity W, = W,.
Proof. The case p = q is immediate, so assume p < q. The left inequality follows from Jensen’s inequality, applied to any

q
coupling 7 and to the convex function r > r/P: (f d(x, y)pdrc(x,y))p < / d(x,y)idn(x, y). Taking the infimum gives

W, < W,. The right inequality follows from d(x, y)7 < diam(X)777d(x, y)’ and taking the infimum over couplings once
more. o

Definition 4.14 (Weak, or narrow, topology). A sequence (ay)x converges weakly, or narrowly, to a in M1 (X), denoted
ax — a, if and only if fX fday — fX fda for every f € Cp(X). On a compact space, Cp(X) = C(X) and this is precisely
weak” convergence in the duality between measures and continuous functions. The term weak" is therefore also used
informally in the book when no confusion can arise.

Strong versus weak topology. In the present section we only use the recall that, for a signed difference a — §, |a — B|Tv =

la = BI(X),

Proposition 4.15 (Total variation as a 0/1-cost transport value). Let X be a standard Borel space, let o and B be probability measures on X,
and define the measurable cost do(x, x) = 0 and do(x, y) = 1 for x # y. Then Ly (e, B) = infreqs(a,p) f do(x, y)dmn(x,y) = %lla —Blrv.
If X is countable and carries the discrete topology, then dy is a Polish metric and, for every p > 1, the left-hand side is ‘W ,(a, B)P because
dly = do.

Proof. Since X is standard Borel, its diagonal is measurable in X X X; hence dy and the diagonal submeasure used below are
well-defined. Let A = a + §, write a = da/dA and b = dB/dA, and define the common part 1 by g—z = min(a, b). Its residuals
a’ = a-nand p’ = p - n are mutually singular and have the same mass 7 = 1 - (X) = 1 f la = b|dA = 1|a - Blrv. For any
7 € U(a, B), define its diagonal submeasure by C(A) = 7t({(x, x): x € A}). Then C < a and C < B, so its density with respect to
A is bounded by min(a, b). f do(x, y)dn(x,y) =1 —-n({x = y}) > r. If r = 0, the diagonal coupling attains this bound. If r > 0,
let A(x) = (x, x) and set 7* = Agn + '’ ® B’. This is a coupling of @ and . Since &’ L #’, the product term is concentrated
off the diagonal, so its 0/1 cost is exactly its total mass r. Thus n* attains the lower bound. m]

Probabilistic interpretation. Probability theory gives weak convergence its most direct interpretation: it compares distributions
rather than samplewise realizations. In terms of random vectors, if X, ~ a, and X ~ a (not necessarily defined on the same
probability space), then o, — a means precisely that X, converges in law to X.

In that setting, X;, — X almost surely means pointwise convergence outside a null set, while convergence in probability means
Ve>0, P(IX, = X| > €) — 0.
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Central limit theorem and OT.
Definition 4.16 (Convolution of measures). For probability measures a, f on R, their convolution is a * f = addy(ar ®
B), add(x, y) = x + y. Equivalently, for every bounded continuous ¢, / pd(ax*p) = // o(x +y)da(x)dB(y).

Thus a # f is the law of X + Y when X and Y are independent with laws a and f. When a = p,dx and = pgdx, their
convolution has density pa.s(z) = (pa * pp)(z) = /Rd pa(x)pp(z — x)dx.

Wasserstein metrizes weak convergence. One can then contrast the strong topology with the Wasserstein distance if x,, # x,
"(an —Oxlltv=2 and (Wp(éxn/ 0x) = d(xy, x).

Proposition 4.17 (Wasserstein convergence on Polish spaces). Let (X, d) be a Polish metric space, let 1 < p < +oo, and let
ak, a € Pp(X). For any reference point xo € X, the following are equivalent:

1. Wylak,a) = 0;

2. ay — a and the pth moments converge, / d(x, xg)Pdag(x) — / d(x, xo)Pda(x);

3. ax — a and the pth moments are uniformly integrable, limg _, . sup; f

{d(x,x0)>R} d(x, xo)Pda(x) = 0.

These conditions do not depend on the choice of x.

Proof. Assume first that ‘W, (ax, a) — 0. Since W1 < W), integration against every bounded 1-Lipschitz function converges;
such functions determine weak convergence on Polish spaces. For any coupling 7= € U(ax, ), the reverse triangle inequality

in LP(m) gives
1/p 1/p 1/p
(/ d(x,xo)pdak(x)) - (/ d(y,xo)pda(y)) < (/ d(x,y)pdn(x,y)) .

Taking the infimum over 7 proves convergence of the pth moments, hence (ii).

Conversely, assume (ii). By the Skorokhod representation theorem, there exist random variables Xy ~ ay and X ~ «
on a common probability space such that X; — X almost surely. In particular, the family (d(Xk, x9)”)x is uniformly
integrable. Since d(Xy, X)? < 2F -1 (d(Xk, x0)P + d(X, xo)? ), the variables d(Xy, X)? are uniformly integrable and converge
almost surely to zero. Vitali’s theorem therefore gives E[d(X), X)’] — 0. The law of (Xj, X) is an admissible coupling, so
W(ay, a)P < E[d(Xy, X)P] — 0.

Conversely, assume (iii) and define the bounded continuous truncation /g (x) = min{d(x, x9)”, R }. Weak convergence gives
f hrday — f hrda for every R. The uniform tail bound in (iii), together with the integrability of d(-, xp)? under «, then lets
R — +o0 and proves convergence of the untruncated moments. This establishes all three equivalences. Since (i) is independent
of the reference point, so are (ii) and (iii). O

Proposition 4.18 (Comparison with total variation on finite spaces). Let (X, d) be a finite metric space with at least two points and
define dmin = min,z, d(x,y) > 0, Amax = Maxy,y d(x,y) < +oo. Then, for every a, p € P(X), d"‘Ti“IIa = Bltv < Wi(a,p) <
dmax

- le = Bllrv.

Proof. We denote dy(x, y) the distance such that do(x, x) = 0 and do(x,y) = 1 for x # y. One has dmindo(x, y) < d(x,y) <
dmaxdo(x, i), so that integrating this against any 7 € U(«, f) and taking the minimum among those 7 gives the result using
Proposition 4.15. m|

The constants are optimal: for & = 6, and = 6,, with x # y, the comparison reduces to dmin < d(x,y) < dmax-

4.3 Distributional Robustness and W,

DRO ambiguity sets. Wasserstein distances are also used to define ambiguity sets around an empirical law. Given samples
zi and @, = 13,6, a distributionally robust optimization (DRO) problem replaces the empirical risk 1 3 ¢o(z;) by
SUPg.qy, (5,5<p J t0(2)dB(2),

Proposition 4.19 (Duality for empirical Wasserstein DRO). Let (Z, d) be a Polish metric space, let 1 < p < coand p > 0, and let

ay =n"' Y, 6. Let by : Z — R be Borel measurable and integrable with respect to &,,. Assume that it has finite upper p-growth: for
somezg € Zand A,B > 0, lo(z) — lo(z0) < Ad(z,z0)? + B forevery z € L. Then the robust value is finite and

n
sup / lodB = min {/\pp + 1 Z sup [f@(z) - )\d(z,zi)p]} . (4.4)
ﬁepp(z) A=0 n = zeZ
W (B,an) <p”

Proof. Orient a coupling so that its first marginal is @,. It then disintegrates as m = n™' }; §;, ® v;, its second marginal
is n7' Y, v;, and its transport cost is n7! 3; / d(z,z;)?dvi(z). Lagranging this single budget constraint with A > 0 gives
weak duality and separates the maximization over the v; into the pointwise suprema in (4.4). The reverse inequality is the
strong-duality theorem for Wasserstein ambiguity sets under finite upper p-growth.

The growth bound and d(z, zo)? < 2P71(d(z, zi)P + d(zi, z0)P) show that every pointwise supremum is finite for all sufficiently
large A. The dual objective is lower semicontinuous and convex because it is a sum of suprema of affine functions of A.
Choosing z = z; in each supremum bounds the full objective from below by Ap? + n~1 ¥; lg(z;), so it is coercive because p > 0.
It therefore attains a finite minimum. m]

The positive-radius hypothesis is deliberate. At p = 0, the primal value is n71 3}; {9(z;). For p = 1 and an Ly-Lipschitz loss,
the Kantorovich-Rubinstein dual gives the transparent upper bound supj. 4y, s 7,)<p f lodp < L ¥ €o(zi) + pLo, Applied to
¢ = dP, Proposition 3.24 shows that (a, ) — W ,(a, )P is jointly convex. Thus ‘W1 itself is jointly convex, but ‘W, need not
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be convex for p > 1: on the real line, W, (1 —1t)60 + 61, 60) = t1/P, Therefore, if z +— lg(z) is measurable and 0 — ly(z) is
convex for every z, then 0 — SUPg.,(8,a,)<p f lodp

W - robustness..

Definition 4.20 (W extended distance). Let (X, d) be a Polish metric space. For Borel probability measures a, $ € P(X),
define
Wela,B) = inf esssupd(x,y) 4.5)
HG(LI(Oé,ﬁ) (x,y)~n

with value +oo0 if no finite-displacement coupling exists.

Proposition 4.21 (Metric and endpoint properties of W). Forevery a, B € P(X)and everyr > 0, Weo(a,f) < v & dne
U(a, B) supported on {(x,y) : d(x,y) < r}. In particular, the infimum in (4.5) is attained whenever it is finite, and ‘W« is an extended
metric on P(X), hence a finite-valued metric on each finite-distance component. If d is bounded, then lim; o W(a, B) = Weol(a, p).

Proof. If We(a,B) < r, choose my € U(a, f) with essential displacement at most » + 1/k. The coupling set is tight and
weakly closed, hence weakly compact by Prokhorov’s theorem. Along a subsequence, iy — 7. For every m > 1, the closed
set Fyy = {d(x,y) < v+ 1/m} has ty(F;,) = 1 eventually, so Portmanteau gives n(F,,) = 1. Thus n(N,,Fy) = 1, proving the
nontrivial implication and attainment. The converse is immediate.

Symmetry is inherited from transposing couplings, while a zero-cost coupling is supported on the diagonal and therefore has
equal marginals. The triangle inequality is immediate if either term on its right-hand side is infinite. Otherwise, glue the
attaining couplings of (@, ) and (8, y) using Lemma 4.4; their (x, z) marginal is supported where d(x, z) < Wa(a, B)+We (B, 7).
This proves the extended metric claim.

Assume now that d is bounded. Monotonicity of L7 norms gives W, < W, so L = lim;_,. W exists and satisfies L < We.
Choose g — oo and optimal 7tx for W, , whose existence follows from Proposition 3.25, and extract a weak limit 7. For every
r > L, Markov’s inequality yields

mie{d > r} <(

Since {d > r} is open, Portmanteau gives m{d > r} = 0. Letting r | L shows that 7 is supported on {d < L}, and hence
We < L. O

This limit concerns the distances, not the linear objectives defining ‘WZ. The endpoint minimizes the worst displacement

rather than an average displacement.
Proposition 4.22 (‘W robust envelope around an empirical law). Let (Z, d) bea Polish metric spaceand let p > 0. Leta = Y1 a;0-,

LACL] p
r .

with distinct z;, positive a;, and Y; a; = 1, and assume that the closed balls B(z;, p) are compact. Repeated atoms can always be merged to
meet this convention. For any real-valued upper-semicontinuous loss ¢, SUPg.y.(8,a)<p / {(z)dB(z) = Xi_; aisup, Bzi.p) {(z).

Proof. If We(B, @) < p, Proposition 4.21 provides a coupling © € U (a, B) supported on {(x, z) : d(x, z) < p}. Disintegrating 7
with respect to the first marginal gives @ = }}; 4;6,, ® v;, where each v; is supported in the closed ball E(zi, p)and B = 3 a;v;.
Hence / (dp =3 a; / tdvi < X;aisupg,, , {. Thereverse inequality follows by choosing, for each 7, a maximizer zf € B(zi, p)
and setting f = 3}; a;0,+. The coupling 3’; 4,0, .») has essential displacement at most p, so this f is feasible and attains the
displayed value. m|

4.4 Measure-to-Vector Maps on Wasserstein Space
Functionals and Wasserstein—-Holder regularity. A scalar functional is a map f : £,(X) — R.

Definition 4.23 (Uniform norm on functionals). For a bounded functional f : ,(X) — R, define || f | = sup,, ,(X) |f ().

There is no loss of principle in starting with scalar values. If F = (f1, ..., fs) : P»(X) — R®, the definitions and constructions
below apply coordinatewise, and the resulting bounds combine in any norm on R®.

Definition 4.24 (Wasserstein-Holder functional). Let p > 1and 0 < 7 < 1. A functional f : P(X) — Ris -Holder for W,
with constant L, if

If(a) = f(B)| < LWy(a,p)! forall a, B € P(X). 4.6)

Examples and non-examples. If V : X — Ris L-Lipschitz, then Kantorovich-Rubinstein duality (6.24) and the comparison
W1 < W, from Proposition 4.13 give f(a) = /X Vda, If(a) = f(B)| < LWy(a,p).

Interaction polynomials.

Definition 4.25 (Wasserstein polynomial). For an integer m > 1, a functional on P(X) is a Wasserstein polynomial of order at
most m if it can be written, for some bounded continuous symmetric kernel ¢, : X™ — R, as

Py, (a) = [\’m Qm(x1, ..., xm)da(xg) - - daxy). (4.7)
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Empirical particle approximation.
Proposition 4.26 (Density of Wasserstein polynomials). Let X be a compact metric space and p > 1. For every ‘W ,-continuous

functional f : P(X) — Rand every ¢ > 0, there exists a Wasserstein polynomial P such that | f — Ple = sup,cpx) |f (@) = P(a)| < e.

Proof. Since X is compact, P(X) is compact for the weak topology, which coincides with the topology induced by ‘W,.
Wasserstein polynomials are continuous on this space. They contain the constants and are stable under linear combinations,
after lifting lower-order kernels by adding dummy variables. They are also stable under products: if P, and P, have

orders m and r, then Py, (a)Py(a) = f(\»mw Px1, -, X)) Y (X1, - o) Xiar) da®m+1) which is a Wasserstein polynomial after
symmetrizing its kernel. This algebra separates points: if @ # B, there exists V € C(X) such that f Vda # f Vdg, and
a— / V da is an order-one polynomial. The real Stone-Weierstrass theorem therefore gives the claimed uniform density in

C(P(X)). o

Definition 4.27 (Particle polynomial). Let f : £(X) — R be bounded and continuous and let n > 1. Its symmetric n-particle

kernel is
1 n
(pi,[(xl,...,xn) =1 (EZ;(S”)’
=

and its associated particle polynomial is
B.f(@ = [ gl x) e, 1) = EF @), @8)
X"

where @, =n"' Y, 6x, forii.d. random variables X; ~ a.

Proposition 4.28 (Particle-polynomial approximation of Holder functionals). Let X ¢ RY be compact and let f : P(X) — R be
n-Hélder for W, with p > 1,0 < 1 < 1 and constant L. Then, for every n > 1 and every a € P(X),

B.f(a) - f(a)] < LE[W,(@y,a)"]. (4.9)
Moreover, for every n > 2,
”an _f”oo < CX,p,d,nL r;z],p,d’ (410)

where the empirical Wasserstein scale ry, p 4 is defined in (10.3) of Section 10.2.

Proof. The empirical representation (4.8) and Holder regularity give
B f(a) = f(a)] EIf(@n) - f(a)] < LE[W)(@u, )],

which proves (4.9). The empirical Wasserstein moment bound (10.4) gives sup aeP(X) E[W,(@n, a)P] < Cx,par : o

nonnegative random variable Z and exponents 0 < 1 < p, Lyapunov’s moment inequality states that E[Z"]'/T < E[ZP]V/P. Ttis
the monotonicity of LY norms on a probability space and follows directly from Jensen’s inequality applied to the concave

function s +— s"/?; see, for instance,. Applyingitto Z = Wp @, 1) gives
E[(Wp(an, a)fl] < E[(Wp(an, a)p] nlp ,

and taking the supremum over « concludes the proof. m|

For any

4.5 Measure-to-Measure Maps on Wasserstein Space

Maps on Wasserstein space. Once Wasserstein distances provide a topology on probability measures, it is natural to study
transformations of probability measures as maps @ : P, (X) — P, (X)

Particle-preserving transport representations. The deterministic case is obtained by pushing each input measure through a
map that may itself depend on that input measure:

O(a) = T[alya, IMal: X - X. (4.11)
Then, for every discrete measure,
n n
a = Z aiéxi - CD(D() = Z aiér[a](xi). (4.12)
i=1 i=1

When X C R?, the family & + I'[@] can equivalently be written as the jointly defined vector-valued map
I:P,(X)xX >R, T(a,x):=T[a]x) (4.13)
A useful quantitative hypothesis is the uniform estimate sup..y [T(a, x) = T'(8, x)| < L Wy(a, p)".

Wasserstein stability.

Proposition 4.29 (Wasserstein stability of transport representations). Let (X, d) be Polish, let p > 1, let E C X, and assume
that, for all a, B € Pp(X) supported in E, the maps T[a] : E — X satisfy d(T[a](x), T[a](y)) < L.d(x,y) forallx,y € E, and
Sup, g d(T[a](y), T[B1(v)) < Liaw Wpy(a, B). Then ®(a) = T[alya is (Lx + Liaw)-Lipschitz on probability measures supported in E:

Wp(P(a), ©(B)) < (Lx + Liaw) Wp(a, p).

Proof. Let 7 be an optimal coupling between a and . The measure (T[], T[B])47 is a coupling between ®(a) and ®(f), hence
1/p

Wyt 09) < | [ d(Tlal), TipIw)Y ant, v
By the triangle inequality, d(T[a](x), T[B](y)) < Lxd(x,y) + Liaw Wy (@, ). Minkowski’s inequality gives the claim. O
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If T : X — X is L-Lipschitz, then W, (Tya, Ty) < LW ,(a, p).
Mean-field attention. In the non-causal, unmasked setting used here, its discrete output is

c exp((Qxi, Kx;))
Att(n) P i = ii(x1,..., Vxi, ii(x1,..., = ’ J ,
0 (x1 Xn)i Z al,](xl Xn) Xj az,](xl Xn) 2?21 exp((Qxi, Kxo)

=1
Indeed, if 0 is a permutation and x] = x,(;), reindexing the denominator gives ai,]-(xf, e, X9) = ag(,-)lg(j)(xl, ..., Xp), and
therefore Att(")(x" ce, X0) = Att(")(xl,... Xn)o(i)-

Definition 4.30 (Mean-field attention map). Fixp > 1,let Q, K € R™¥ and V € R, write 0 = (Q, K, V), and let a € Py (RY).

Assume that, for a-almost every x, 0 < [ QX2 da(z) < +00 and [ e{@*K2|Vz| da(z) < +oo. The mean-field attention
field is

(4.14)

] [ XDV zda(z)
e[ac](X) = / e{Qx, Kz) da(z)

and, whenever I'g[a] € LP(a), the induced attention map on measures is Attg(a) := (I'g[a])ya.

(4.15)

For an empirical token measure, the construction is an exact rewriting of discrete attention:

Tolal(xi) = At (x1,. .., xa)i,  Attg(a) = Z U

,,,,,

Proposition 4.31 (Compact-support attention stability). Assume X = RY. Fix Q,K € R™ and V e R4 write 6 = (Q,K, V), and
fix R > 0. Let Pr be the set of probability measures supported in the Euclidean ball B(0, R). For every p > 1, there is a constant Cg ,(R)

such that W (Attg(a), Attg(B)) < Co,p(R) Wy(a,p), a,B € Pr. Writing Ar = |Qllop IKlopR?, 0ne can take a constant bounded,
up to polynomial factors in R and the operator norms of Q, K, V, by Co »(R) < e*Ar. This is the exponential-in-score-radius behavior,
equivalently eOR?) for dot-product scores on B(0, R), refined in.

Proof. Write Ag = |QloplKllopR?, and introduce the normalizer and numerator Z,(x) = f e{Qx.K2) qu(2), Ny(x) =
f e{Qu K27 da(z). For x, z € B(0, R), one has e 4% < ¢(Q¥K2) < ¢Ar and hence Z,(x) > e~4% and |Tg[a](x)] < IVIepR. As

functions of z, the scalar kernel ¢(Q* K= and the vector-valued kernel e X2V z have Lipschitz constants bounded by e”
times polynomial factors in R and the operator norms of Q, K, V. Kantorovich-Rubinstein duality, applied to the vector

kernel after pairing it with arbitrary unit vectors, therefore gives |Z,(x) — Zg(x)| + [ Na(x) = Ng(x)| < Co(R)e R W1(a, B).

Using To[a](x) ~To[B](x) = "5 1T [B](x) 25~ 2 and the preceding bounds yield sup, s, ITol@](x) = To[B1(x)] <
£(Qx/K2)

Co(R)e?Ar W1(a, B). For spatial regularity, introduce the attention law dwg «(z) = RER da(z). Differentiating (4.15) gives

DiTolal(x) = [(Vz = To[al(x))(QTK2)" dwa,«(2), so [D:Tolal(x)lop < 21V lopIQlloplKllopR?, uniformly in a € Pg. Finally,
W1 < W, on probability measures and the output is supported in B(0, |V [opR). Proposition 4.29, applied with E = B(0, R),
proves the claim. ]

Mass-splitting Markov maps. To obtain a map on $,(X), assume the finite-moment bound f(\, d(x, xo)P K(y,dx) < C(1 +
d(y, xo)?) for some xo € X. The associated linear map is defined weakly by

[ rwavd@e = [ [ fekw,d0dam, (.16)
X X JX

Proposition 4.32 (Wasserstein stability of Markov maps). Let (X,d) be Polish, let p > 1, and let K satisfy the preceding
moment bound. If W, (K(y,-),K(y’,-)) < Ld(y,y’)  forally,y’ € X, then the map (4.16) is L-Lipschitz: ‘W, (¥k(a), Wk(B)) <
LWy(a,p)  foral a,p € Ppy(X).

Proof. Fix m € U(a, B). On Polish spaces, the measurable-selection theorem for optimal transport provides a probability kernel
(v,y’) = gy, such that g, € W(K(y, ), K(y’,-)) and /d(x,x/)p dgy,,(x,x") = W, (K(y,-),K(y’, ))p Integrating this
kernel against 7 defines a coupling g(dx, dx’) := fXX ¥ qy,y(dx,dx”) dn(y, y’) between Wk (a) and Wk(p). Therefore

Wy (W(a), Wx(B) < / Wy (K(y, ), K(y', ) dnly, y) < P / d(y, v’y dn(y, ).

Taking the infimum over 7 proves the claim. O

5 Dual Problem

5.1 Discrete Dual

The Kantorovich problem (3.2) is a linear program so that one can equivalently compute its value by solving a dual linear
program.

Definition 5.1 (Admissible potentials). For a discrete problem with marginal sizes n, m and cost matrix C € R a pair
(f, g) € R* x R™ is admissible if it lies below the cost:

R(C) = {(f,g) € R" xR" ; V(i,]) € [n] x [m], fi + g; < Ci} . 61

Equivalently, f ® g < C entrywise. In particular, the feasible set depends on the cost matrix, not on the marginal weights.
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Proposition 5.2 (Discrete Kantorovich duality). One has
Lc(a,b) = " n)lax (f, a) + (g, b). (5.2)
8)<
Proof. For completeness, introduce multipliers (f, g) for the two marginal constraints. The Lagrangian is
L(P,f,g)=(C,P)+(a-Pl,, f)+(b-P"1,, g). (5.3)
For fixed potentials, the dual function is infps¢ L(P, £, g) = (a, f) + (b, g) + infp»o(C — (f & g), P). The last infimum is

. (0 Q>0
11};{)(& P) = {—oo otherwise,

and is therefore finite exactly when (f, g) € R(C). The primal polytope is nonempty because it contains the product coupling
a ®b, and it is compact; hence the primal value is finite and attained. Finite-dimensional linear-programming strong duality
then identifies this value with the maximum of the dual function and also gives dual attainment. o

Proposition 5.3 (Discrete complementary slackness). For every P € U(a,b) and (f,g) € R(C), (C, P) — (f, a) — (g, b) =
2, Pij (Ci,j —fi —gj) > 0. The plan and potentials are respectively primal and dual optimal if and only if

Supp(P) ¢ {(i,j) € [n] x [m]; fi +g; = Ci;}. (5.4)

Proof. The marginal constraints give (f, a) + (g, b) = X; ; P; j(fi + g;), which proves the identity and nonnegativity. If both
teasible objects are optimal, their values agree by Proposition 5.2; every nonnegative summand with P; ; > 0 must therefore
vanish. Conversely, the support condition makes the gap zero, so weak duality forces both objects to be optimal. m]

5.2 General Formulation
Continuous duality.

Definition 5.4 (Continuous admissible potentials). For ¢ € C(X X V), define
R(c) = {(f, §) € CX)x CWY); f(x) +g(y) < c(x, y) forall (x, y)} (5.5)

Its elements are admissible continuous potentials.

Proposition 5.5 (Kantorovich duality). Assume that X and Y are compact metric spaces and that c € C(X X Y). Then

Liap= max [ feodaw+ [ swape) 66)

Here, (f, ) is a pair of continuous functions, often called “Kantorovich potentials”. More general Polish-space versions require explicit
lower-semicontinuity and integrability hypotheses; value duality and dual attainment are then separate statements. Proposition 5.11 below
records the noncompact quadratic case used in Brenier’s theorem.

Proof. Weak duality is immediate: if f(x) + g(y) < c(x,y) and 7 € U(a, B), then /fda + / gdp = /(f(x) + g(y)dn(x,y) <
/ cdn. Taking the supremum over admissible potentials and the infimum over couplings gives the first inequality.

For the reverse inequality, write V = L.(«, §) and consider the convex cone K := {(7'(1, T, / cdn+r):ne M (X xY), r> O}

in M(X) x M(Y) X R, equipped with the weak topologies on the measure factors. This cone is closed. Indeed, convergence of
the first marginal implies a uniform bound on the masses of the underlying nonnegative measures. Compactness of X x Y

then gives a convergent subnet 71, — 7; continuity of marginalization and of = = f cdm identifies the limit with an element of
K, while the limiting epigraph remainder remains nonnegative.

For every t < V, the point z; = («, 8, t) does not belong to K. Strong separation of this point from the closed convex cone gives
a continuous linear functional. Because K is a cone containing the origin, the functional can be oriented so that, for some
FeC(X),GeC(Y)and A €R, [Fda+ [GdB+At <0< [Fdn+ [GdC+As  forall (n,C,s) € K. Testing (0,0,7) € K
gives A > 0, while testing the element generated by 7 = 6, ;) and r = 0 gives F(x) + G(y) + Ac(x, y) > 0. The multiplier cannot
vanish: if A = 0, integrating this last inequality against & ® § would contradict the strict inequality at z;. Thus A > 0, and
f=-F/A, g =—-G/Asatisfy f ® ¢ < cand /fda + /gdﬁ > t. Letting t T V proves the reverse inequality.

Take a maximizing sequence ( fx, gx). Successively replace itby gx(y) = min,{c(x, y)— fi(x)}, fk(x) = min, {c(x, y)-gx(y)}-
Each replacement preserves feasibility and cannot decrease the objective. Fixing xq € X, use the gauge freedom (ﬁ, k)
( fk —ak, gk + ax) to impose fk (x0) = 0. Uniform continuity of ¢ shows that gy inherits a common modulus in the second variable

and fk a common modulus in the first. The gauge gives a uniform bound on fk, and the first envelope then gives one on gi.
Arzela—Ascoli yields uniformly convergent subsequences. Their limit remains admissible and attains the dual supremum. O

Complementary slackness.

Proposition 5.6 (Continuous complementary slackness). For n € U(a,B) and (f,g) € R(c), f cdm — f fda - / gdp =
f (c(x,y) = f(x) — g(y))dm(x, y) > 0. The coupling and potentials are respectively primal and dual optimal if and only if this gap
vanishes. In that case,

supp(n) C {(x,y) e X XY ; f(x)+g(y) =c(x,y)}. (5.7)

Proof. The marginal identities give the equality, and admissibility gives nonnegativity. A zero gap is equivalent to equality
of the feasible primal and dual values, hence to joint optimality by Proposition 5.5. Finally, the slack is continuous and
nonnegative. If it were positive at a point of supp(n), it would be bounded below by a positive constant on a neighborhood of
positive m-mass, contradicting its zero integral. O
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The discrete case (5.2) corresponds to the dual vectors being samples of the continuous potentials, namely (f;, g;) = (f (x:), g(v;))-
Proposition 5.6 is the exact analogue of Proposition 5.3.

The same optimality condition is even more explicit if one plots the slack s(x, y) := c(x, y) — f(x) — g(y). Dual feasibility is the
statement s > 0, while complementary slackness says that an optimal coupling can only live where this slack vanishes.

5.3 c-transforms

Best-response potentials and the c-transform. Keeping a dual potential f fixed, one can maximize in closed form over the

second potential in the dual problem (5.6), which leads one to consider sup { f gdB; V(x,y),8(y) < c(x,y) - f(x)} . For
geC(Y)

each y, feasibility imposes the upper bound g(y) < inf,{c(x,y) — f(x)}. Since f is nonnegative, an optimal ¢ must saturate

this bound p-almost everywhere. This pointwise best response leads to the following definition.

Definition 5.7 (c-transform). For a function f : X — R U {—oo} that is not identically —oo, its c-transform is
Vye, foly)i=infc(x,y) - fx). (5.8

Here c(x, y) — (—o0) = +00. Because c is finite and f is finite somewhere, f° takes values in RU {—o0}. For a function g : Y —
RU{—oo} that is not identically —co, the é-transform associated with ¢(y, x) = c(x, y)isVx € X, ¢%(x) = in}f/ c(x, y)—g(y).
ye

It likewise takes values in RU {—co}. A transform can be identically —oo; compositions such as ¢ are used only when
each intermediate transform is not identically —co. Under this qualification no indeterminate extended-real subtraction
occurs. When X, Y are compact, c is continuous and the input potential is real-valued and continuous, these infima are
finite minima and the transformed potential is continuous.

Proposition 5.8 (c-transforms solve the semi-relaxed problems). Assume the compactness and continuity hypotheses of Proposition 5.5.
For fixed f € C(X), the maximizers of the dual objective over all § € C(Y) such that f ® g < c are exactly the functions satisfying g = f°¢
B-almost everywhere. Symmetrically, for fixed g, the maximizers over f are exactly the functions satisfying f = ¢© a-almost everywhere.

Proof. The constraint f(x) + g(y) < c(x, y) for every x is equivalent to g(y) < inf,{c(x,y) — f(x)} = f°(y). Thus f€ is feasible
and pointwise dominates every feasible g. Integrating against f proves optimality, and equality holds exactly when g = f¢
B-almost everywhere. The other assertion follows by exchanging the two marginals. m]
Proposition 5.9 (Modulus stability of c-transforms). Suppose that w is a modulus such that |c(x,y) — c(x,y’)| <
w(dy(y,y))  forallx,y,y’. Then every finite f° has modulus w. Symmetrically, ¢ inherits any uniform modulus of ¢ in
its first variable. In particular, a uniform L-Lipschitz bound on the cost yields an L-Lipschitz bound on the corresponding transform.

Proof. For each x, set Fx(y) = c(x,y) — f(x) and F(y) = f°(y) = infy Fx(y). Since all the functions Fy share the modulus w,
[F(y) = F(y")| = |inf Fx(y) = inf Fx(y')] < sup |[Fx(y) = Fx(y)] < @(dy(y, ).

The proof in the first variable is identical. m|

Discrete c-transform. If @ = 37| a;0x, and = 271:1 bjoy,;, the same definition applies to the finite spaces X = {x;}; and
Y = {y;};. The dual potentials are then vectors (f,g) € R" X R"™, as in Section 5.1, and the cost is the matrix C € R"™"
with entries C; ; = c(x;, y;). With the present sign convention f & g < ¢, the discrete transform of f is the vector f© € R™
defined by (fC)j = minj<i<y, C;j — f;. This is a minimum because feasibility imposes the upper bound g; < C;; - f; for
every i. Thus the largest feasible best response is the minimum of these upper bounds; formulas with a maximum
correspond to a different sign convention, not to the dual constraint (5.2). With C := CT, the opposite transform of g is
gc =gC eR", (gC)i = mini<j<m Cij — g;. Thus the continuous best-response operation reduces exactly to taking column
minima for €, or row minima for gc, in shifted cost matrices.

Euclidean case. The Euclidean quadratic cost is the model case where c-transforms become ordinary convex conjugates after
removing the quadratic terms. This is the algebraic bridge between Kantorovich duality and Brenier maps.

Forany 7 € U(a, ), [ c(x, y)dn(x,y) = 1 [ |xIPda) + 1 [ IyIPdpy) - [ (x, y)dn(x, y).

Definition 5.10 (Legendre—Fenchel transform and biconjugate). For h : R — RU {+00}, define h*(y) = sup,cpai{x, ¥) —
h(x)}, h* = (h*).

More precisely, if (x) = 1|x[> — f(x), then f°(y) = 3lyl> - ¢*(y), f(x) = 3lx]> = ¢**(x). On the full Euclidean space,
a nontrivial extended-valued function f is c-closed precisely when x — %||x||2 — f(x) is proper, lower-semicontinuous and
convex. When f is finite-valued, this is the usual statement that f is 1-semiconcave.

Proposition 5.11 (Quadratic dual attainment on R). Let &, € P2(R?) and c(x,y) = |x — y|?/2. The dual supremum over
pointwise feasible pairs in L'(«) x L'() is attained by Borel potentials f, g : R? — R U {—co} that form a closed pair in the pointwise
sense f = g°, g=f Le(a,p) = f fda + / gdp. They can be represented by a proper lower-semicontinuous convex function
@ :RY = R U {+oo} through f(x) = 3|x|? - ¢(x), g(y) = Lyl - ¢*(y), with the convention that a finite number minus +co is

—oco. For every optimal coupling i, the Fenchel contact relation ¢(x) + ¢*(y) = {(x, y), equivalently y € do(x), holds mt-almost
everywhere.

Proof. The quadratic cost is finite and continuous and satisfies 0 < c(x, y) < |x[? + |y|?>. In particular, its integral under a ®
is finite, so the integrable dual-attainment theorem gives pointwise feasible Borel representatives (fy, o) whose classes lie in
LY(a) x LY(B) and attain the dual value.
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Set @o(x) = [|x|?/2 — fo(x). This function is proper because f; is finite a-almost everywhere. Choosing a point 1y where
go0(yo) is finite, dual feasibility gives the affine minorant @o(x) > (x, yo) — %|| yol? + go(yo)- Let ¢ = @y and define f(x) =
%||x||2 - p(x), ey = %||y||2 — @*(y). The Fenchel-Moreau theorem shows that ¢ is proper, lower-semicontinuous and
convex, with ¢ < ¢ and ¢* = @;. Thus fo < f. Moreover, feasibility of (fo, go) is equivalent to go(x) + SyI% = go(y) = (x, y),
so conjugating in x gives % (y) < |y|*/2 — go(y) and hence go < g. Fenchel’s inequality shows that (f, g) is feasible. Choose
x1, y1 such that f(x1) and g(y1) are finite. Feasibility then gives g(y) < c(x1,y) — f(x1) and f(x) < c(x,y1) — g(y1). These
quadratic upper bounds are integrable under the opposite marginal; together with fy < f and g9 < g, they show that
(f,g) € LY(a) x L}(B). Its objective is no smaller than the already optimal value and no larger by weak duality, so it is optimal.
The conjugacy calculation above and ¢ = ¢* give ¢ = f© and f = ¢° pointwise.

Finally, for any optimal 7, the nonnegative slack ¢ — f — g is integrable and has integral zero. It therefore vanishes rt-almost
everywhere, which is exactly the displayed Fenchel equality and hence the subdifferential relation. m]

Why hard alternating optimization stops. Starting from an admissible pair, the updates (f, g) +— (f, f) +— (£, f°)
For a proper function f with an affine minorant, the Legendre transform satisfies f** = f*, while f* is the greatest lower-
semicontinuous convex minorant of f. Analogous identities explain why exact alternating c-transform updates stop after one
full cycle.

Proposition 5.12 (Algebra of c-transforms). Writing ¢ := (f°)°, the following pointwise identities hold whenever the transforms are
well defined:

Of<f=f>f @f°>f (Gg<>g (@) f“=f"
Proof. The order reversal in (i) follows directly from the minus sign in the definition. For every x and y, f°(y) = infy {c(x’, y) -
fN} <elx,y)— f(x),soc(x,y)— f(y) > f(x). Taking the infimum over y proves (ii), and exchanging the two spaces proves
(iii). Finally, (ii) and the order reversal imply f¢ > f°°‘, whereas (iii) applied to g = f€ gives f°° > f¢. This proves (iv). O

Identity (iv) shows that the next best response leaves the pair obtained after one full cycle unchanged:
(ch,fC) N (fCE,fCEC) — (ch’fC)_ (5_9)

Thus exact block maximization reaches a coordinatewise fixed point after one full cycle. The resulting pair is dual feasible, but
it need not maximize the joint dual objective because its value still depends on the arbitrary initialization f.

c-concave functions. The ranges of the two c-transform operators define the natural classes of dual potentials.

Definition 5.13 (c-concave functions). A function on Y is c-concave if it equals f¢ for some function f on X. A function on
X is c-concave if it equals g for some function g on Y.

Definition 5.14 (Finite-valued c-concave class). The finite-valued c-concave class on Y is Conc.(Y) =
{u:Y > R; u=fforsomef:X — RU{-oco}}.

Proposition 5.15 (Stability under tropical barycenters). If u, = f¢ € Conc.(Y)and a, € Rfor 1 < r < R, then

Cc
112122{% +a,}= (lrgaé{fr - u,}) € Conc.(Y).
Proof. Set f = max,(f; — a,). For every y € Y, f(y) = inf, min,{c(x, y) — f,(x) + a,} = min, inf, {c(x,y) — f;(x) + a,} =
min, {u,(y) + a,}. The middle equality holds because the minimum ranges over finitely many indices: both sides equal the
infimum over (x,r) €e X X {1,...,R}. O

Thus Conc.(Y) is a min-plus, or tropical, convex cone: tropical addition is pointwise minimum, while tropical scalar
multiplication adds a constant. This universal closure does not imply stability under ordinary averages.

For c.(x,y) = |x — y|?>/(27), one has u € Conc.. (RY) < vy u(y)- e is concave, Finally, on any metric space (X, d),

2t
Concy(X) = {u: X - R; Lip(u) <1},
6 Semi-discrete and W,
6.1 Semi-dual

General measure semi-dual.

Definition 6.1 (Full dual and semi-dual functionals). Under the compactness and continuity assumptions of Chapter 5,
define
dO( +/ d ’ , € R c),
utf, g = | 78+ [ 53, (.9 eR@ o1
—00, otherwise.
Eo(g) = Do(g°, g) = / ¢°da +/ gdp. (6.2)
X Y

Thus the dual problem (5.6) is Lc(«, f) = maxy,, Do(f, g). For fixed g, feasibility is equivalent to f < g°. Consequently,
Le(a,p) = supgcciy) €o(g), &o(8) = supsec(x) Do(f, g)- Partial maximization of a jointly concave objective preserves

concavity, so &y is concave. The semi-dual is invariant under ¢ — ¢ + s: indeed, (g +5)¢ = ¢° — s and both measures have unit
mass.
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Discrete semi-dual. When both measures are discrete, the same elimination produces a finite-dimensional concave objective
whose active affine pieces are selected by the discrete c-transform.

Leta =" aid0y, p = Z}"zl b;oy;, and C;j = c(x;, yj), where a € L, and b € L,,. We use the same notation for functions and
vectors: in the discrete setting,

_ |{f,a)+(g b), feg<C,
Dot g) = {—oo, otherwise.
Eliminating the source potential through the discrete C-transform described in Section 5.3 gives
n m
_ — C o) = (o), o
Le(a,b) = max &(g),  &olg) = Dolg",8) = Zl] ai(g")i + ;bjg], (63)

with (gc)i = mini<j<u(Cij — g)). _
Proposition 6.2 (Supergradients of the discrete semi-dual). For any selection og(i) € argmin J (Cij—gj), definebj(g) = 3. ogli)=j Ai-
Then b — b(g) is a supergradient of Eg at g. If every row has a unique minimizer, & is differentiable at g and VE(g) = b — b(g).
Proof. Leth € R™. Since 0g4(i) is active at g,

min(Cyj = hy) < Cioy) ~ Moy = min(Cij = gj) = (hoy(i) = 8oy(i):
Multiplying by a;, summing over i, and adding (b, h — g) gives Ep(h) < Ep(g) + (b - B(g), h — g), which is the supergradient

inequality. Uniqueness of all active indices makes the same affine branch active in a neighborhood of g, yielding the gradient
formula. m]

6.2 Auction Algorithm

The auction algorithm is derived from coordinate maximization of the semi-dual of the linear assignment problem. Its practical
form uses bidder-specific dual-weight updates that cross the selected row’s next indifference threshold by ¢; this controlled
relaxation prevents jamming at nonsmooth ties.

Coordinate ascent and discrete Laguerre cells. Specializing (6.3) to uniform weights gives
I, e Ix ¢ :
Eolg) = Zl<g )it 21 g, (&)= min(Cij-g). (64)
i= j=

Thus (g€, g) is dual feasible. This is precisely the discrete C-transform described in Section 5.3, with the same sign convention
as in the general and semi-discrete formulations.
The discrete Laguerre cell of target j is

L?(g) ={ienl; Cij—gj <Cix— gk forevery k} . (6.5)
When every row has a unique minimizer, differentiation of (6.4) gives
2 ey~ 1T ©6)
—O = . .
98;

Hence an overfull cell calls for a decrease of its dual weight. More generally, complementary slackness (Proposition 5.3) shows
that a perfect matching in the contact graph i € L?(g) certifies optimality of g in (6.4); conversely, assignment duality and

complementary slackness produce such a matching at every maximizer.
Fori e L})(g), define the bid needed to make row i indifferent between j and its best alternative,

bid;(g, i) := r]{l;]r,l(ci,k —-gk) — (Cij — g))- (6.7)
When L}D(g) is nonempty, the largest maximizing decrement along the negative jth coordinate is given by max;e, o (g bid;(g, i)
]

Bids and relaxed contacts. Exact coordinate maximization can stall at a nonsmooth tie, so auction deliberately moves a bidder
¢ beyond its next indifference point. Suppose row i is currently unassigned. Let jy and j; be its best and second-best targets for
the current dual weights,

Jo € argmin (C; j - g;), j1 € argmin;,; (Cij — g;), (6.8)
The bid decreases only the winning dual weight by
A; = bidjo(g, i)+e= (Ci,j1 - gjl) — (Cl’,jo — gjo) + ¢, Sio < 8jo — A;. (6.9)

Definition 6.3 (e-complementary slackness). A partial permutation matrix P € {0, 1}"*" has at most one nonzero entry in
each row and column. Such a matrix and target potential g satisfy e-complementary slackness if

Pij=1 = C(Cj-g< (gC)i + €. (6.10)

To expose the dual mechanism geometrically, define the auction reduced costs r; j(g) == C; ; —g; — (gc)i > 0. Atany intermediate
state, write M = {(i,]) : P; j = 1}
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Fixed tolerance.

Proposition 6.4 (Fixed-¢ auction convergence and complexity). Let Rc = max;;C;; — min; ;C; ;. Started from g = 0, the
fixed-tolerance auction method terminates after at most n (| Rc/¢e] +1) bids. It returns a permutation matrix P satisfying e-complementary
slackness and

1 1
0<=(C,P)— min —(C,P)<e. (6.11)
n Plepferm n

With dense scans for the two smallest reduced costs, the algorithm requires O (n*(1 + Rc/€)) arithmetic and comparison operations and
O(n?) storage, including C. If C has integer entries and € < 1/n, the returned assignment is exactly optimal.

Proof. At every bid, (6.9) decreases one target potential by at least ¢. Once a target is assigned, it remains assigned: a later bid
can change its owner but never leaves it empty. While the algorithm is incomplete, there is therefore an unassigned target
whose potential is still zero. If the selected target jj is already assigned, comparison with such a zero-potential target gives
gj, = —Rc; if it is unassigned, its potential is itself zero. Thus a target can be selected at most [ Rc/¢] + 1 times. Summing over
the n targets proves finite termination and the bid bound. At termination, every row and column has exactly one nonzero
entry, so P is a permutation matrix.

The e-complementary-slackness invariant was established above. Summing it over the returned permutation gives the

first inequality below. The second follows by summing the feasible dual inequalities (gc)i + g; < C;; against any optimal
assignment:

1 1 o 1 ] 1 "Ny
;(C,P}é;Z(g )i+;Zgj+é<P/m1n —(C, P +e¢,
t ]

€¢)r[l)erm n

which proves (6.11). Each bid scans one row of C and otherwise uses constant work if the current owner of every target is
stored, proving the complexity bound. For integer costs, the unnormalized assignment gap is an integer bounded by ne < 1,
hence it vanishes. o

e-scaling.

Proposition 6.5 (Complexity of e-scaling). For a final tolerance 1 > 0, the e-scaling auction method returns a permutation matrix
satisfying n-complementary slackness and (6.11) with ¢ replaced by 1. If Rc > 0, it uses at most 1 + [logy (Rc/n)] auction phases, where
log; (s) := max{0,log, s}. Its dense worst-case complexity is

R
O (n3 (1 +log, TC)) , log, (s) = max{0,logs}.
When Rc = 0, the algorithm terminates immediately. If C has integer entries and 1 < 1/n, the returned assignment is exactly optimal.

Proof. Assume Rc > 0. The first tolerance is €y = max{Rc, n}. If &9 = 17, Proposition 6.4 directly gives the claim with one phase.
Otherwise, the first phase starts from the zero potential and costs O(n?) operations because Rc/ &g = 1.

Consider a later phase with tolerance ¢, initialized from a target potential produced at tolerance A. Expressed in the present
dual-potential convention, the warm-start estimate of shows that the new phase decreases each component of g by at most

n(A + ¢). Since every bid decreases one component by at least ¢, the phase performs at most n? (1 + £) bids. Consecutive

tolerances in the e-scaling auction method satisfy A/¢ < 2, so a warm-started phase uses O(n?) bids and O(n3) dense
operations.

Halving from Rc to 1 gives the announced phase count. The final phase enforces 1-complementary slackness, and Proposition 6.4
gives the n-optimality certificate. Its integer-cost conclusion also applies with ¢ = 7. m|

6.3 Semi-discrete

Discrete target and Laguerre cells. A case of particular interest is when f§ = Z;”zl b;6y; One can adapt Definition 5.7 of the
C-transform to this setting by restricting the minimization to the finite support { yj};.”:l of . Equivalently, one applies the same
definition with the discrete target space Y = {yj};":l and identifies a vector g € R™ with the function g : ¥ — R defined by

8(j) = gj: )
VgeR", VxeX, g (x):= n[1[1r1]] c(x,yj) - g (6.12)
]E m

Crucially, using the discrete c-transform, when f is a discrete measure, yields a finite-dimensional optimization,

Lela, p) = max &ufg) = Dolg’, ) = /X o (v)da(x) + Z]: gib;. (6.13)

The objective satisfies Eo(g + s1) = Eo(g) for every s € R. One may therefore impose the gauge }.; gj = 0 without changing the
problem.
Definition 6.6 (Laguerre cells and power diagrams). For sites (y]-)]’.":1 and weights g € R", the Laguerre cell associated with
gyt
Li(g) = {x eX; Vi #j,clx,y)—g <clx,yj) - g]v} . (6.14)
The cells cover X after arbitrary tie-breaking on common boundaries, they induce a disjoint partition. When c(x, y) = |x—y/|?,
this Laguerre decomposition is also called a power diagram. If g is constant, it reduces to the ordinary Voronoi diagram.
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One-dimensional semi-discrete OT. In one dimension, the Laguerre geometry of Definition 6.6 becomes explicit. Consider

the quadratic cost c(x,y) = |x — y|?, assume that a has a density and that y; < -+ < y;;, and set By = 0 and B; = Z;{zl bx.
Consequently, the optimal cells agree, up to a-null sets, with the quantile intervals:

Vjelml, a(Lj(g*) A (c;l(Bj_l), c;l(Bj)]) - 0. (6.15)

Here the harmless endpoint conventions are C;'(0) = —co and C; (1) = +co. Thus, after tie-breaking on the null boundaries,
the optimal semi-discrete map sends the j-th quantile interval to y;; this is the Laguerre-cell realization of the monotone
rearrangement in Theorem 2.26.

Proposition 6.7 (Closed-form one-dimensional semi-discrete transport). Let o = p, dx € P»(R), and define its integrated quantile

by M, (r) = for C;l(s)ds. For p=m™! YLy Oy with y1 < -+ < Y, one has
1y N j j-1
2 _ 2 1 2 _ . 2
Wia,B) = /Rx da(x) + - ;yj 2;]/] [Ma (m) MD,( - )] . (6.16)

2
Proof. Proposition 2.27 gives Ws(a, ) = /01 Cyl(r) - Cp_ 1(r)‘ dr. The target quantile satisfies Cﬁ_ L) = y; for almost every

r € ((j —1)/m, j/m]. Expanding the square, using /01 |C(;1(r)|2 dr = /R x?da(x), and integrating C,! over each interval gives
the stated formula. O

Mass balance. Splitting the integral in the semi-dual objective (6.13) over this partition gives
m
8o =), [ (et y)—g)dato)+ 5 b) 617)
j=1 7L

Proposition 6.8 (Gradient of the semi-discrete dual). If the minimizing index in (6.12) is unique for a-almost every x, then & is
differentiable at g and V' j € [m], V&o(g); =b; - /L_(g) da.
]

Proof. For a-almost every x, the minimizing index in min; c(x, y;) — g; is unique. If this index is j(x), then the directional
derivative in a direction i € R™ is

d .
—|  min(c(x,y)) = (gj + th))) = —hj().
dt =0 J

The corresponding difference quotients are bounded by |/|.. Dominated convergence therefore gives d&o(g)[h] =
- i hj /L © da + 2 i hjb;, which is the announced gradient formula.
]

At a differentiable maximizer, first-order optimality gives a(L;(g)) = b; Its graph lies in the contact set g°(x) + g; = c(x, y;),
Expanding the squared distance shows that the active cell at x minimizes the affine function x — -2(x, y;) + |y, I> - gj-

Stochastic optimization. The semi-discrete formulation (6.17) is useful because the objective is an expectation with respect to
a,

&Eo(g) = AE(g, x)da(x) = Ex(E(g, X)), E(g,x) = gE(x) + (g, b). (6.18)

Away from cell boundaries, the stochastic gradient of the integrand is
m
VgE(g, x) = (bj - ]le(g)(X))j:l ,

Starting from g® = 0, stochastic gradient ascent draws x(*) ~ @ and performs

gt = g0 1+ 7OV, E(g®, x0). (6.19)
0
j
stochastic-approximation convergence, one typically chooses

Equivalently, if j) € argmin, (c(x9, ;) — g.”), then the coordinate update is gﬁ.“n = gy) +10(b; -1 {]-:ju)}). For almost-sure

+00 too
Z 70 = 400, Z(T(Z))Z < +00, (6.20)
=0 £=0

Proposition 6.9 (Averaged stochastic semi-dual rate). Let g* maximize &, set R = | g(o) — g*||l2, and suppose the stochastic

supergradients are conditionally unbiased and satisfy |V4E(g, x)|2 < G. For a horizon L > 1, use the constant step T = R/ (GVL) and the
average g = L™ Z%;g g If R = 0, the conclusion is immediate; otherwise, En(g*) — E[So(gL)] < %
Proof. Conditionally on g¥), the stochastic supergradient is unbiased. Concavity and the squared-distance recursion give
20E|&0(g") - E(g")| < Elg - g* 13 ~ Elg*!) — g* 3 + T2G2.
Summing from 0 to L — 1, discarding the final nonnegative squared distance, and using concavity at g; yields
R?> 1G?

&o(g*) —E[&o(gr)] < Lt

The stated choice of T gives the result. m]

6.4 Optimal Quantization
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Free masses and prescribed weights.

Definition 6.10 (Optimal quantization problem). For a € P,,(Rd) and m € N\ {0}, define

m
Qu(a) = min W,(a, Y bidy,). 6.21
(@) Y=(y)L,, beEy 4 ;g; o) (6.21)

Zero weights and coincident codepoints are allowed, so the approximating measure has at most m atoms.

Proposition 6.11 (Quantization rate and curse of dimensionality). Let a be supported in a bounded subset Q c R* and assume that
a = pdx with p < py < +oo. Then, for fixed p > 1, there exist constants 0 < ¢ < C < +oo such that c m™?% < Q,(a) < Cm~1/4,

Proof. Enclose Q in a cube. With k = [ m'/?], subdivide this cube into k¥ < m congruent subcubes and place one codepoint in

each subcube meeting Q. Every source point then lies within distance C/k < C'm~'/? of a codepoint. The nearest-codepoint
coupling proves the upper bound; unused codepoints may be assigned zero mass.
For the lower bound, fix any set Y of at most m codepoints and write dy(x) = min; |x - y;||. If w, is the volume of the Euclidean

unit ball, then a({dy < t}) < pymwgt?. Set tg = (2psmawy)™4. Then a({dy > t}) > 1/2 for 0 < t < tg, and the layer-cake
o P

formula gives / dy(x)Pda(x) = fo+ ptPla({dy > t})dt > %0 ~ cm™P/4, Taking the p-th root and minimizing over Y proves

the lower bound. O

For fixed codepoints Y, the powered transport cost b — W 5(0{, 2ibjoy;)

Lloyd algorithm.

Proposition 6.12 (Free masses give Voronoi cells). For the cost c(x,y) = d(x, y)?, fix distinct codepoints Y = (yj)]’.”zl. Duplicate code-
points can be merged beforehand. Minimizing over the weights b € L, gives minpey,, (WZ(a, 2jbjby;) = /X min¢j<m c(x, yj)da(x).
An optimal coupling is induced by sending each x to a nearest codepoint. The corresponding cells are the Voronoi cells
Vi(Y) = {x; ¥j', c(x,yj) < c(x,yj)}, up to arbitrary tie-breaking on common boundaries.

Proof. For any coupling between « and a measure supported on Y, the conditional destination of a point x belongs to Y,
hence its conditional cost is at least min; c(x, y;). Integrating gives the lower bound. Conversely, choose a measurable
nearest-codepoint map Ty(x) € argmin, c(x, y;), breaking ties measurably, and set b; = a(T,, 1(yj)). Then (Ty)ga = };bjoy, and
the induced transport reaches the displayed lower bound. O
Consequently, the quantization energy can be written in the nearest-centroid form Q,,(a)’ = miny F(Y), FY) =
fX minj¢j<m c(x, yj)da(x). At a differentiability point of this energy, any local minimizer with nonempty cells satisfies the
centroid condition y; € arg;nin /\/j ) c(x, y)da(x).

Continuous Lloyd flow. For a configuration Y, define, on nonempty cells, 2;(Y) = a(V;(Y)), bi(Y) = ﬁ /v ¥ da(x)
] ]

The relaxed Lloyd step y](.Hl) = y](.e) +7(bj(YW) - y](.e)), 0 < t < 1, is the explicit-Euler discretization of the cell-mass

preconditioned gradient flow of the quantization energy ¥,
yi(t) = bj(Y) — y;(t). (6.22)
Indeed, at differentiability points of ¥, the envelope theorem gives V,, ¥ (Y) = 2 fv (Y)(yj —x)da(x) = 2a;(Y)(y; — bj(Y)), so
]

that y;(t) = —mvyﬂ:(l@). Along smooth portions of the flow, %T(Yt) = -2 aj(Y)|b;j(Y;) - yi(HI> <0.Ifny = 2 Widy.(r)
carries fixed positive weights, independent of the Voronoi masses 4;(Y;), Proposition 14.2 turns this labelled particle ODE
into the weak continuity equation dyn; + div(v;n;) = 0, vt(yj(t)) = bj(Y:) — y;(t), in the sense of the measure evolutions of
Section 14. The weights w; in this transport equation are auxiliary weights for the moving labelled particles; they are not the
Voronoi masses used to define the quantization energy. If one instead records the free-weight projection vy, = 3.; a;(Y1)6y,),

then, formally, d;vy, + div(vsvy,) = Zj L'lj(Yt)(Sy/(t), o(yj(t)) = y;(t).

Mean-field limit and ultrafast diffusion. When the number m of codepoints is large, their empirical distribution 1! Z]m:l by,

If @« = pdx, r = p/d, the empirical site measures converge to odx, and the cells are asymptotically locally optimal, the
high-resolution ansatz reads

d .
't [ min I~y p(3)dr — Cpa Gy(0),

Go(o) = /Qp(x)a(x)_rdx, /Qadx =1.

0rp+1 )) ’

Quantization with fixed equal weights. Inthe equal-weight case, setvy = % Z;”zl Oy, Feq(Y) = % W %(a, vy), Let Cj(Y) be

Formally, the ‘W>-gradient flow of G, is

0i0 = —r div(aV(

the Laguerre cell transported to y;, so that a(C;(Y)) = 1/m, and define its centroid ¥;(Y) := m fc ) xda(x). At differentiability
]

points, the envelope theorem gives V, Feq(Y) = L (yj - %j(Y)). As long as the optimal matching between two nearby
labelled configurations preserves labels, the W, metric on equal-weight empirical measures induces the local particle metric

Optimal Transport / Compact Notes 28



gy(U,V)=m"! Z]-(u]-, vj). Hence the associated ‘W gradient flow is the coupled system ;(t) = x;(Y;)—y;(t), j=1,...,m.
Equivalently, vy, satisfies a continuity equation with velocity v;(y;(t)) = X;(Y;) — y;(t). This is the so-called finite-particle ‘W>
gradient-flow viewpoint developed more systematically in Chapter 15; the fixed-weight cells are Laguerre cells rather than the
free-mass Voronoi cells used by Lloyd’s method.

Equal-weight quantization on the line.
Proposition 6.13 (One-dimensional equal-weight quantization). Let o € ML(R) have finite second moment and quantile function
Q=C;. For @ (a)? = miny, <..<y, W%(oc, % Yiz1 Oy;), set I = ((i = 1)/m, i/m]. Then the sorted minimizer is unique and its ith

atom is y* = m /L- Q(u)du, and Q) (@)? = ¥, /I,- \Q(u) - yi*|2 du. If Q € CY([0, 1]), then m>Q; (@) — & /01 |Q’(u)|* du.

Proof. After sorting the atoms, the quantile formula for W, gives ‘W %(a, % i 0y) = Xty /I |Q(u) — yi|2 du. The minimiza-

tion therefore decouples over the intervals I;, and the best constant approximation of Q on I; in L? is its average on I;. Since Q
is nondecreasing, these interval averages are nondecreasing, so they satisfy the sorting constraint. Strict convexity in each
scalar y; proves uniqueness and gives the displayed energy.

Denote by Qj, = m /1 Q(u)du the interval average. If Q is C!, set i = 1/m and write I; = (a;, a; + h]. Uniform Taylor expansion
gives, for v € [0,1], Q(a; + hv) = Q(a;) + hvQ’(a;) + hri(v), max; SUp,e(o 1] |ri(v)] — 0. Subtracting the average over
v € [0,1] and integrating gives /I |Q(u) - QL-|2 du = i‘—; |Q’(ai)|2 + 0o(h®), uniformly in i. Summing over i yields a Riemann
sum for % /01 |Q ()| dut. O

Thus the common deterministic rule m=! 3, 00((i-1/2)/m) should be read as a midpoint approximation of the optimal bin-average
formula. It has the same leading squared error under the same smoothness assumptions. Indeed, orthogonal projection onto

constants on each I; gives [ |Q(u) - z[*du = [ |Q(u) - y*[?du + L]z - y*I?,

Proposition 6.14 (Quantile-process asymptotics for random placement). Let o € ML(R) have quantile Q € C'([0,1]), and let
Ay =m~L YY" 6x, with X; i.i.d. with law o. Then

1
mE[Wi(a, aw)| — ‘/0 u(1-=u)|Q ()| du.

~ —~ 2
Proof. Let Q,, be the empirical quantile function. The one-dimensional formula gives (Wg(a, Ap) = /01 |Qm(u) - Q(u)| du.

Write X; = Q(U;) with U; i.i.d. uniform on [0, 1], and let U;} be the empirical quantile function of the U;. Then ém =Qo U;,l.
The classical uniform quantile-process theorem and the functional delta method show that v/m (@m — Q) converges in law
in L?(0,1) to Q' times a standard Brownian bridge, up to an immaterial sign. Standard fourth-moment bounds for the
uniform quantile process, together with the boundedness of Q’, give uniform integrability of the squared L? norms and hence
convergence of expectations. A standard Brownian bridge has pointwise second moment (1 — 1), so Fubini’s theorem gives
the displayed limit. m]

6.5 Wasserstein-1 norm

c-transform for ‘W;. Assume that d is a distance on X = Y and take the ground cost c(x, y) = d(x, y). We denote the Lipschitz
constant of f € C(X) by

Definition 6.15 (Lipschitz constant). For a function f : X — R on a metric space (X, d), its Lipschitz constant is
: |f(x) = fw)l }
Li =SupyT——————; X # Y. 6.23
p() = sup { LT y ©23)
The function is 1-Lipschitz when Lip(f) < 1.

Proposition 6.16 (c-transforms and 1-Lipschitz functions). Suppose X = Y and c(x,y) = d(x,y). Then there exists g such that
f =g ifand only if Lip(f) < 1. Furthermore, if Lip(f) < 1, then f¢ = —f.

Proof. First suppose f = g¢ for some g. For x,y € X,
|f(x) = f(y)l = |infld(x, z) - g(z)] —inf[d(y, 2) - g(2)]| < sup |d(x, z) —d(y, z)| < d(x,y),

where the last inequality is the reverse triangle inequality. Thus Lip(f) < 1.

If Lip(f) < 1, then f(x) < f(y) +d(x,y), so d(x,y) — f(x) > —f(y) for all x and hence f°(y) > —f(y). Taking x = y gives
f¢(y) < —f(y). Therefore f© = —f. Applying the same property to —f gives (—f)° = f, so every 1-Lipschitz function is
c-concave. o

The Kantorovich dual therefore becomes the Kantorovich—Rubinstein formula
Wila, f) = max { /X fd@~B); Lip(f) < 1} = o ~ Blw,- (6.24)

For a discrete signed measure a — § = ZkN:1 k02, on distinct sites, with >, r¢ = 0, (6.24) becomes the finite-dimensional linear
program

Wila, ) = max {zk] fire s VKL, Ifi = fil < d(zk,zw} . (6.25)
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This linear program can be solved by generic interior-point or first-order methods. If N support points are involved, however,
it still contains O(N?) Lipschitz constraints, mirroring the O(nm) coupling variables of the original discrete Kantorovich LP;
the dual formulation alone does not remove the all-pairs structure. When d(x, y) = |x — y| on R, ordering the support points
z1 < z < - -+ reduces the constraints to neighboring pairs, Wi(«a, ) = r(r}a)x {25 firk s Y, | feer = fel < zk1 — 2k}

k )k

‘W1 on Euclidean spaces. Leta,f € M}r(Rd) have finite first moments and set £ = a — . Rademacher’s theorem identifies
1-Lipschitz functions with the continuous representatives of locally Sobolev functions whose Euclidean gradient has norm at
most one almost everywhere. Normalizing at the origin fixes the additive gauge and ensures | f(x)| < [x|2, so integration
against ¢ is well-defined. Hence

Wiap=  swp | [ fae; 50 =0 19/l <1, 626)

a 1,00 6
FECRNHNW, /= (RY)

Definition 6.17 (Total variation norm of a vector-valued measure). Let M(R?;R?) denote the finite R?-valued Radon
measures. For s € M(R%; RY), define |s|rv = SUP e, (RreRY) {fRd<C' ds) ; sup,ga 1C(x)]2 < 1} .

For s € M(R%;R%), its divergence is defined distributionally by (divs, @) = — /Rd Vo, ds), @ € CL(RY).
| Definition 6.18 (Beckmann problem). For a, § € ML(R?), define Beck(a, ) = infe pqrepey {I8lTv ; divs = a — B}.

Proposition 6.19 (Euclidean Beckmann formula). For a, 8 € ML(R?) with finite first moments,
Wi(a, B) = Beck(a, B). (6.27)

Proof. Let s be feasible and let f be admissible in (6.26). Write Tx(f) = max{—K, min{f, K}} and mollify it to a smooth function

fx.s satisfying | fislleo < Kand |V fi s]le < 1. Choose xr € C}(R?) equal to one on Bg, with 0 < xg < 1 and |Vxr|e < C/R.
The distributional divergence identity applies to xr fk,s and gives

/ Xrfk,sd(a = B)| = '/(XRVfK,é + frk,sVXR, ds)| < (1 + CR—K) IslTv.

For fixed K and 6, dominated convergence lets R — +o0o. Next fx,s — Tk(f) uniformly as 6 — 0. Finally Tx(f) — f and
[Tk (f)| < |f] < |x[l2, so the finite first moments permit K — +oco. Equation (6.26) therefore gives Wi (a, B) < [s|tv.

Conversely, let 7 be an optimal coupling and define a vector measure by its action on { € C.(R%;R%): f (C(z), ds(z)) =

/Rded /Ol(C((l - t)x + ty), y — x)dtdn(x, y). For ¢ € Cl(R?), the fundamental theorem of calculus gives (divs, @) =

—ffol(Vgo((l - Bx +ty), y — x)dtdn(x,y) = [ @d(a — B). Moreover, |s|rv < [ |x = yl2dn(x,y) = Wi(a,p). Together
with the first inequality, this proves equality and attainment. O

Graph distances and Beckmann flows.

Definition 6.20 (Graph geodesic distance). Let G = (V, E) be a connected finite graph with positive edge lengths (¢, ).cg. The
graph geodesic distance between two vertices is dg(i, j) = miny.i~j Y.e, fe- The minimum is over all paths  joining i to j.

Proposition 6.21 (‘W7 and Beckmann flow on a graph). Let G = (V, E) be a connected finite graph with positive edge lengths
(be)eck and graph geodesic distance dg. For two probability vectors a,b on V, set r = a — b and orient each edge e = (i,j). If
(Vof)e = fi - fi, divg = =V, are the finite-difference gradient and its negative adjoint, then a positive flow on the oriented edge
i — j has positive divergence at i and negative divergence at j. With this convention,

W c(a,b) = max {me Slfi-fil <€ Ves= (i,j)} = min {Z€g|m3| ; divgm = r}.
f ieV e€E
The vector m, is an oriented edge flow, and the constraint divg m = r is conservation of mass at each vertex.

Proof. The edge constraints imply, by summing along every path and then minimizing over paths, that |f; — f;| < dg(i, j) for
all vertices. Conversely, any 1-Lipschitz function for d¢ satisfies |f; — fj| < dc(i, j) < {, on every edge. The first equality is
therefore the Kantorovich-Rubinstein formula on the metric space (V, dg).

For the second equality, write the graph Beckmann problem and dualize its equality constraint with a potential f: inf,, 3, £ |m.|+
sups > filri — (divg m);). Using divg = -V, the coupling term is 3, 11, (VG f)e. The minimization over each scalar flow m, is
finite exactly when |(Vg f)e| < {,, and is then equal to zero. The dual problem is therefore precisely the graph Lipschitz dual
above. Strong duality holds because this is a finite-dimensional linear program with a nonempty feasible set: connectedness
and }; ; = 0 allow the signed surplus to be routed along paths. This proves the graph Beckmann formula. ]

7 Divergences and Dual Norms
7.1 Dual Norms (Integral Probability Metrics)
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Integral probability metrics.

Definition 7.1 (Dual seminorm and integral probability metric). Let B be a nonempty symmetric convex class of measurable
functions that are integrable against the measures under consideration. For a signed measure &, define the extended dual
seminorm

€15 = sup { / FRER) ; feB}. 71
f X

It is a norm when it is finite and B separates signed measures. When applied to « — 8 for probability measures, it is called an
integral probability metric (IPM); it is a genuine metric precisely when B separates probability measures.

Proposition 7.2 (Metrization by dual norms). Assume that X is compact, that B = —B, and that the measures considered are probability
measures.

1. If every function in C(X) can be uniformly approximated by elements of Span(B), then |a, — a|p — 0 implies a,, — a.

2. If B € C(X) is compact for | - |0, then a, — a implies |y, — a|p — 0.

Proof. For the first implication, |a, — a|g — 0 and the symmetry of B imply [{f, ay —a)| < |a, —a|g for f € B.If
h = Z§:1 cjfj € Span(B), then [(h, a; — a)| < (Z§:1 IciDlay — a|p, so integrals converge for every h € Span(B). Let u € C(X)
and choose such an & with |u — k|« < 1. Since @, and a are probabilities, |(u, a, — a)| < |[(h, ay — a)| + 2. Taking the
limsup as n — oo and then letting n — 0 gives (1, a,) — (u, a) for all u € C(X), which is weak convergence.

For the second implication, assume a, — a and choose a subsequence (a, )i such that |a,, —afp — limsup,, [|a, — a|p. Since
B is compact and the map f +— (f, a,, — ) is continuous on B, the supremum is attained by some f,,, € B. Extracting a further
subsequence if needed, f,;, — f uniformly for some f € B. Then (fy,, an, — @) ={f, an, —a) + {fu, = f, an,) — {fu, — f, ).
The first term tends to zero by weak convergence and the last two by uniform convergence. Hence every limsup subsequence
has limit zero, proving |, — afp — 0. O

Corollary 7.3 (Wasserstein metrizes weak convergence). On a compact metric space, W, metrizes weak convergence on probability
measures for every 1 < p < +oo.

Proof. Forp =1, take B = {f ; Lip(f) < 1}. The span of B contains all Lipschitz functions, and Lipschitz functions are dense
in C(X) on compact metric spaces.

Conversely, constants do not change the pairing with a, — a. Fix xp € X and normalize potentials by f(xg) = 0. The
normalized unit Lipschitz ball is uniformly bounded by diam(X) and equicontinuous, hence compact in || - | by Arzela—Ascoli.
Proposition 7.2 gives W1(a,,, a) — 0. Proposition 4.13 shows that all finite-order ‘W, distances induce the same topology on
a compact space, so the result follows for every 1 < p < +o0. O

7.2 Dual RKHS Norms and Maximum Mean Discrepancies

Definition 7.4 (Positive and conditionally definite kernels). A symmetric Borel-measurable function k : X x X — R is
positive definite if for every n > 1, every x1,...,x, € X and every r € R",
n

Z ririk(xi, xj) > 0. (7.2)

i,j=1
It is conditionally positive definite of order one if the same inequality is required only for zero-sum vectors, (r, 1,) = 0. Itis
conditionally negative definite of order one if the reverse inequality holds for every such vector, or equivalently if —k is
conditionally positive definite.

The conditional notions are the right ones for probability distances, because one applies quadratic forms to signed measures

& = a — B of total mass zero. Adding a term of the form a(x) + a(y) to a kernel does not change f/ k(x,y)dé&(x)déE(y) on such
measures.
For a conditionally positive-definite kernel, fix xg € X and set k°(x, y) = k(x, y) — k(x, x0) — k(xo0, y) + k(xo, x0).

Definition 7.5 (Kernel seminorm and MMD). Assume that ®° is strongly measurable. A finite signed measure & is
k-admissible if / vVke(x, x)d|&](x) < +o0 and, in the conditionally positive-definite case, £(X) = 0. Its kernel seminorm is

2 . o
€ = //X Kl W), 73)

For two probability measures such that @ — § is k-admissible, the maximum mean discrepancy associated with k is
MMDx(a, B) = | — Blk. It is a genuine distance when the kernel is characteristic, meaning that | — f|x = 0 implies a = .

Proposition 7.6 (Kernel seminorm as an RKHS dual norm). Let & be k-admissible in the sense of Definition 7.5. Then mg =
f D°(x)d&(x) is a well-defined Bochner integral and |||k = SUP )00 <1 / h(x)d&(x), so || - |k is the dual seminorm in the sense of (7.1)
associated with the RKHS unit ball.

Proof. The integrability condition in Definition 7.5 is precisely / [D°(x) - d|E](x) < +00, 50 M exists. By the reproducing prop-

erty, / h(x)d&(x) = (h, me)ge-. Cauchy-Schwarz gives sup,. . <1 f hd& = |mg| 4. Finally, |me 2H = /fk"(x,y)dé(x)dé(y),
which is exactly (7.3). O

Proposition 7.7 (Universal kernels metrize weak convergence). Assume that X is compact and that the RKHS generated by the
continuous kernel k is dense in C(X) for the uniform norm. Then

MMDy(ay,a) >0 = a,—a
for probability measures on X.
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Proof. If MMDy(ary,, @) - a)| < |gle MMDy (s, @) — 0. For any h € C(X) and any n > 0,
choose g € H with |h — g|w < 1. Since a,, and «a are probabilities,

/hd(an—a) /gd(an—a),

and the last term tends to zero. This proves weak convergence. Conversely, if o, — «, then a, ® a,, @, ® @ and a ® a
converge weakly on the compact product space. Applying this to the continuous bounded function k in the identity

MMDy(a,, a)? = f/ kda,da, — fo kda,da + f/ k dada gives convergence to zero. O

<2n+

Definition 7.8 (Universal kernel). A continuous positive-definite kernel k on a compact space X is universal if finite sums of
sections )., a;k(x;, -) are dense in C(X) for the uniform norm.

For a positive-definite kernel and a discrete measure «, one has the simple expression

n n
lalf = Z Zaiai’ki,i’ = (ka, a) where k;; = k(x;, x7).

i=1 i'=1
To compute the discrepancy between two discrete measures, one can use
2
lor= Bl = " azaik(xi, xi) + > bjbyk(yj, yy) =2 > aibjk(xi, y))- (7.4)
iy i i

7.3 @-divergences
Definition by density ratios.

Definition 7.9 (Entropy function). A function ¢ : R — RU {400} is an entropy function if it is proper, lower semicontinuous
and convex, with dom ¢ C [0, +o0) and dom ¢ N (0, +o0) # 0. Its recession slope is

Qo = lim (P( )

s—+0c0

€ RU {+00}.

If @}, = oo, then ¢ grows faster than any linear function and ¢ is said to be superlinear.

Definition 7.10 (¢-Divergences). Let ¢ be an entropy function and let &, § € M, (X). Write the Lebesgue decomposition of
« with respect to  as @ = (da/dB)B + a*, where a* L B. The associated divergence is

Dy(alp) —/ ( ﬁ)dﬁﬂpm at(X), (7.5)

with the convention 0 - (+c0) = 0. It is extended by +co whenever either argument is not a nonnegative measure.

In the discrete setting, assuming

Zazér and p= Zb 5, (7.6)

are supported on the same set of n points (x;)!; C X (7.5) defines a dlvergence on X,

Dy(alb) = Z ) (b—l) b; + p{, Z a;, (7.7)
ieSupp(b) ! i¢Supp(b)

where Supp(b) := {i € [n] ; b; # 0}.

Proposition 7.11 (Basic properties of ¢p-divergences). If ¢ is an entropy function, then D,, is jointly 1-homogeneous, convex and

weak-* lower semicontinuous in (a, p).

Proof. Introduce the lower-semicontinuous perspective

Vo) e R, po = BT G0
The joint 1-homogeneity follows directly from this formula. To see convexity, first take vg,v1 > 0 and 7 € [0,1]. With
0= (1 - ’ZT)Z)O + 101, Oy = (1 - T)UQ/Z_), and 61 = TU1/Z_J, one has OBp+61 =1 and ((1 - ’l')uo + TM1)/'(_J = 901/[()/’00 + 611/11/01.
Jensen’s inequality for ¢, followed by multiplication by 7, proves convexity of ) when both second arguments are positive.
Its recession value at v = 0 gives the lower-semicontinuous convex extension to the closed quadrant. In the discrete case,
Dy(alb) = 3’; ¥(a;, b;), so homogeneity and convexity follow by summation. For general finite measures, representing both
arguments with respect to a common dominating measure yields the integral of ¢; the lower-semicontinuity theorem for
convex perspective functionals on measures gives weak-* lower semicontinuity, with the recession value accounting for singular
mass. o

Proposition 7.12 (Non-negativity of ¢-divergences). Assume that ¢ is normalized by ¢(1) = 0. For probability distributions
(a,B) € ML(X), one has Dy(a|B) > 0. If ¢ is strictly convex, then one has Dy(a|p) = 0 if and only if a = B

Proof. Let m = a + f and write a = da/dm and b = d/dm. Then a + b = 1 m-almost everywhere and, using the perspective
Y above, Dy, (a|p) = f Y(a, b)dm. Since m(X) = 2, the measure m /2 is a probability. Jensen’s inequality, the 1-homogeneity

of ¥, and ¢(1) = 0 give %Z)(p(a|[3) > (% / adm, % / bdm) =1(1/2,1/2) = 0. If ¢ is strictly convex, the map s — ¢(s,1—5)
is strictly convex on its effective domain: distinct points on the line # + v = 1 cannot lie on the same ray, which is the only
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degeneracy of a strict perspective. Equality in Jensen therefore forces a = 1/2, hence a = b and a = . For arbitrary finite
nonnegative measures, ¢ > 0 also implies ¢, > 0, so every term in (7.5) is nonnegative. O

Classical examples and topology.
Theorem 7.13 (Pinsker inequality). Let a, B € ML(X) be probability measures on a measurable space. With the full-variation
convention, TV(a|B)? = |a — [3|| < 2KL(a|B). In particular, on a finite space, for a,b € L, |a — b||§l < 2KL(a|b).

Proof. The claim is immediate if KL(«|B) = 400, so assume @ < 8. Let A be a positive Hahn set for the signed measure o — §3,
and set a2 = a(A) and b = B(A). Since (@ — B)(X) = —b = %a - Blrv. Applying Jensen’s inequality separately on A and A€,
or equivalently coarse-graining onto the partition (A Ac) gives KL(a|p) > alog £ + (1 —a)log 1=%. For fixed b € (0, 1), subtract
2(a — b)? from the binary relative entropy on the right. The resulting function of a has value and first derivative zero ata = b,
while its second derivative is % + ﬁ —4 > 0. Hence the binary relative entropy is at least 2(a — b)? = 5 Ha-p ||TV The boundary

cases follow by lower semicontinuity. For a finite space, the identity |a — |tv = [|a — b| ;1 gives the second formula. o
Main families of ¢-divergences. For s > 0, the power-divergence family ¢, (s) = S);(V;—jly)_l (y # 0,1) has the lower-
semicontinuous boundary value and recession slope
1)y, y>0, , | Hoo, y>1,
#r(0) = {+oo, y<o,  Pre= {1/(1 —y), y<L

If @ = paA and B = pgA relative to any common dominating measure A, then h(a, f) = Z)(pH(alﬁ)l/2 = |vPa = VPgl2(n)- For
probability measures, the Jensen-Shannon distance is the square root of the symmetrized KL-to-the-mixture divergence

1S(a, B)? = —KL( “;ﬁ)+ KL(ﬁa;ﬁ),

and satisfies 0 < JS(a, §)* < log 2. The same formula extends by 1-homogeneity to finite positive measures; on pairs of equal
mass M, its upper bound is M log 2. Its exact entropy generator is

@is(s) = = [slogs —(s +1)iog(S +1)

. Dyslalp) =IS(a,p)*.

Variational dual formula.
Proposition 7.14 (Variational representation of a ¢-divergence). Assume that X is compact and let o, B € M. (X). Define the
Legendre transform of the entropy, already extended by +oo on negative arguments, by @*(s) = sup,, {sr — p(r)}.

Then Dy(a|p) = sup {/ fda - / go"(f)dﬁ}. (7.8)
fecwx) WJx X
f<oi
When @, = +oo, the pointwise constraint is vacuous. Equivalently, the convex conjugate of Dy, (+|p) on M(X) is
. “(f(x))dB(x), < @pl,onX,
N [o s, £ <o ‘e 79
+00, otherwise,

Proof. Set L = ¢,. If L = 400, finite divergence forces a = pf, and pointwise convex duality gives the stated conjugate; the
pointwise cap is then vacuous. Assume henceforth that L < +co and write @ = pf + 1, where p > 0,1 > 0 and n L 8. For

f € C(X), ffda = Dy(alp) = f(fp @(p))dp + f(f L)dn.If f < L on X, the supremum of the last term over nonnegative
singular measures is zero, attained at ) = 0. Pointwise convex duality for the first term then gives f @*(f)dB. If f(xg) > L at
some point, continuity gives a neighborhood U on which f > L. When g(U) > 0, one has ¢*(f) = +c0 on U because L is the

recession slope. When (U) = 0, taking arbitrarily large singular mass supported in U makes the last term unbounded. This
proves (7.9). Proposition 7.11 gives convexity and weak-* lower semicontinuity, so Fenchel-Moreau yields (7.8). m]

7.4 GANSs via Duality

Divergence-based adversarial losses. Writing L = ¢, gives

i Dyaalp) =igt sup [ f(ge(z»daz)——Zcp(f(y]))
f<L

When L = +00, the pointwise cap is vacuous. Replacing f by a continuous neural critic fz whose output parametrization enforces
fe < Lonall of X gives the restricted adversarial problem infg sup;, fi<L /Z f:(go(2))dl(z) - % ;":1 @*(fe(y;)). The original
vanilla GAN corresponds, up to an additive constant and the usual reparametrization by a discriminator taking values in (0, 1),
to the unscaled Jensen-Shannon generator @js = 2¢js, @ys(s) = slogs — (s + 1) log =, @;S(u) =-log(2-¢*), u <log?2.
Thus Dy, = 2]S?, consistently with the normalization above. In practice the min-max problem is solved by alternating

stochastic gradient descent/ascent on (9, &).
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Dual norms and integral probability metrics. Instead of a density-ratio divergence, one can minimize a dual norm (7.1), also
called an integral probability metric,
m

inflag —pls = intsup [ F(9ao = p)) = infsup [ flgo(hdc= Y )

feB feB =1

8 Entropic Regularization: Sinkhorn Algorithm

8.1 Entropic Regularization for Discrete Measures
Entropy penalty.

Definition 8.1 (Discrete Shannon-Boltzmann entropy). For a nonnegative matrix P, its Shannon-Boltzmann entropy is
H(P) := - % ; Pi j1og(Pi ), with the convention 0log(0) = 0.

Definition 8.2 (Discrete entropic optimal transport). For ¢ > 0, define
Li(a,b) = min (P, C) — eH(P). (8.1)
PeU(a,b)

Proposition 8.3 (Existence and uniqueness of entropic OT). Assume that a, b are probability histograms and that C is finite. For
every € > 0, problem (8.1) admits a unique minimizer. If all entries of a and b are positive, then this minimizer is positive on every entry.

Proof. The transport polytope U(a, b) is non-empty and compact, and the objective is continuous on it with the convention
0log0 = 0, so a minimizer exists. The scalar function r + rlogr is strictly convex on [0, +c0). On the relative interior, the
Hessian —9?H(P) = diag(1/P; ;) is positive definite. Hence —H is strictly convex on every nontrivial feasible segment, and
(P, C) — ¢H(P) has at most one minimizer.

If a;,b; > 0 and a minimizer had P; ; = 0, then for small ¢ > 0 the perturbation P; = (1 — )P + t a ® b remains feasible. The
directional derivative of the entropic part at t = 0 is —co because the derivative of r log r at 0 is —co along a positive direction.
Thus the objective decreases for small ¢, contradicting optimality. Therefore the minimizer is strictly positive. O

8.2 Sinkhorn’s Algorithm
Proposition 8.4 (Scaling form of entropic OT). P is the unique solution to (8.1) if and only if there exists (u, v) € R} X RY such that

Cij

v (i, ]) € [n] X [m], Pi,]‘ = u,'K,',jV]' where K,',j =e &, (8.2)
and P € U(a, b).

Proof. Without loss of generality, we assume a;, b; > 0 (otherwise, rows or columns with zero mass are fixed to zero and can be
removed). By Proposition 8.3, the minimizer is strictly positive on the remaining support.

We can thus ignore the positivity constraint when introducing two dual variables f € R”, g € R™ for each marginal constraint
so that the Lagrangian of (8.1) reads

E(P,f,8) = (P, C) +¢ > P;;log(Pi) + (f, a—Pl,) + (g, b-PTL,).
ij
The first-order conditions are

aaéﬁ;i’g) =C;j + ¢(log (Pi,]-) +1)-fi—g;j=0.ThusP; ; = ei+8i=Cij)/e=1 which has the stated form with the positive scalings

= efi/e=1 and vj = e8ile. O

u;

u, v must therefore satisfy the nonlinear mass-conservation equations

diag(u)K diag(v)l, =a, and diag(v)K' diag(u)l, =b, (8.3)
Using entrywise multiplication, these equations reduce to
uo(Kv)=a and vo(K'u)=b (8.4)

where © denotes entrywise multiplication.

When n = m and a, b are uniform, this is diagonal scaling toward bistochasticity. Proposition 8.3 guarantees a unique scaled
matrix P, although the two scaling vectors retain one multiplicative gauge degree of freedom. If some entries of K vanish,
equivalently if C can take the value +o0, existence and uniqueness require additional support conditions; here we keep K > 0.

(+1) ._ _ @ (e+1) .— _b
u = %ol and v T KTul)’ (8.5)

8.3 Reformulation Using Relative Entropy
Relative entropy.

Definition 8.5 (Discrete relative entropy). For nonnegative matrices P, Q of the same size, the generalized relative entropy,

or Kullback-Leibler divergence, is
- Pij
KL(PIQ) := )" Pi;log oy | Pt Qi (8.6)

ij :

The convention is 01og(0) = 0, and KL(P|Q) = +c0 if there exists (i, j) such that Q; ; = 0 but P; ; # 0.
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For the specific case of comparing probability distributions, where P and Q have the same total mass, this further simplifies
to KL(P|Q) = 2, Pijlog (%) . For the reference matrix Q = 1,x;;, one has —KL(P|1,x») = H(P) + %iPij—nm. On
fixed-mass couplings the last two terms are constant, so KL regularization with reference 1, is equivalent to subtracting
Shannon-Boltzmann entropy. KL is a particular instance of both a ¢-divergence (as defined in Section 7.3) and a Bregman
divergence; up to standard affine rescalings, it is the canonical overlap between these two families.

Proposition 8.6 (Non-negativity and definiteness of relative entropy). For all P,Q € R}*™, one has KL(P|Q) > 0, with equality if
and only if P = Q.

Proof. Write ¢(s) = slogs —s + 1. Convexity gives ¢(s) > ¢(1) + ¢’(1)(s — 1) = 0, and strict convexity gives equality only
ats = 1. Hence KL(PIQ) = X j.q,;>0Qi,j®(Pij/Qi;) > 0, whenever P <« Q entrywise; otherwise the divergence is +co.
Equality forces P; ; = Q; ; wherever Q; ; > 0, while entries with Q; ; = 0 vanish in both matrices. Thus equality is equivalent to
P=Q. O

When P and Q are probability matrices and P <« Q, the same divergence can also be written KL(P|Q) =
2, (Pi;/Qi)Qij, U(s) = slogs. More generally, for any convex ¢ such that (1) = 0, Jensen’s inequality gives

Z Y(P;i/Qi))Qi; > ZPi,]’ =9(1)=0.
ij i,j
KL reformulation of regularized OT. Choosing the tensor product a ® b = (a;bj); ; as reference measure leads to the

normalized problem

in (P, C) + ¢eKL(Pla®Db). 8.7
Pg}g}b)< ) + eKL(Pla®Db) (8.7)

For every P € U(a, b), the two objectives satisfy (P, C) + ¢KL(Pla®b) = (P, C) — ¢H(P) + ¢(H(a) + H(b)). Thus (8.7) has exactly
the same minimizer as the original entropic problem (8.1), while its optimal value is L:(a, b) + ¢ (H(a) + H(b)). Indeed, for
every P € U(a,b),

(P, C) + ¢KL(Pla®b) = eKL(P‘(a ®b) O e_C/") ve1- > abie G, (8.8)
ij
Proposition 8.7 (Reference measure shift for KL). After removing zero-mass rows and columns, assume that a,a’ € X,, and b, b’ € L,
have positive entries. For every P € U(a, b), one has KL(P|la ® b) = KL(P|a’ ® b’) — KL(ala") — KL(b|b’). In particular, (8.7) and (8.1)
have the same unique minimizer.

Proof. Expanding the logarithm and using the marginal constraints gives
’

a’ b’
KL(Pla®b) = KL(Pla’ ® b') + Y a;log— + > bjlog
S

= KL(P|a’ ® b’) — KL(ala’) — KL(b|b).
|

The tensor-product reference is nevertheless useful when supports vary, because it makes explicit which entries are allowed to
vanish. It is also the normalization that passes cleanly to the continuous formulation below, where the reference measure is
a ® p rather than an ambient Lebesgue measure.

Proposition 8.8 (Convergence with ¢). Assume, after removing zero-mass rows and columns, that a and b are positive and that C is
finite. The unique solution P, of (8.1) converges to the optimal solution with maximal entropy within the set of all optimal solutions of the
Kantorovich problem, namely

P, =3 argmin {~H(P); P € U(a,b), (P, C) = Lc(a, b)} (8.9)
P
so that in particular

Li(a,b) =5 Le(a, b).

E—00

Moreover, P. — a®b. (8.10)

Proof. Case ¢ — 0. We denote Py the solution of (8.1) for ¢ = &.
Since U(a, b) is bounded, we can extract a sequence (that we do not relabel for the sake of simplicity) such that P, — P*.
Since U(a, b) is closed, P* € U(a, b). Using the equivalent KL-normalized formulation (8.7), optimality of P and P, for their
respective optimization problems (for ¢ = 0 and ¢ = ¢;) gives

0 < (C, P;) = (C, P) < ¢(KL(Pl]a®b) — KL(P¢|]a ® b)). (8.11)
Since KL is continuous, taking the limit { — +oo in this expression shows that (C, P*) = (C, P) so that P* is a feasible point
of (8.9). Furthermore, dividing by &, in (8.11) and taking the limit shows that KL(P*|a ® b) < KL(P|a ® b), which shows that
P* is a solution of (8.9). Since the solution Pj to this program is unique by strict convexity of KL(-|a ® b) on the optimal face,

one has P* = Pg, and the whole sequence is converging.

Case ¢ — +oo. Subtracting min; ; C; ; from the cost changes every feasible objective by the same constant, so it does not change
the minimizer. We can therefore assume C > 0. Evaluating the energy at a ® b (which belongs to the constraint set U(a, b)),
one has (C, P.) + ¢éKL(P.Ja®b) < (C, a®b) + ¢ x 0 and since (C, P,) > 0, this leads to KL(P;]a®b) < ¢7(C, a®b) < %
so that KL(P;|a ® b) — 0 and thus P, — a ® b since KL is a valid divergence. O
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8.4 General Formulation
Measure formulation.
Definition 8.9 (Relative entropy of measures). For finite nonnegative measures 7 and & on X X Y, the relative entropy is

KL(rt|&) = / log( é)d7‘c+5()(><y) (X X Y). (8.12)
XxY
By convention, KL(7t|£) = +c0 if 7 is not absolutely continuous with respect to &.

Definition 8.10 (Continuous entropic optimal transport). For ¢ > 0, define

Li(a,p) = ner(?{gl/ﬁ) /Xxy c(x,y)dn(x,y) + e KL(n|a ® B). (8.13)

For fixed balanced marginals, the specific product reference in the entropy only matters up to additive constants, exactly as in
Proposition 8.7. More precisely, an alternative product reference n ® C is admissible when a <« 77, § < C and the two marginal
relative entropies are finite.

Probabilistic interpretation.

Definition 8.11 (Mutual information). If (X, Y) ~ 7 have marginals X ~ @ and Y ~ 8, the mutual information of the pair is
I(X,Y) := KL(nt|a ® B). It is nonnegative and vanishes if and only if X and Y are independent.

With this terminology, the entropic problem (8.13) is equivalent to infx ., y~p E(c(X L))+ eI(X,Y).

Sinkhorn for general measures. Define the Gibbs kernel and its two integral operators by
c(x,y)
ke(x,y) = exp(—Ty) ,

(Koo)(x) = /y ke, o)dB(y), (Kou)(y) = /X ke(x, yu(xr)datx).

The star is justified by Fubini’s identity f/\, uK.oda = fy v K;udp. For compact marginal supports and continuous c,

(8.14)

Propositions 8.18 and 8.20 provide optimal dual potentials (fe, g:). Set u, = e//¢ and v, = e8/¢. The continuous density
law (8.24) then becomes

ke(x, , 8.15
d@ ®ﬁ)(x 2 y) = ue(x)ke(x, y)ve(y) (8.15)
The marginal constraints are therefore equivalent to u, K;v. =1 a-a.e., v K;ue, =1 p-a.e. Starting, for instance, from
v(®) = 1, continuous Sinkhorn alternately enforces these two identities:
1 1
(e+1) _ (L/+l)
u 7@0“) ’ 7(* (t+1) " (8.16)
Equivalently, the updates read pointwise
1 1

u(é’+1)(x) — , Z)(l7+1)(y) —

/ ke, y)o O (y)dB(y) / ke, P (@)dalx)
Y X

Given v, the first update produces an intermediate coupling with X-marginal @; the second produces one with /-marginal
B, while generally perturbing the first marginal again. As in the discrete case, (4,v) is defined only up to the gauge
(,v) = (Au,v/A).

Proposition 8.12 (Closed-form Gibbs coupling). Let o be a sigma-finite reference measure on Y and suppose that Z.(x) =
/y ke(x, y)dBo(y) € (0, +00) for a-a.e. x. Define the normalized Gibbs transition and its output density by

kf 7
pte) =2 = [ petrdat,  dp =g dpo (617)

Assume that log Z. € LY(«), log q. € L'(B.), and the plan below has finite entropic objective. Then the unique solution of (8.13) between
aand B is

drte(x, y) = pe(x, y)da(x)dBo(y). (8.18)
Relative to a ® B, its Sinkhorn scalings are explicitly
dm, ke(x, y) 1 1
———(x,y) = ———— = u(0ke(x, y)ve(y), Ug=——, UVg=— 0N > 0}.
d(a ® ﬁs)( y) Ze(0)q:(y) e(X)ke(x, y)ve(y) ¢ =7 € 7 {g. }

The density identity is understood o ® B.-almost everywhere; v, may be assigned any finite value, for instance zero, on the B.-null set
{g. =0}

Proof. By construction, p.(x, -)dfo is a probability measure. Fubini’s theorem therefore shows that (8.18) has first marginal «
and second marginal §,.
Let y € U(a, B¢) have finite objective. Since —¢log k. = ¢, the displayed density of 7, gives

eKL(y|ng)=/cdy+sKL(y|0c®ﬁg)+e/longda+5/10gquﬁg.

The last two terms depend only on the prescribed marginals. Thus minimizing the entropic objective is equivalent to
minimizing KL(y|7;), whose unique minimizer is y = m,. o
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If k¢(x,-) is already normalized with respect to o, then Z. = 1 and (8.17) reduces to the particularly simple formula

jﬁ; (y) = /X ke(x,y)da(x). Then Z, = (re)?/? and

pe(x,y) = (me)y e bvlle g = s N(o, éld) .

Equivalently, (8.18) is the law of (X, X + 4/¢/2G) For discrete measures, setting u; = a;u(x;) and v; = b;v(y;) gives
Pij = aibju(xi)K; jv(yj) = uiKi;vj,

Convergence with ¢.

Proposition 8.13 (Convergence with ¢ for measures). Let X, Y be compact metric spaces, let ¢ € C(X X Y), and let a € P(X),
B € P(Y). Assume that finite-entropy couplings are dense in U(a, B) for weak convergence with convergence of the cost integral. For
e > 0, let i, be a minimizer of (8.13). Then L:(a, ) — Lc(a, ) as ¢ | 0, and every weak cluster point of (1.), is an optimal
plan for the unreqularized Kantorovich problem. If the latter optimal plan is unique, then 1, converges weakly to it. In particular, for
X =Y cR? c(x,y) = |x - y|? and a absolutely continuous, 7. — (Id, T)yar, where T is the Brenier map. As ¢ — +oo,

ne —> a ® B in total variation, Li(a,p) — cdadp.
XxY

Proof. Existence follows from compactness of U(a,f) and lower semicontinuity of the relative entropy. For the limit
e | 0, take any sequence ¢ | 0 and a weak cluster point 7* of mt,,. Since KL(n|a ® f) > 0 on probability couplings,
liminfy £c*(a, p) > liminfy [ cdn, = [ cdn* > Lc(a, p). Conversely, by the density assumption, for every 6 > 0 there exists
a coupling 7° with finite relative entropy and / cdn® < Le(a, )+ 6. Testing (8.13) with n® gives lim sup, Lc¥(a, B) < / cdr®.
Letting 6 | 0 proves convergence of the values and forces f cdn* = Lc(a, B). Uniqueness of the unregularized optimizer then

identifies all cluster points. Brenier’s theorem gives the stated quadratic consequence when « is absolutely continuous.
For the limit ¢ — +o0, subtract a constant from ¢ and assume ¢ > 0. Since a ® § is admissible and has zero relative entropy

with respect to itself, f cdn, + eKL(n|a ® B) < / c dadp. Hence KL(1t.|a ® ) < &7 f cdadp. Pinsker’s inequality from
Theorem 7.13 gives total-variation convergence to @ ® 8, and the convergence of the values follows by continuity of c. m|

Large-temperature expansion. When ¢ is large, the entropy dominates and the optimal plan is a small perturbation of the
product coupling. The useful quantity is the component of the cost that cannot be absorbed into row and column potentials.
Proposition 8.14 (Large-temperature expansion). Lef r = a ®  and assume ¢ € L®(r). Define the product averages Cx(x) =

fy c(x,y)dp(y), cyly) = fX c(x,y)da(x), ¢ = /Xxy cdr, and the centered interaction co(x,y) = c(x,y) — Cx(x) —
Cy(y) + ¢. Assume that the large-temperature branch p, = dr./dr, fe, gc admits an expansion to third order in e~ near 0 in L™ (r), with
gauge / g:dB=0. Then p(x,y) =1- M +0(e7?) inL%(r), and

_1 » 1
Li(a,p)=¢ - > /Xxy co(x, y)~dr(x,y) + 2 /XX
Moreover, with A(x) = fy CO(X, y)2 dﬁ(y), B(y) = //'\, C()(x, y)z doz(x), 02 = f)(x.y c(z) dr, one has fs(x) = EX(X) — %‘:) +
O(e7?), and g.(y) = Cy(y) - ¢ + 02_2—2(” + O(&72) in the same gauge.

colx, y)3 dr(x,y) + O(e73).
Y

Proof. The optimality equation can be written p.(x,y) = exp (M) , with the constraints f pe(x,y)dBly) =1
and fpg(x,y) da(x) = 1. Write p. = 1+ e7'g + O(¢72). The linearized marginal constraints impose /q(x,y) dp(y) =

0, / g(x,y)da(x) = 0. Expanding the objective gives

/cpgdr+8/pglog(pg)dr=5+%(/chr+%/qzdr)+O(e2).

Thus g is the minimizer of the quadratic expression over zero-row and zero-column perturbations. Orthogonal projection in
L*(r) gives g = —co, because ¢ has zero conditional means. This proves the first-order density and value expansions.

To identify the next displayed terms, write p, = 1+ e 1g+ e 25+ O(e3)and f, = fo+ e 1+ O0(e72), g = o+ € 1g1 + O(e72),
where fy = Cx and g9 = Cy — C. Since p, = exp (—%’ + w + O(£_3)) ,one has s = fi + g1 + ¢5/2. The second-order
marginal constraints and the gauge [ g1dp =0 give f; = —~A/2 and g1 = (6> — B)/2. Finally, p. logp. = e 'q + ¢72 (s + 34%) +
¢ (gs — £4%) + O(¢™*), and the zero-conditional-mean property of ¢ cancels all additive terms in s. The order-¢~2 contribution
to the value is therefore %f ¢ dr - %f cadr = %f cdr. o

Small-temperature expansion for smooth densities.
Proposition 8.15 (Small-temperature quadratic expansion). Let & = p, dx and B = pg dx be probability measures on R? with
bounded compactly supported densities. Let ay = p;dx be their quadratic displacement interpolation and assume Igeo(a, f) =

I fos IV log py(0)lPpr (x) dx dt < +oo. For c(x, y) = I = yIP, define
H(a) = /d palogpadx,  H(p) := /d pp log pp dx.
R R
Then,as ¢ | 0,

. . 2
L p(a, ) = Wia, p) - ‘12—“’ log(ne) - 5 (H(a) + H(B)) + 1 Tgeola, B) + 0(&?).
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If, in addition, the normalized Kantorovich pair (fo, go) is unique, let (f, g¢) be optimal Sinkhorn potentials normalized by f gedp =
/ g0dB = 0. Then fo — fo inLYa), g — go inLY(B) as e | 0. If the potentials are chosen as their continuous soft
c-transform representatives, this convergence is uniform on Supp(a) and Supp(B). Moreover, the scalar part of the first potential is fixed by

2
/ foda = Wia,B) - % log(re) — & (Hia) + H(B) + o= Ty, ) + o).

Proof. For the Brownian reference with heat kernel variance T, the dynamic Schrodinger formulation gives

2
T@1(a, ) = 3 WA(a,B) + 5 (H(@) + H(B) + T, ) + (T,

under the stated regularity assumptions. Here &t uses entropy relative to the sigma-finite Brownian endpoint measure:

Gr(a,p) = (g}f Z (nt|pr(x, y) dxdy), pr(x,y) = QnT) 2~ byl/CT),
where #Z (1|§) = / log(dn/d&)dm for sigma-finite £&. When £ is a probability measure, this agrees with Definition 8.9; unlike
the generalized KL of that definition, it remains meaningful when the Brownian reference has infinite total mass. Expanding
the heat kernel, multiplying by 2T, and setting ¢ = 2T gives 2Tér(«a,f) = I "2((1 B) + 2T (H(a) + H(B)) + dT log(2nT).
Equivalently, £ I uz(oz B) = 2T%6r(a, B) — 2T (H(a) + H(B)) — dT log(2nT), which is exactly the displayed expansion because
I "2(0( B). This

proves the displayed scalar expansion. The cited compactness result gives subsequential L! convergence of the normalized
potentials toward Kantorovich potentials; uniqueness identifies every cluster point and hence gives convergence of the full
family.

On the two compact supports, the quadratic cost has a common modulus of continuity in either variable. The soft c-transform
formula therefore gives, uniformly in ¢, |fe(x) = fe(x")] < sUp, cgypp(p) [€(x, ¥) — c(x", y)|, and the same estimate holds for g.
and for the limiting hard c-transforms. Thus both families are equicontinuous. If uniform convergence failed, equicontinuity
would produce a fixed neighborhood on which the discrepancy stays bounded away from zero. Every neighborhood of a
point in the support has positive marginal mass, contradicting L! convergence. Hence the convergence is uniform on both
supports. O

8.5 Dual of Sinkhorn

Discrete dual.
Proposition 8.16 (Dual of entropic OT). The optimal value of (8.7) is

2T = . Ata dual optimum the exponential penalty integrates to zero, so the gauge f gdp = 0 gives f feda =

fi+gi—Cij
min (P, C) + ¢eKL(Pla®b) = max <f ay+(g by—«¢ Z exp|———|ab; +e. (8.19)
PeU(a,b) ",geR 7 &
The optimal (f, g) are linked to scalings (u, v) appearing in (8.2) through
u; = a;eli’é and vj = bjegf/f. (8.20)

Proof. We introduce Lagrange multipliers and consider r§1>151 max (C, P) + ¢KL(Pla®b) + (a—P1, f) + (b — P'1, g). Finite-
z 8
dimensional convex duality allows us to exchange the minimum over P with the maximum over (f, g), giving

C
g—| ®b)

One concludes by using (7.9) for (p(r) =rlog(r)—r+1KL'(Hla®b) = i ¢*(Hj j)a;b;. Indeed, the scalar maximization
@*(s) = sup,,y{rs — rlogr + r — 1} has first-order condition s —log 7 = 0, hence r = ¢° and ¢*(s) = ¢° — 1. O

max (f, a) + (g, b) + emm (KL(Pla ®b) — <g7C P)) =(f, a) + (g, b) — eKL" (

Discrete soft c-transforms. For a fixed g, maximizing with respect to f leads to the following equation after zeroing the

derivative with respect to f:
fi
a; —esaiZexp(g] - l])b] =0

j

'_Ci‘
fi = —elogZexp(g] - '])b]-.

j

which leads to the explicit solution

Definition 8.17 (Soft-min and discrete soft c-transform). For i1 € R™ and weights b € L,,, the weighted soft-min at

temperature ¢ > 0 is min (k) := —¢log 3, j e~hil “b;. It converges to min;., >0 hj as ¢ — 0; for positive weights this is min; h;.
Given a cost matrix C, the discrete soft c-transforms are
f; = min, (C;,. - g), gj = minj(C.; —f). (8.21)

This follows from noticing that, similarly to the minimum operator, one has min; (7 — cst) = min; (1) — cst

Continuous dual and soft-transforms.
Proposition 8.18 (Continuous entropic duality). Let X and Y be compact metric spaces, let « € P(X) and p € P(Y), and let
c € C(X x Y). For every € > 0, the KL-regularized problem (8.13) satisfies

Li(a,p)=  sup  D.f,Q), (8.22)
fECX), geC(Y)
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where the concave dual objective is

N f(X)+g(y{)fC(x,y) _
Difg) = [ fwdac+ [ swapw-c [ (e 1) da(x)dpy). 8.2
If 7* and (f*, g*) are primal and dual optimizers, then
d * * * _ ,
d(%(gﬁ)(x, y) = exp(f () +g S/) cx y)) (a ® B)-a.e. (8.24)

Proof. Write £ = a ® fand ¢(r) = rlogr —r + 1 for r > 0. Since the primal objective is infinite unless 7 <« &, put r = dr/dé.
The marginal constraints are equivalent to /y r(x,y)dp(y) =1 a-ae, /X r(x,y)da(x) =1 B-a.e. Introduce potentials f
and g for these two constraints. The Lagrangian is

/ fda+ / gdp + / [eg(r(e, ) + (c(x, v) — () - g)r(x, 1)] dECx, ).
X A XxY

The scalar conjugate of ¢ is ¢*(s) = e* — 1. Therefore pointwise minimization over r > 0 gives

inf (£(r) + (c ~ f ~ g)r) = -s(p*(%) e (el ).

Integrating this identity yields D.(f, g) and proves weak duality. Strong duality follows from Fenchel-Rockafellar entropy
duality in the exponential Orlicz pair: the feasible density r = 1, corresponding to the product coupling &, is strictly positive
and supplies the qualification point, while the boundedness of c makes its objective finite. Because c is continuous on the
compact product, the dual supremum can be restricted to continuous potentials; equivalently, alternating soft c-transforms
regularize bounded potentials into continuous ones without decreasing the dual value. This proves (8.22).

Finally, equality in the pointwise Fenchel inequality forces r*(x, i) to be the unique minimizer of the scalar problem above. Its

first-order condition is € log r*(x, y) + c(x, y) — f*(x) — g*(y) = 0. Exponentiation gives (8.24). O
Definition 8.19 (Continuous soft c-transforms). For f € C(X) and g € C(Y), define
Fee(y) = —elog( / P doc(x)), yely, (8.25)
X
g7 (x) = —elog(/ o S dﬁ(y)) , xeX. (8.26)
Yy

Proposition 8.20 (Existence and uniqueness of entropic dual potentials). Assume that X = supp(a) and Y = supp(B) are compact
and that c is continuous. The dual problem (8.22) has solutions, and its set of solutions is (f* + A, g* — A), AeR.

Proof. Normalize potentials by imposing f fda = 0. Replacing any pair (f, g) by the corresponding soft c-transforms does
not decrease the dual objective, because each soft transform is the exact maximizer in one block variable. For transformed
potentials, the oscillations are bounded by the oscillation of the cost: | f|v + |gllv < 2(sup ¢ — infc). Moreover the modulus
of continuity of the soft transforms is controlled by that of c; for instance | got(x) — gE’E(x’)| < sup, lc(x,y)—c(x’, y)|. After
normalization, maximizing sequences are therefore uniformly bounded and equicontinuous. Arzela—Ascoli gives a uniformly
converging subsequence, and continuity of (8.23) gives a maximizer.

For uniqueness, use strict convexity of H — f ef/¢d(a ® B) on the image of (f,g) — H = f ® ¢ — ¢, modulo constants. If
two optimal pairs exist, their midpoint is also optimal; strict convexity forces the two functions f & g to agree a ® p-almost
everywhere. Full support and continuity then imply equality everywhere on X X Y, so f — f’ is constant and g — ¢’ is the

opposite constant. Without replacing the ambient spaces by the marginal supports, uniqueness has this meaning only on
those supports; values outside them do not enter the dual objective. m]

Dual Sinkhorn for general measures. Indeed, for fixed g and a perturbation i € C(X),

iﬂg(f+sh,g) :/h(x) 1_ef(x)/6/e(g(y)c(x,y))/edﬁ(y) da(x).
ds s=0 X Yy

Consequently, maximizing first over f and then over g gives the alternating updates
FUOD = (g0, gD = (plEDyee, (8.27)

More precisely, setting u(9) = ef Ole, 0 = ¢8¥/¢ and using the kernel operators (8.14), exponentiation of (8.27) yields

ut+) = ‘Klv(” , oD = W Thus the coupling density reconstructed from the current potentials is u (¥ (x)k.(x, y)o'9(y)

with respect to a ® 8, exactly as in the scaling law (8.15). At a fixed point, its two marginals are a and f; equivalently, the
potentials jointly maximize the continuous dual.

Neural dual solvers. For the bilinear cost c(x, y) = —(x, v), the signs of the dual potentials are convex: writing ® = —f and
W = —g, the zero-temperature constraint f(x) + g(y) < —(x, y) becomes the Fenchel-type inequality ®(x) + W(y) > (x, y).
For the quadratic cost this is the same statement after subtracting the quadratic terms, using the convexity properties of soft
transforms. One can therefore maximize the continuous dual (8.23) over parameterized convex potentials, estimating the
integrals by stochastic samples.
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8.6 Marginal-Dependent Problems

Let ¥ and G be proper convex lower semicontinuous functionals on finite nonnegative measures on X and Y. The unregularized
marginal-dependent transport problem is

inf ,y)ydm(x, y) + + , 8.28
it eyt )+ 7 ) + G 829
where 11 = (px)y7 and 72 = (py)y7t are the two marginals of 7. Entropic regularization turns this problem into the
scaling-friendly form below.

Definition 8.21 (Marginal-dependent entropic transport). For reference measures «, f, proper convex marginal functionals
¥ ,G,and ¢ > 0, define

inf / c(x, y)dn(x,y) + F(m1) + G(m2) + e KL(t|a ® B). (8.29)
neM(XxY)
For discrete reference weights a, b and convex functions F : R} — RU {+o}, G : R} — R U {400}, its matrix form is

inf (C, P) + F(P1,,) + G(PT1,) + éKL(P|a ® b). (8.30)

nxm
PeRY}

In this subsection, when the total mass of 7 is not fixed, the KL term is understood in the generalized sense associated
with ¢(s) = slogs —s + 1. Thus, if A = @ ® f and 7 = pA + " is the Lebesgue decomposition of = with respect to A, then
KL(mt|A) = f (plogp — p + 1)dA Equivalently, if K; ; = aibjefcff// ¢, the terms involving C can be absorbed into the Gibbs
reference and the problem is, up to the additive constant ¢ }}; ;(aib; — K j), infpso F(PLy) + G(P™1,) + eKL(P|K).

Proposition 8.22 (Dual and scaling for marginal penalties). Assume a;,b; >0, ¢ > O, that C has finite entries, and that F, G are

proper lower-semicontinuous convex functions. Assume also a Fenchel qualification condition, for instance the existence of a matrix P > 0
such that P1,, and P71, belong to the relative interiors of dom(F) and dom(G). The Fenchel dual of (8.30) is

sup —-F'(-f)-G'(-g)—¢ Z aibj [exp (f1+g]——C1]) - 1} . (8.31)

&
fER”,gGR"’ ij

Equivalently, up to the additive constant € Zi,]- a;bj, the last term is

fi+gi
_gZKi,jexp( l eg])'
ij

Ifu = e!’¢ and v = e8/¢, exact block ascent in the two dual variables is the generalized Sinkhorn cycle

7 — proxI,:(/Lg(Kv), u«—ro(Kv),
s — proxléh(KTu), v—so (K, (8.32)

P = diag(u)K diag(v),
where divisions are entrywise and
proxlhq“(z) := argmin h(r) + KL(7|z). (8.33)
V€Ri
In particular, proxE/Lg(z) is the minimizer of F(r) + eKL(r|z). Each of the two proximal problems has a unique minimizer. Under the
strict-feasibility assumption above, these minimizers are positive, so every division in (8.32) is well-defined.

Proof. Introduce independent variables r and s for the two marginals and use dual variables £, g for the constraints » = P1,,
and s = P"1,. The Lagrangian contains F(r) + (f, r) + G(s) + (g, s) + (C, P) + ¢eKL(Pla®b) — (f ® g, P). Minimizing over r
and s gives —F*(—f) and —~G*(~g). For each scalar entry, the convex conjugate of p +— C; jp + e(plog(p/(a;b;)) — p + a;b;) is
g ea,'bj(e(”’ciff)/f —1). Minimizing over P with g = f; + g; gives (8.31).

For the scaling form, fix v > 0, set K=K diag(v)and z = K1,, = Kv. Updating the row scaling means looking for P = diag(u)Iz,
so its row marginal is # = P1,, = u © z. The row-wise chain rule gives KL(diag(u)K|K) = }; (rl- log(ri/zi) —ri + zi) = KL(r|z).
Thus exact optimization of this block is equivalent to minimizing F(r) + eKL(r|z) over v > 0, hence r = prOXIF</L€ (z)andu=roz.
The column update is identical with w = K" u.

The KL term is strictly convex and superlinear for z > 0. Together with proper lower semicontinuity and convexity of F,
this gives existence and uniqueness of the row proximal minimizer. Since C is finite and the current scalings are positive,
z > 0. Let 7 > 0 belong to dom(F), as supplied by strict feasibility. If a proximal minimizer r had a zero coordinate, then
along r; = (1 — t)r + t7 convexity bounds the change of F by O(t), whereas the corresponding KL term contains ¢7; log ¢. This
negative t log(1/t) variation dominates all O(t) terms and contradicts minimality. Thus r > 0; the same argument applies to
the column block. O

When F = 1) and G = 1y, the first two dual terms are (f, a) + (g, b), and one recovers the usual entropic dual (8.23). The
classical Sinkhorn update is the special case in which the KL proximal maps return the prescribed marginals a and b.

* Hard marginal constraint. If F = ((,), then proxllf/Ls(z) = a.
¢ KL marginal relaxation. If F(r) = tKL(r|a) with 7 > 0, then, coordinatewise, proxf:(/Lg(z) = z¢/(t+6) © a7/(+€) and the scaling

update becomes u « (a @ z)"/("*%), the damped scaling of unbalanced Sinkhorn.
* Pointwise bounds. If F = (¢, <}, then the proximal map is the coordinatewise clipping proxlé/Lg(z)i = min{u;, max{{;,z;}}.
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* Total-variation marginal relaxation. If F(r) = 7|r — all; and A = 7/¢, then the proximal map is coordinatewise

zieh,  zi <aje?,
proxF/{(z)l ={a;, aie™t < z; < ajet,
zie™, z; > aje’.
* Fixed total mass. If F = 1, 1)—), then proxlé/LS(z) =mz/{z, 1).
8.7 Heat Kernels and Hopf-Cole Transforms
Geodesics in heat. On R?, the heat kernel for d;u = Au is
12
hi(x, y) = (4mt) /2 em(—%) :
For the quadratic cost c(x, y) = |x — y|?, the Gibbs kernel used by Sinkhorn satisfies
Ke(x,y) = e—lx=yl?/e = (ng)d/2h£/4(x,y). (8.34)

On a Riemannian manifold or surface M, let L = —Ay; be the positive Laplace-Beltrami operator and replace the dense Gibbs
kernel by the intrinsic heat operator H; := e~ (e/4L For histograms on the same discretized domain, the scaling steps then read

WY =a0 (Hgv“)), vt = p o (qu(“l)), (8.35)
where H, denotes the discretized integral operator, including quadrature weights, and H/ its discrete adjoint. In a symmetric
mass-normalized discretization, the two operators coincide. Equivalently, it uses the effective cost c.(x, y) := —elog h.a(x, y).

Varadhan’s formula gives c.(x, y) — dm(x, y)* (¢ | 0), The heat operator can itself be applied through shifted-Laplacian
Ives:
solves L\
He = lim (Id+ —L) .
4q

q—)OO

Soft Hopf-Lax and Hopf-Cole. We use the normalized quadratic cost c(x, y) = %||x - y|?, so that the Hopf-Lax operator
applied to an initial datum / is precisely

(=h)(x) = inf{h(y) + ol - y||2} :
Y

where the sign only reflects the convention of Definition 5.7. In the present entropic setting, the parameter of interest is instead
the temperature ¢.

In the notation of Definition 8.19, and using Lebesgue measure on R?,

(=h)“(x) = —slog/ exp(—h(y) i "i — y||2/2) d (8.36)
If
Ge(z) == 2me)” d/2 exp( =1 )
is the normalized Gaussian kernel with covariance ¢Id, then (8.36) is exactly
(=h)“*(x) = —elog (G{- * e_h/g)(x) - % log(2me). (8.37)

Thus a soft quadratic c-transform is a Gaussian convolution followed by a logarithm, up to an explicit additive constant
independent of x. This is the bridge between soft-minimum operators, heat kernels and entropic transport potentials.

Proposition 8.23 (Soft quadratic c-transform and Legendre approximation). Let f : RY — R U {+oo} be such that the integrals

below are positive and finite, and introduce the quadratic shift Sf(y) == f(y) — 3yl For & > 0, define the soft conjugate by applying the
soft C-transform to the shifted function:

. 1 c,e
f4 ) = 51 = (= 8£)" (p). (8.38)
Th () = / ((P, y) —f(y))
en f(p) = elog exp| T dy, (8.39)
and equivalently "
*,E _ 1 2 . —Sf/e ed .
£ p) = 51pIP + elog (G. e~/ (p) + - log(2me). (8.40)

If, for instance, f is finite, continuous and superlinear, then f**(p) — f*(p) for every p as ¢ — 0.

Proof. The hard identity follows by completing the square:
. 1 1 1 .
inf {Sf(y) +5lp - yIIZ} = 5Pl =sup{(p, v) = f()} = SIPI* = £ (p).
Yy

This explains the shift: it turns the Legendre-Fenchel transform into a quadratic c-transform. Replacing the hard transform by
its soft version gives (8.38). Expanding the square in (8.36) with the function Sf gives

Xp(_Sf(y) +1p - y||2/2) _ exp(_%) exp((l?/ y) —f(y)) ,

€ €
which proves (8.39). Formula (8.40) is the Gaussian-convolution identity (8.37) applied to Sf. If f is finite, continuous
and superlinear, then h,(y) = (p, y) — f(y) is continuous, attains its maximum, and has compact upper level sets. Every
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neighborhood of a maximizer has positive Lebesgue measure, while superlinearity controls the tails. The Laplace principle
applied to (8.39) therefore gives the pointwise supremum sup, /,(y) = f*(p). Lower semicontinuity alone would not suffice: a

downward spike of f on a Lebesgue-null set changes f* but is invisible to the integral. O

With the same temperature normalization, the change of variables 15 = e~#:/¢ converts the viscous Hamilton-Jacobi equation
Is@s+ 1| Vs|? = £Ags, Conversely, starting from a positive heat solution s and setting s = —¢ log us gives a Hamilton-Jacobi
solution, while v; = Vs = —¢V1og us solves the gradient viscous Burgers equation d;vs + (vs - V)vs = 5Avs.

8.8 Other Convex Regularizers

p-divergence regularization. Let ¢ be an entropy function in the sense of Definition 7.9, and recall the ¢-divergence D, from
Definition 7.10. For ¢ > 0, define the ¢-regularized transport value.

Definition 8.24 (¢-regularized optimal transport).

L (a,p) = min / c(x,y)dn(x,y) + eDy(n|a @ p). (8.41)
! nelU(a,p) Jxxy

Proposition 8.25 (Dual and primal-dual law for ¢-regularized OT). Set L := @, and assume exact Fenchel-Rockafellar duality for
the marginalization constraint. This holds, in particular, when X, Y are compact metric spaces, a, B have full support, c is Lipschitz, and
@ is of Legendre type. Then

L o(a, B) = sup /fdoz + / gdp — e/ (p*(f(x) +g(y€) —cxy) da(x)dB(y). (8.42)

feC(X), geC(¥Y)
f®g—c<el

The cap is vacuous when L = +oo. If primal and dual optimizers exist, decompose 1* = r*(a ® ) + (*)*. Then

S + g% (y) — c(x )
€
If L < +oo, the singular part (1*)* is concentrated on the recession contact set {(x,y) : f*(x) + ¢*(y) — c(x,y) = eL}. If L = +o0 and
the objective is finite, then (1*)* = 0. In the smooth interior, the absolutely continuous density reads
ne [0+ 8% (y) —elx, )
r*(x,y)=(<P)1(f <Y 7.

&

€ dp(r*(x,y)) a® B-a.e. (8.43)

Proof. Introduce dual variables (f, g) for the two marginal constraints. For fixed (f, g), the minimization over 7 gives

/fda+/gdﬁ+ inf {/ (c—(f@g))dn+s@¢(n|a®ﬁ)}.

neM(XXY)
Using the Legendre formula (7.9) for the convex functional D (-|a ® ), the infimum equals

S G P

provided f ® g — c < €L, and it is —oo otherwise. Equality in the Fenchel inequality yields both the subgradient inclusion

f’t@Tg*_c € dp(r*), for the absolutely continuous part and the recession equality / [eL—(f*®g*—c)]d(n*)* = 0 for the singular

part. The latter proves the contact-set statement. If L = +oco, finite divergence excludes singular mass by Definition 7.10.
Inversion of ¢’ gives the density law when ¢ is differentiable and the density lies in the interior of its domain. See for this
finite-recession duality and the associated generalized Sinkhorn scheme. o

For the KL entropy @(r) = rlogr —r + 1, one has ¢*(s) = ¢° — 1, and (8.42) reduces exactly to the continuous Sinkhorn
dual (8.23). Other choices replace the exponential density law by another scalar transfer function:

p(r)y=rlogr—-r+1 = r*=¢°,
p(r)=r-logr-1 = r*=(1-5)7"1 (s<1), s
p(r) = 3(r—1) = 1*=(1+5s),,

For Burg entropy the displayed formula describes only the absolutely continuous part. Since ¢,, = 1, an optimizer may
additionally carry singular mass on the contact set s = 1.

_fregrt-c
- ; .

Bregman-divergence regularization.

Definition 8.26 (Measure Bregman divergence). If @ is a differentiable convex functional on a convex class of nonnegative
measures and ¢ is a reference measure in its domain, the measure Bregman divergence generated by @ is

Bo(nt|E) = () — D(E) - / 6@(&)d(m - £), (8.44)

where 6®(¢) is the first variation in the sense of Definition 15.2, and the formula is understood whenever the right-hand
side is well-defined.

Definition 8.27 (Bregman-regularized optimal transport). Fix £ = @ ® B. For ¢ > 0, define

L@, p)= inf ){/ cdm + eBcp(nlé)}.

neU(a,p

To type the function-space dual precisely, let (E, E*) be a separated locally convex dual pair in which E contains the signed
measures on X X Y under consideration and E* contains the admissible test functions.
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Proposition 8.28 (Dual and primal-dual law for Bregman-regularized OT). Fix the marginals a, § and set & = a ® 3. Extend ®
by +o0 outside the nonnegative cone of E, and assume that it is proper, lower semicontinuous, convex, and Giteaux differentiable at &, with
ge = 0®(&) € E*. For u € E*, define

(1) := sup {(u, n) - D(n)}.

nekE

Assume ¢ € E* and that Fenchel-Rockafellar duality is exact for the affine constraint Ant = (a, B) in the chosen dual pair. In finite
dimension, the concrete condition that a feasible o belongs to ri(dom @) is sufficient. Then

Lf (@, p)=  sup / Fda + / gdf— e [cp*(qg + %) - @*(qg)} . (8.45)

feUx, gely
If (f*, g*) and m* are optimal and @ is differentiable at i*, then

5D(r*) = g + (8.46)

f * @ g* -

—

Proof. Using (8.44), the Bregman-regularized objective can be written, up to a constant independent of 7, as
eD(t) + (c — eqe, ) — eD(E) + €(q¢, &)-

Introduce dual potentials (f, ) for the two marginal constraints. The inner minimization over nonnegative measures 7 gives

inf (e®(m) + (¢~ (f @ §) ~ eqe, 7)) = ‘fq’*(% ' fo_C)'

Fenchel equality at & gives —®(&) + (q¢, &) = D*(g¢), which yields (8.45). Equality in Fenchel’s inequality gives the primal-dual
relation (8.46). O

When @ is separable with respect to a fixed dominating measure &y, say ®(n) = / h(dm/dép)d& with & < &y, the Bregman
optimality condition becomes
* * @ o* —
()= lae)
d&o d&o €

This is an additive update in entropy coordinates. The density-ratio formulation instead uses the scalar law associated with ¢
relative to a ® f.

Proposition 8.29 (KL is the common Bregman and ¢ case). Let w be a finite reference measure on X with a measurable set A
satisfying 0 < w(A) < w(X). Work on probability measures a = pw and B = qw whose densities are bounded above and below away from
0. Assume that @ is twice Gateaux differentiable along bounded zero-mass density perturbations, and that ¢ € C%(0, +00) is convex with
(1) = 0. If Bo(a|p) = Dy(alp) for all such a, f, then there exist k¥ > 0 and a € R such that ¢(t) = x tlogt + a(t — 1). Hence the

common divergence is k KL(«t|B), and ®(pw) differs from x / plogp dw by an affine functional on the positive probability simplex.

Proof. Fix B = qw and perturb it by a; = (g + th)w, where & is bounded, f hdw = 0, and t is small enough that g + th > 0.

Differentiating twice at t = 0 gives D>®(q)[I1, h] = ¢” (1) / hq—zda). Indeed the left-hand side is the second variation of the
Bregman error, while

Dy(alp) = / g1+ thg)do

has second derivative ¢” (1) f h*/q dw. Setting x = ¢”(1) > 0, the functional ¥(pw) = D(pw) — k / p log pdw has zero second
variation along every zero-mass line segment in the positive simplex. It is therefore affine there, and By = 0. Thus Bg = x KL.
Since D, = k KL, the function r(t) = ¢(t) — «t log t generates the zero p-divergence. Testing on densities for which the ratio
p/q takes two values x < 1 < y, with weights chosen so that the mean ratio is 1, gives (y — 1)r(x) + (1 — x)r(y) = 0. Hence
r(t)/(t — 1) is constant on (0, +o0) \ {1}, so r(t) = a(t — 1). This proves the claim. O

Thus, except for KL, the two generalizations lead to different duals and different algorithms. Bregman regularization by
Bo(7t|€) keeps the projection geometry of Section 9.1: linear costs tilt the reference in dual coordinates and alternating marginal
updates are Bregman projections.

Generalized soft c-transforms and alternate dual maximization method. The two constrained ¢-soft c-transforms are

FeP(r) e argmin {g/y(P*(u + g(y)e— c(x,y)) ap(y) - u},

u€eR
u+g(y)—c(x,y)<eL Vy

P (y) € argmin {e/ (p*(f(x) hl ve— e, ]/)) da(x) - v} )
X

vER
f(x)+v—c(x,y)<eL Vx

(8.47)

When ¢* is differentiable and the first scalar minimizer lies in the interior of the cap, it is characterized by

/((P*),(u +3(y) - c(x,y)) dp(y) = 1,
VA &

and the second satisfies the symmetric equation. Thus an interior update normalizes one absolutely continuous conditional

density.
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The Bregman dual (8.45) has analogous block transforms, but the global conjugate ®* prevents a pointwise definition in
general. Under the dual-pair and attainment assumptions of Proposition 8.28, with £ = a ®  and g¢ = 0P(&), define

~ @ —
g%¢? € argmin {SCD*(% + M) - / uda} ,
uely €

(8.48)
@ —
foe® € argmin {S(D*(qg + w) - / Udﬁ} .
Z)€Uy &
Alternate dual maximization therefore reads
(+1) — ((O\CE® (0+1) — ( £(E+1)\CEP

f(l]+1) — (g([))arglqjl g(£’+1) — (f([-i—l))clglq)
In the discrete setting, the quadratic choices ¢(r) = %(r —-1)?2and ®(P) = 3 ||P||F give, respectively,

ff+g’.(—ci,]' f*+g —Ci,]‘
PY; = ab; (1 + + ;o Pr=|aiby+ LTt (8.50)
+ +

&
Yo fie8%) s
+

This left-hand side is continuous, nondecreasmg, and piecewise affine. Sorting its breakpoints computes the update in
O(m log m) operations for a row with m entries; equivalently, it is a weighted simplex projection.

8.9 Sinkhorn Divergences
Entropic bias. Consequently, a minimizer . € argmin L:(a, )

Proposition 8.30 (Large-temperature entropic bias). Let X, Y be compact and assume that c is continuous. Then L{(a,p) —
/fc(x,y)doz(x)dﬁ(y) as € — +oo.

Proof. Let (f¢, g¢) be optimal dual potentials, normalized by / g«dp = 0. The soft c-transform equation gives
e(y) —clx, y)
) = —elog [ exp(w dp(y).

For bounded c, the oscillations of normalized entropic potentials are bounded uniformly in ¢ by the oscillation of ¢. Hence
the log-sum-exp expansion is uniform: f,(x) = — /(gg(y) —c(x,y)dp(y) + O(e™t) = / c(x,y)dB(y) + O(e71). At optimality
the exponential penalty in the dual integrates to zero, so Li(«, ) = ffgdoc + f gedp = ff c(x,y)da(x)d(y) + O(¢71). This
proves the limit. ]
Thus, at large ¢, the raw entropic cost approaches the bilinear cross-energy (a, ) f/ cdadp, not a distance.

Sinkhorn divergences.

Definition 8.31 (Sinkhorn divergence). Let c be a symmetric cost on a common state space. For ¢ > 0, the debiased Sinkhorn
divergence associated with the entropic OT value L{ is

_ 1 1
Lia,p) = Li@, ) - 5L, ) = 5 LB, ) (8.51)

Lemma 8.32 (Entropic dual cost at optimum). Let (fa g, $a,p) be optimal dual potentials, normalized arbitrarily. Then

Li(a,B) = {fap, @)+ (gap, ) (8.52)

a,p(y)—cx,y)
Proof. We first notice that, at optimality, f, g = —¢log /y Mdﬁ (y). After exponentiation, this equivalently reads
fa,p()+8a ﬁ (y)—clx,y) fo,p®8a,p—C¢
1=/ dgly) = / = —1]da®p) =
Y XxY

Substituting this identity in (8.22) gives the result. m]

Proposition 8.33 (Asymptotics of Sinkhorn divergences). Let X be a compact metric space, let a, p € P(X), and assume that
c: X X X — Ry is continuous and symmetric, with c(x,x) = 0. Then L (a,p) — Lc(a, B) when ¢ — 0 and

Li(a,p)— %/ —cd(a-B)@d(a—p) when & — +oo.

Proof. The discrete convergence result above gives the finite-dimensional analogue; we now pass to continuous measures.
Case ¢ — 0. The first limit is the I'-convergence of entropic OT to the Kantorovich problem. Non-negativity of the relative
entropy and continuity of ¢ give the liminf inequality. For the matching limsup, one approximates an optimal coupling by
finite-entropy couplings and chooses the approximation scale so that its entropy multiplied by ¢ tends to zero. Since c(x, x) = 0,
the two self-costs in the debiased expression converge to zero, while the cross term converges to L(a, 8).

Case ¢ — +o0o. We denote by (f:, g) optimal dual potentials. After normalizing them and using boundedness of c, their
oscillations stay uniformly bounded, so the following expansion is uniform. The optimality condition on f. (equivalently the
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Sinkhorn fixed point on f,) reads
fe= —elog/ exp (—gg(y) _é C("y)) df(y) = —elog/ (1 + 80—t y) : .y, 0(1/8)) dp(y)

~—etog 1+ 3 [[(s.0) =gt +o01/e)) == [[gedp+ [ el a5+ ot

Plugging this relation in the dual expression (8.52) Li(«, ) = f feda + / gedp = /f c(x, y)da(x)dB(y) + o(1). Applying this
expansion to («, B), (a, &) and (B, B) gives

L_f(a,ﬁ)ﬁ/cda@d[a’—%‘/cda®da—%‘/cdﬁ@dﬁ=—%/cd(a—,8)®d(a—ﬁ).
]

Proposition 8.34 (Positivity of Sinkhorn divergences). Assume that the entropic dual admits optimal potentials and that the symmetric
kernel ke(x,y) = e"W¥/¢ is positive semidefinite in the sense of Definition 7.4. Then Li(a,p) > 0. If, in addition, the common
state space is compact, c is continuous, and k. is universal in the sense of Definition 7.8, then L{(a,f) =0 & a =p,and
Lé(ay, @) — 0is equivalent to a, — a.

Proof. In the following, we denote by (fa,p, $a,s) Optimal dual potentials for the dual Schrédinger problem between a and .
We denote by fy,o = ga,« (One can assume they are equal by symmetry) the solution for the problem between a and itself.
Using the suboptimal function (f,,a, gs,4) in the dual maximization problem, and using relation (8.52) for the simplified
expression of the dual cost, one obtains

fa,a®gp,8-c

L, B) > (fa,ar @) +(8pp, p) — (e S 1, a®pB)

Moreover {fyo, @) = 3 LE(a, @), and similarly for B, so the previous inequality equivalently reads

15, fa,0®8p,5-c O
zﬁc(a,ﬁ)>1—(e =, a®p)y=1-(a, Bx.

where @ = efee/¢q, f = ef##/¢g and we introduced the positive-semidefinite kernel pairing (&, ), = f ke(x, y)da(x)dp(y).
The self Sinkhorn fixed point equation, once exponentiated, reads pointwise efea(¥)/¢ f ke(x,y)da(y) = 1 for a-a.e. x, and
hence

it =@, @, = [ b [ ypaac) do =1

and similarly | ﬁ||i£ = 1. Therefore, by Cauchy-Schwarz, one has 1 — (&, )¢, > 0.

Suppose now that k. is universal and £¢(«, B) = 0. Both inequalities above are then equalities. Equality in Cauchy-Schwarz,
together with the unit norms, implies that & and  have the same kernel mean embedding; universality gives & = f8 := fi. The
two self-consistency equations yield da = (k.fi) dii = dg, (kefi)(x) = f ke(x,y)dii(y), so a = B. The converse follows
directly from the definition. Finally, on a compact space, continuity of the entropic value under weak convergence and
compactness of £(X) turn this definiteness into the stated equivalence of convergences; see. O

8.10 Complex ¢

Measure fixed point. Let @ € P(X) and g € P(Y). For ¢ € C\ {0}, reuse the Gibbs kernel and integral operators of (8.14)
whenever the defining integrals exist.

Discrete histograms. For discrete histograms, evaluate the Gibbs kernel entrywise at (x;, y;). The scaling factorization (8.2)
and Sinkhorn updates (8.5) are then used verbatim over C, with the same marginal constraints and multiplicative gauge,
whenever ¢ # 0 and all divisions are defined.

Theorem 8.35 (Local holomorphic continuation of Sinkhorn scalings). Fix positive histograms a° € %,, b’ € %, a finite
real cost matrix C°, and a real temperature ey > 0. Choose positive scalings (u°,v°) of the corresponding Sinkhorn coupling.
Then there are complex neighborhoods of (&9,a’, b, C), inside the affine constraint ¥,;a; = ¥, jbj, and a unique holomorphic map
(¢,a,b,C) > (ug, v,) € C*XC™ satisfying the linear gauge 3 ; a?ugl,- = a?u?, such that P, = diag(u.)K,(C) diag(v.) has marginals
(a,b). In particular, the gauge-fixed scalings and P are holomorphic in all four arquments near the base point.

Proof. Apply the holomorphic implicit-function theorem to the n row residuals, the first m — 1 column residuals, and the gauge

residual G(u) = }; a?(u,- - u?). There are n + m equations for the n + m scaling coordinates.

Let (6u, 6v) belong to its kernel and write r; = %, sj = iloj Since PY = diag(u®)K,,(C°) diag(v"), the induced
¢ ]

perturbation is 6P;; = P?].(r,' +5;). The linearized row sums vanish. The first m — 1 linearized column sums vanish by

definition of the residuals, and the last one vanishes because the total row sum equals the total column sum. Therefore
— — 2 . e .

0 =27 2;0P;j+ 25X 0Pij=2;; P?’j |ri + sj| . Strict positivity of P? gives r; = 6 and s; = —0 for some 0 € C. The

linearized gaugeis 0 = }; a?éui =02 a?u? ; its last factor is positive, hence 6 = 0. The derivative is injective and therefore

invertible. The implicit-function theorem now gives the asserted holomorphic scalings, and their matrix product gives the
holomorphic coupling. m|

9 Entropic Regularization: Convergence

The chapter revisits Sinkhorn convergence through several complementary lenses. Bregman projections explain the alternating-
projection geometry, while Fortet’s order argument gives qualitative fixed-point convergence.
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9.1 Sinkhorn Convergence: Bregman Point of View
Alternating KL projections.

Definition 9.1 (Bregman divergence). Let O € R be convex with nonempty interior, and let ® : R”™*" — R U {+oo} be
a proper lower-semicontinuous Legendre function with dom(®) = Q. Thus ® = +o outside Q, while @ is differentiable
and strictly convex on int(QQ). For P € Q and Q € int(Q), the Bregman divergence generated by @ is Bo(P|Q) =
O(P) - D(Q) - (VO(Q), P-Q).

Definition 9.2 (Bregman projection). For Q € int(Q) and anonempty convex set C, define Proj g‘l’ (Q) = argminp - Bo(P|Q).
This set is empty if C N () is empty or if the infimum is not attained, and it is set-valued when the minimizer is not unique.
We identify it with its unique element only when existence and uniqueness are ensured.

Linear tilts and Gibbs references.
Proposition 9.3 (Linear tilts of Bregman penalties). Let @ be a Legendre function, and let B be its Bregman divergence. Fix

Q, Q€ € int(dom @) such that VO(QC) = V(Q) — C/e. Then, for all P € dom @, (P, C) + ¢B¢(P|Q) = ¢Bo(P|QC) + cst, where the
constant does not depend on P.

Proof. Subtract the two Bregman divergences: Bo(P|Q€) — Bo(P|Q) = (VD(Q) — VD(QF), P) +cst. Using VO(Q) - VO(QC) =C/e
and multiplying by ¢ gives the claim. O

For the negative entropy @(P) = }; ; P; jlog Pi j, one has By = KL. After removing zero-mass rows and columns, as in the
proof of Proposition 8.4, the histograms are positive and Q = a ® b lies in the interior of the entropy domain. Proposition 9.3
then gives the tilted reference Ki,b := (a®b) ©@e~C/¢. Thus (P, C) + eKL(Pla®b) = eKL(PlKi/b) + cst. Thus the unique solution
P, of (8.1) is the KL projection of the tilted Gibbs reference onto U(a, b):

P = Projii, ) (KS ) = ?)r%r(ng)l KL(P[KS ). 9.1)
€Ul(a,

Cyclic projection convergence. Given two closed convex constraint sets C; and C», the cyclic method projects first onto C;,
then onto Cy, and repeats. Full iterates satisfy the second constraint and half-iterates satisfy the first; both constraints are
attained together only in the limit.

Proposition 9.4 (Convergence of cyclic Bregman projections). Let @ be a Legendre generator on a finite-dimensional convex domain,

and let C1, C, be closed convex sets whose intersection meets the interior of the domain. Generate (PY=1/2), P)) by the cyclic Bregman
projection iteration from an interior point P©). Assume that the projections are well-defined and that the full half-step sequence remains in
a compact subset of the interior of the domain. Then there exists P € C1 N Cy such that PY) — P and PU=1/2) — P. If, in addition, C; and
C; are affine, then P = Projg‘ll’m o, (PO).

Proof. For Q € dom® and P,P* € int(dom @), the Bregman three-point formula reads Bo(Q|P) = Bo(Q|P*) + Bo(P*|P) +
(VO(P)-VO(P), Q—P*).IfP* = Projg,<I> (P) and C is closed and convex, first-order optimality gives (VO(P*)-V®(P), Q-P*) >
0 VYQ € C Nndom @. By(Q|P) > Bo(Q|P*) + Bo(P*|P) YQ e CNdom®.

Let (Z), be the half-step sequence, so that Z?) = P) and Z@+D = P+1/2) Fix Q € C; N C, N int(dom @), which exists
by assumption. Applying the inequality at each half-step gives Bo(Q|Z")) — Bo(Q|Z*V) > Bp(ZU*V|Z") > 0. Thus
Bo(Q|Z") decreases and 3, Bo(Z+1|Z()) < +co. The projection drops tend to zero; compactness and strict convexity imply
|Z+D — Z| — 0. Every cluster point of either subsequence consequently belongs to both closed sets. Let P € C; N C, be one
such cluster point. The sequence Bo(P|Z(") is nonincreasing and tends to zero along a convergent subsequence, hence tends to
zero altogether. Compactness and strict convexity then give Z(") — P, proving the first claim.

Suppose now that C; and C; are affine. The first-order inequality above is then an equality because both signs of every feasible
direction are admissible. Moreover, each dual displacement V&(Z ") — V®(Z()) belongs to the normal space of the affine

set used at that half-step. Telescoping and passing to the limit gives VO(P) — VO(PO) e Ng, + N, = N¢,nc,, where the last
equality uses affinity and the nonempty intersection. This is precisely the first-order optimality condition for minimizing

Q = Bo(Q|P©®) over C; N C,, proving the displayed projection identity. O

Row and column scalings. Denote the two affine marginal sets by
Cl={PeR™ ;Pl,=a} and C?:={PeR™;P'1,=b}.
Positivity is a separate constraint, so U(a,b) = C} N Cg N RI*™. For negative entropy, however, the effective domain of the

Legendre generator is QO = R and @ = +o0 outside Q. Thus the two half-steps of the cyclic Bregman projection iteration
specialize to

p+D) = Projga}(P“)) and P2 = PrOjE?(P(“l)). 9.2)

Proposition 9.5 (KL projections are scalings). Let P > 0, set r; := (P1,,); and s; := (PT1,);, and assume the support-compatibility
conditions a; > 0= r; > 0and b; > 0 = s; > 0. Then the finite KL projections are unique and satisfy

. Pii/ri, ri>0 . biP;i/si, si>0
P KL P ] _ ail%,j/Ti, i ’ [P KL P ] _ )0itijlSsj, j ’
[ rO]CQ( ) ij |0, ri =0, ro]Cﬁ( ) ij |0, s; = 0.
If a compatibility condition fails, the corresponding affine set contains no matrix at finite KL divergence from P. In particular, when P > 0

and a,b > 0, these formulas reduce to ProjglL(P) = diag (ﬁ) P, ProjgzL(P) = Pdiag (ﬁ .
a m b n
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Proof. Consider one row or column, with reference vector g > 0, reference mass Q := 3}, q;, and prescribed mass m > 0. If
Q > 0and m > 0, finite KL forces p; = 0 wherever q; = 0. On the positive support of g, strict convexity and the Lagrange
equation give p = ug; the mass constraint yields u = m/Q. If Q > 0 and m = 0, nonnegativity forces the unique solution p =0,
which is the same formula with u = 0. If Q = m = 0, again p = 0 is the unique feasible vector. Finally, if Q = 0 < m, every
feasible p has infinite KL divergence from g, so no finite projection exists. Applying these four cases independently to every
row or column proves the claim. m]

Since only v(?) is initialized, the physical plan sequence starts after the first row update and is
P2 = diag(u“*V)K diag(v?), P22 = diag(u“*V)K diag(v\+V), {>0. (9.3)

Thus odd iterates have source marginal a, whereas even iterates have target marginal b. In practice, however, one should prefer
using (8.5), which only requires manipulating scaling vectors and multiplying by a Gibbs kernel, and can often be accelerated
when the kernel has separable, sparse, low-rank or geometric structure.

Other divergences. Positivity must then be imposed explicitly in each marginal constraint by defining

Ci,=CinRX and CZ, :=CZNR", (9.4)
Projection onto C;, + is rowwise projection onto a simplex: [Projg‘f (Q)]i]. = (Qij — i)+, Zj(Qi,j — T;)+ = aj, For the
a,+ ..

quadratic generator and the product reference £ = a ® b, the Bregman penalty is Bo(P|&) = %Zi,j(Pi,j - aib]-)Z. This is

closely related, but not identical, to the quadratic ¢-divergence generated by ¢(r) = 3(r — 1)?, which for positive a;, b; is
(Py,—a;b))*

Dy(Pla®b) = § 5, ; —Lp=.

9.2 Sinkhorn Convergence: Monotone Point of View

Variation seminorm and topical maps.

Definition 9.6 (Variation seminorm). For a bounded real-valued function #, its variation seminorm is ||k|y := sup h —inf h.
It vanishes exactly on constant functions and therefore induces a norm after quotienting by additive constants.

Definition 9.7 (Topical map). Let E be an ordered vector space of functions containing the constants. Amap 7 : E — E is

topical if f < g = T (f) < T(3), T(f+s)=T(f)+s (s eR).

Proposition 9.8 (Topical maps are variation-nonexpansive). Let E be a vector space of bounded real-valued functions, ordered
pointwise. Every topical map T : E — E satisfies |7 (f) — T (g)lv < |f — gllv. The same conclusion holds if T is order reversing and
additively anti-homogeneous, meaning T (f +s) = T (f) — s.

Proof. Seta =inf(f — g)and b = sup(f — g),sothat g +a < f < g +b. If T is topical, then 7(g) +a < 7(f) < 7(g) + b.
Hence the oscillation of 7(f) — 7 (g) isat most b —a = | f — g|lv. In the order-reversing, additively anti-homogeneous case, the
corresponding bounds are 7(g) — b < 7(f) < 7 (g) — a and give the same conclusion. O

Generalized Sinkhorn maps. Consider the ¢-divergence regularized transport problem of Section 8.8. Its one-sided block
updates, expressed using the Legendre transform ¢ defined in (7.9), are the generalized soft c-transforms of (8.47); their
alternating dual-maximization iteration is (8.49). After choosing a consistent extremal minimizer whenever a scalar update is
not unique, one full cycle acting on the first potential is

Ap(f) = (7). (9.5)
Proposition 9.9 (Generalized Sinkhorn maps are topical). Assume that the scalar minimizer sets in (8.47) are nonempty compact
intervals, and select either their smallest elements everywhere or their largest elements everywhere. Each selected one-sided transform is
order reversing and additively anti-homogeneous:
g< g = g > g, (g +8)Fe¥ = gbe? —,
and likewise for f +— fo?. |Ay(f) — Ap(h)llv < |f = hlv. No selection convention is needed when the scalar minimizers are unique.

Proof. Since ¢ is extended by +co on (—e0, 0), its Legendre transform ¢* from (7.9) is convex and nondecreasing. For fixed x,
let Hy (1) denote the scalar objective in the first line of (8.47). If ¢ < ¢/, thenu — H ;‘,(u) -H gf(u) is nondecreasing: this follows
by integrating the fact that s — @*(s + 6) — ¢*(s) is nondecreasing for every 6 > 0.

Let I = argmin Hy and I = argmin H g,. Ifa =minland 2’ = min[’ satisfied a” > 4, the optimality inequalities Hg(a) < Hg(a’)
and H ;,(a’) <H ;‘,(a) would contradict the preceding monotonicity; in the equality case, 2 would also belong to I’, contradicting
the definition of 4. Hence minI’ < minI. The same argument with the maximal minimizers gives maxI’ < maxI. Finally,
H g w@)=H 2 (1 +5) + s, so either extremal selection is additively anti-homogeneous. The second one-sided transform is
treated symmetrically. Their composition is topical, and Proposition 9.8 gives the final estimate. O

Monotone convergence for generalized Sinkhorn.

Proposition 9.10 (Monotone convergence of generalized Sinkhorn cycles). Let X and Y be compact metric spaces and ¢ € C(X X Y).
Suppose that the assumptions of Proposition 9.9 hold, that the selected transforms are finite valued, and that A, has a fixed point
f* € C(X). If fO € C(X) is a subsolution, f© < Ay(f©), then the iterates f+V = A, (f©) converge uniformly to a fixed point of
Ayp. The analogous conclusion holds for a supersolution, with a decreasing sequence. If the fixed point is unique modulo additive constants,
the corresponding potential classes converge to this unique class.
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Proof. Because Ay, is additively homogeneous, shifting a subsolution preserves the subsolution inequality. After such a shift,
compactness of X allows us to assume f© < f*. Topicality then gives f© < f(I) < ... < f*, so the orbit converges pointwise.
The one-sided transforms inherit the modulus of continuity of the cost. Indeed, if 6(x, x”) := Sup,cy le(x,y) — c(x’, y)|, order
reversal and additive anti-homogeneity give

g% e (x) = &5 ()] < 8(x, x').

Thus (f )51 is uniformly bounded and equicontinuous. Arzela—Ascoli makes the orbit relatively compact in the uniform
norm, and its monotonicity forces every uniformly convergent subsequence to have the same pointwise limit. Hence the full
sequence converges uniformly.

Moreover, every selected one-sided transform is nonexpansive for the uniform norm. If [¢ = il <7, theng—r < h < g+7;
order reversal and additive anti-homogeneity imply [|g%¢% — h%¢? |« < r, and similarly for the other block. Therefore Ay is
uniformly continuous, and the limit is a fixed point. The supersolution argument reverses all inequalities. Uniqueness modulo
constants gives the last claim. ]

9.3 Sinkhorn Convergence: Sublinear Robust Rate
Proposition 9.11 (Robust O(1/¢) dual rate for discrete Sinkhorn). Let a € =, and b € L, be positive histograms, and let C € RI™
be finite. Initialize g©) = 0, perform complete Sinkhorn dual cycles, and denote the resulting potentials by (f©,g0) for € > 1. Let

A = D (5, g%) — D(fV), g) be the dual suboptimality gap for the entropic dual objective (8.23). Then 0 < AY) < 2"C”“ {>1.

Proof. Write M := ||C|w; the case M = 0 is immediate because one complete cycle produces a ® b. We first prove the oscillation
estimate used below. If f is the soft transform of g, as in (8.21), set

_C:
Zl‘ = ijexp(g] B l,]), fi=—€10gZ1'.

Since 0 < C;j < M, one has e™M/¢Z;, < Z; < eM/¢Z; for every i,i’. Therefore |f; — f| < M and ||f|y < M. The same argument
applies to the other soft transform. Every Sinkhorn potential is produced by such a transform, and the block optimality
equations imply the same property for (f*,g*). [fO]y, [1g©]y, IF]v, Ig*lv <

Associate with any potentials the nonnegative matrix

P(f,g) = (a®Db) @exp(magT_C) )

At the end of cycle ¢, the matrix PO = P(f([ ), g(‘] )) has column marginal b and hence total mass one. Denote its row marginal
by r© := PO1,, and set 5, = |a — ;. The dual gradient at this point is (a — r(¥),0). Concavity of D, therefore gives
AO < (F* — O, a — vy, For every vector 1 and every zero-sum vector z, subtracting (max / + min /)/2 from h proves
[{h, )| < %||h||v||z||1. The oscillation estimate and the triangle inequality for | - |y thus yield

AY < M, (9.6)
Its row update satisfies

(+1) {0 _ aj
£ -1 —slog(r@).
1

The matrices before and after this row update both have total mass one. Substitution in (8.23) therefore gives the exact gain

¢KL(a|r¥)). The subsequent column update can only increase the dual objective, so Pinsker’s inequality, Theorem 7.13, and (9.6)
give

€25
=62 >

(
507 > s (AO).

AO — A > eKI(a|r?) >
2M2

~ P
Set x = M/¢, and let P! be the matrix after the first row update from g© = 0. Directly from the update, e™* < fb] < et
Its column marginal s consequently satisfies e™ < 5;/b; < e*. The first column update gives P(l) P(l)b i/5;, and hence
(1) ’I;(l)
ra_, =2 o % [e™, e*], because (P( )/111)] is a probability vector. Thus 61 < min{2, e* — 1} < 2min{1, x}, where the last

inequality uses e* — 1 < 2x for 0 < x < 1. Equation (9.6) gives AV < 2M?/e.
Finally, whenever A‘*+D) > 0,
1 1 AO_ABD e
AED T AD T ADAED C 2ME
Together with the bound on AW, telescoping proves AY) < 2M?/(e¢). If a gap vanishes, all subsequent gaps vanish and the
conclusion is immediate. ]

Corollary 9.12 (Approximating unregularized OT by regularized dual costs). Under the assumptions of Proposition 9.11, suppose

2|CJZ log(im)
52

nm > 1 and define the unregularized cost Ly = Lc(a,b). For any 6 > 0, choose ¢ = 6/log(nm). Then { > =

Lo - D.(f, g0)] < &.

Proof. Let L. = max;g D.(f, g) and let PO solve the unregularized problem. The KL-normalized primal formulation (8.7) gives
0<L.-Ly < eKL(P’la®b) < elog(nm). The last inequality follows from KL(P’|a ® b) = H(a) + H(b) — H(P°) < log(nm).
Moreover, Proposition 9.11 gives 0 < L, — D.(f¥, ') < 2|C||2,/(f). Since the difference between the computed dual value
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and L is the difference of these two nonnegative errors, its absolute value is bounded by their maximum. The prescribed ¢
and { make both errors at most 6. O

For dense 1 X n problems, one Sinkhorn cycle costs O(12) operations. Corollary 9.12 therefore yields the arithmetic complexity
2|CJ31
oISk oe)
52
9.4 Sinkhorn Convergence: Linear Hilbert Metric Rate
Projective contraction.
Definition 9.13 (Hilbert metric). On R ,, Hilbert’s projective metric is
V(w )€ R du(u, ) = |log(u) - log(w)lv- ©.7)
Here, || - |v is the variation seminorm of Definition 9.6, specialized to functions on the finite space {1,...,n}: |z|y =

max; z; — min; z;.

Proposition 9.14 (Hilbert metric on the projective cone). The function dgq defines a complete distance on the projective cone R} ,/~,
where u ~ U’ means that u = su’ for some s > 0.

Proof. The map u — logu identifies R’} , /~ with the quotient vector space R" /Span(1, ), because multiplying u by s > 0 adds
the constant vector log(s)1,. The variation seminorm |z|y = max; z; — min; z; vanishes exactly on constant vectors, so it
induces a norm on this quotient. Symmetry, the triangle inequality and separation therefore follow from the corresponding
norm properties. Completeness follows because R" /Span(1,) is finite-dimensional and all finite-dimensional normed spaces
are complete. O

Theorem 9.15 (Birkhoff contraction theorem). Let K € RI(™. Then, for (v,v’) € (RT,,&)Z,

yn(K) -1 Ki Kje
dp(Kv, Kv') < A(K)dg (v, V'), AK) = — <1, n(K) := max .
n(K) +1 irj ket K K e

Proof. Work in logarithmic coordinates and define F(z) := log(Ke?), P(2)ix = (KEZ)
vector and dF(z)[h] = P(z)h. We first bound its contraction in variation seminorm. If p and g are two probability rows, then
I{p = q, 1) < 3lp = qlilhlv. Indeed, subtracting min /i and dividing by ||y reduces this inequality to the variational
characterization of total variation by functions taking values in [0, 1].

. Every row of P(z) is a probability

IPG)hlv < 6(P)Iklv,  6(P) = —maxz |Pijk =Pl (9.8)
Fix rows p, q of P(z), with indices 7, j, and put rx = pi/qx. Then X gkrx = 1, and the definition of 1(K) gives Tt =

maxg,¢ g Efi n(K). Write a = ming e < 1 < b = maxgri. If a = b = 1, then p = g and the desired bound is immediate.

Otherwise, (r — 1)+ < (b —1)(r — a)/(b —a) on [a,b], 50 3Ip — qlh = T q(rk = 1)+ < 2D ‘Set g = ¢ and b = ¢”. The last
quotient equals

2 sinh(u/2) sinh(v/2) Uu+0v log n(K)

< tanh(*~) < tanh = A(K),
sinh((1 + v)/2) an &)

where the first inequality follows from sinh(u/2) sinh(v/2) < < sinh?((u + ©)/4). Thus (9.8) holds with 5(P(z)) < A(K), uniformly

inz.

For z; = (1 — t)z’ + tz, the fundamental theorem of calculus and the triangle inequality for | - |v now give |F(z) — F(z')[v <

f01 IP(ze)(z = 2)|lvdt < A(K)|z — 2’|v. Taking z = log v and z’ = log v’ proves the result because F(z) = log(Kv). O

Theorem 9.15 and completeness of that cone give a unique fixed ray u* > 0, hence a unique positive leading eigenvector up

to scale, and dgy (Ku©@, u*) < A(K)!dgy(u®, u*). Thus Hilbert contraction supplies both the Perron-Frobenius eigenvector
and the global linear convergence of power iteration. The contraction can be visualized for every initialization at once on the
three-state probability simplex. With the column-vector convention, every positive column-stochastic matrix K maps Y3 into
its interior, and K123 = K{(KZ3) € K‘Z3. To compare isotropic contraction, rotation, and anisotropic contraction, set

0 -1 1
]3 = %ﬂg]l—r, A = 11 (1) —01) , Kp,(S = pId3 + (1 - p)]g, + 0A.

The three kernels used below are

.042 880 .078].
.008 .102 .890

K1 =Koo,0, K> =Ko, 014, K; =

950 .018 .032)

Sinkhorn contraction.
Theorem 9.16 (Projective linear convergence of Sinkhorn). Starting from v9) > 0, use the scaling iterates of (8.5) and the physical

plan sequence P defined in (9.3). Fix any optimal scaling pair (u*,v*). Writing A = A(K), one has
dp (v, V) < Ay (v, V), g, u) < A2y (v, v, 99)
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Thus the scaling rays converge linearly. After fixing any continuous gauge, their representatives converge, and P20 — P* entrywise.
(20) QE+1N\T

< d?’((P ]lmra) Cl?’ld dq—{(V({),V*) < d?‘{((P ) ﬂn/b).

1-A? 1-A2

Lastly, for £ > 1, [1og(P?)) —1og(P*)[e0 < dy(u®, u*) + dy (v, v*), (9.11)
where P* is the unique solution of (8.1).

drH(u(Z), u*)

(9.10)

Proof. Entrywise multiplication by a fixed positive vector and entrywise inversion are isometries of Hilbert’s metric. Therefore
the row map R(v) = a/(Kv) and the column map C(u) = b/(K"u) are both A-Lipschitz by Theorem 9.15. Their full-cycle
compositions C o R and R o C are A?-contractions. Since v* = C(R(v*)) and u* = R(C(u*)), iteration gives (9.9).

For any contraction F with factor 4 < 1 and fixed point x*, the triangle inequality gives d(x, x*) < d(x, Fx) + d(Fx, Fx*) <
d(x,Fx)+qd(x,x*), hence d(x, x*) < d(x, Fx)/(1 - q). Apply this with g = A2 to the two full-cycle maps. The scaling identities
dg (D, u) = dyy(a, PCO1,,) and dgy (v, vO) = dyy (b, (PPH+D)T1,) then prove (9.10).

Finally, write &; = log(ulw/ul.*) and C; = log(v;é’)/v;). Then log(PE,zf)/P:j) = &+ Cjand osc(& @ C) = osc(&) + o0sc(C). Both plans

have total mass one, so }}; ; P;‘jegiJfo = 1. This proves (9.11). O

Nonlinear Sinkhorn images of the simplex. Using the row and column maps from the proof, define the full-cycle map on the
left scaling by

Fu(u) =R(C(w) =ao [K(bo (K w)].
Itis positively homogeneous, Fy,(su) = sFy(u) for s > 0, and therefore induces the projective self-map fu(p) = @f(‘;% , pE

¥3. Thus G = u®/(u®, 13) follows GV = F,(G®) when ¢ indexes complete Sinkhorn cycles. Since F, maps X3 into itself,
its set-valued iterates are nested:

Fit(Z5) = F (?u(ZS)) C Fi(Zs).
Theorem 9.16 quantifies their projective shrinkage: since the first image is strictly positive,

diamg,, (Ef (23)) < AKPD diamy,, (?u(z3)), 0>1.

Dual-potential form of the contraction. By (8.20), the KL-normalized potentials satisfy f©) = ¢log(u¥ @ a) and gl =
e log(V(‘}) @ b). The Hilbert contraction can therefore be read directly on potential classes because
19— 1y = edg (', u%), 180 —g¥lv = edp (v, v*).

Thus a complete cycle contracts both potential classes at the rate A(K)?. Moreover, the temperature factor must be retained
when passing from potentials to densities:

1O — ]y + |g© - g*llv
- .

1
Hog (P20 & P*) I = 1) - £) @ (g -~ g") s <

With n = n(K;) as in Theorem 9.15, A = % < tanh(R/(2¢)) < 1. The posterior estimates (9.10) become IO — £y <

5 1og((P21,,) @ a)llv, and [5© - g*lv < £z [ log((PR+1)T1,) @ by

9.5 Local Convergence Analysis and Acceleration

Conditional operator and maximal correlation. Let L%(a) = {h €l*(a); f hda = 0}

Definition 9.17 (Conditional coupling operator). For a coupling = € U(a, B), let n(dx, dy) = a(dx)n.(dy) = B(dy)nY(dx)
be its two disintegrations. Define Ty, : L%(8) — L?(a) and T : L*() — L?(B) by

(Trk)(x) :=/yk(y)dnx(y), (Trh)(y) :=/Xh(x)dny(x). (9.12)

The centered maximal correlation of 7 is the restricted operator norm
o(m) = T : Lg(B) = Li(@)lop, (913)
with the convention that this norm is zero when the domain is {0}. If both centered spaces are nonzero, equivalently,
o= sup [klow=  swp [ hGokwdn(, )

keL2(B) heLi(a), keL3(B)
Ikl 25)=1 17l 20y =Nkl 20 =1

For the optimal entropic coupling 7, of (8.13), set T, := T;, and o, = (7).

In the discrete setting of (8.1), assuming the weights are positive, the optimizer P, gives

T. = diag(a)'P,, T = diag(b)"'P;, (9.14)
where adjointness is understood in the a- and b-weighted Euclidean inner products. If min(n, m) > 2, then o, is the second
singular value of diag(a)~!/?P, diag(b)~'/?,
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Dual Hessian and exact local rate.

Proposition 9.18 (Dual Hessian and local Sinkhorn rate). Assume the setting of Proposition 8.18, and that differentiation under
the Gibbs integrals and the stated L2 Taylor expansions are valid. These requirements are automatic in finite spaces and form the local
reqularity hypothesis in continuous settings. For bounded directions (h, k) and (W', k'),

~eD*D,(fe, 8o)(h, k), (', k)] = /X y(h(x) + k()W (x) + k' (y))dme(x, y). (9.15)
X
Hence the Hessian form extends continuously to L*(a) & L2(B), where the positive dual curvature operator is

Id Tf) . 9.16)

2 _ 1
-V Dg(fe/gs) - E T; Id

After quotienting by the gauge direction (1, —1) and using the product-L? quotient norm, its spectrum is contained in [(1 — 0.)/¢,2/€].
If at least one centered space is nonzero, both endpoints belong to the spectrum, although the lower one need not be an eigenvalue. In
particular, when o, < 1, the spectral condition number of the full dual is 2/(1 — o). If both centered spaces are {0}, the quotient is
one-dimensional, its sole eigenvalue is 2/ e, and its condition number is one. The derivatives of the two soft-transform updates (8.25)—(8.26)
at the optimum are

Dlg+ gI(ge) =-T.,  DIf — fI(fe) = -T;. (9.17)
g > (g5 is T*T.. If the gauges are fixed so that e¥) := ¢¥) — ¢, € L3(B), then
N WU o(||e<"> 2 (ﬁ))' (9.18)

Unless the centered error vanishes in finitely many cycles, this gives

. ||€(€+1)||L2(5)
lim sup ————
{—o0 ||€( )"Lz(ﬁ)
eW£0

If 02 is an isolated eigenvalue and the asymptotic error has a nonzero projection onto its eigenspace, this ratio converges to a2. When
L3(B) = {0}, there is no centered target-potential degree of freedom and the local cycle statement is vacuous.

Proof. Twice differentiating the exponential term in (8.23) gives (9.15); the density law (8.24) identifies its reference measure
with 7t.. Its two diagonal terms are the L? inner products of the marginals, and its cross term is represented by T, which
proves (9.16).

Each quotient class has a unique representative orthogonal to the gauge direction, hence of the form (hg + m, ko + m) with
ho € Li(a) and ko € L§(B). On the centered component, Cauchy-Schwarz and (9.13) give

(1 - Gs)("ho"izm) + ”kO”iZ(ﬁ)) < ”h0"i2(a) + "kO"iz(ﬁ) + 2<h0/ T€k0>L2(04) < (1 + US)("hOHiZ(Q) + "kO"iZ(‘B))

The common-constant direction (1, 1) has eigenvalue 2/¢, whereas (1, —1) is the gauge kernel. If both centered spaces are
nonzero, approximate maximizers in (9.13) show that the lower spectral endpoint is (1 — o.)/¢. If exactly one centered space
is nonzero, every vector in that centered factor has eigenvalue 1/¢, which is the same endpoint because o, = 0. If both
centered spaces vanish, only the common constant direction remains after quotienting. This proves all stated condition-number
formulas without requiring a singular-vector basis.

Differentiating either log-partition formula in Definition 8.19 produces minus the corresponding conditional expectation under

¢, proving (9.17). The chain rule and a Taylor expansion then give (9.18). Since |T; T | RE)-12p) = 02, the rate follows. O
When L3(B) # {0}, the same spectral gap has a direct probabilistic interpretation. The law of total variance gives

1-02= inf / Var, (k(Y))da(x). (9.19)
keL3(p) Jx '
Vel 25 =1

Thus Sinkhorn slows down when the optimal conditional laws Y|X = x become nearly deterministic. This is exactly what
happens as ¢ — 0 in a smooth Monge regime.

Proposition 9.19 (The global Hilbert factor controls the local rate). In the discrete positive-kernel setting of Theorem 9.16, let A(K) be
the Birkhoff contraction factor defined in Theorem 9.15. Then

o: < AK) <1, a% < AK). (9.20)
Proof. Let R(v) = a@ (Kv) and C(u) = b @ (K"u) be the row and column scaling maps used in the proof of Theorem 9.16.
Entrywise inversion and multiplication by a fixed positive vector are isometries of Hilbert’s metric. Theorem 9.15, applied
successively to K and K7, therefore gives the pairwise estimate dy;(C(R(v)), C(R(¥))) < A(K)?dg(v,V), where A(KT) = A(K)
follows directly from its cross-ratio definition. Under the logarithmic change of variables ¢ = ¢log v, Hilbert’s metric becomes
el - |v by (9.7). Hence the complete dual update S(g) = (¢5¢)¢ is A(K)?>-Lipschitz for the variation norm on the quotient
by constants: |S(g) — S()|v < A(K)?|g — gllv. Differentiate this inequality at the fixed point g.. Proposition 9.18 gives
DS(g.) = T;T,, and therefore |T; T.h|lv < AK)?|k|y for every h € L3(B). In the present finite-dimensional setting, T; T, is
positive and self-adjoint for the B-weighted inner product, and its largest eigenvalue on L%(ﬁ )iso?. If o, > 0, takea corresponding

eigenvector /. It is nonconstant, so |h|v > 0, and the preceding bound gives o2|hx|y = |T:T.hxlly < AK)?|hx]v. The
conclusion is immediate; the case o, = 0 is trivial. O

If a uniform Laplace expansion turns the conditional-variance form in (9.19) into ¢ times a coercive weighted Dirichlet form,
then 1 - 02 < ¢.
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Blockwise over-relaxation. A minimal acceleration extrapolates each block toward its soft-transform maximizer: for w > 0,
O = (1= @)f O+ 0lg ), gD = (1= w)g® + () ©0.21)
Proposition 9.20 (Optimal local block relaxation). Assume the hypotheses of Proposition 9.18 and o, < 1. For every 0 < w < 2, the

iteration (9.21) is locally linearly convergent modulo the additive gauge. Its optimal relaxation parameter and corresponding asymptotic
factor are

2 1-+41-02
Wy = 1‘*=a)*—1=—06

T 1+1-02 1+y1-02
2

For w =1, the factor is ¢%, as in Proposition 9.18.

(9.22)

Proof. Use (9.17). The polar decomposition of T, and the spectral theorem for (T;T,)!/? reduce the centered linearized
iteration to scalar spectral values s € [0, o.]; in finite dimensions these are the usual singular values. On the corresponding
two-dimensional mode, one relaxed cycle has matrix

1-w —wSs

Mo (s) = —ws(1-w) 1-w+w?s

2],
whose characteristic polynomial is z2 — (2(1 — @) + w?s?)z + (1 — w)?. The supremum of the root moduli is reached, or
approached, as s — o,. When o, > 0, the discriminant of this limiting mode vanishes when a)ZGZ = 4(w - 1): the roots
coalesce there and form an equal-modulus complex-conjugate pair beyond it. The smaller solution is w, in (9.22); at this value
both root moduli equal w,« — 1. Below this threshold the dominant real root decreases with w, while above it the conjugate-root

modulus @ — 1 increases. If 6, = 0, the polynomial is (z — (1 — w))? and the optimum w, = 1 follows directly. This proves
optimality and local convergence for 0 < w < 2. The nongauge constant mode has factor (1 — )? and never dominates these
centered modes. O

Set b, =1- ag. When 0, is small, the exact expression in (9.22) gives the complete-cycle factor 7, = :g =1-20, +26, +

O(éi/ %), Per half-step, the corresponding factor is y7x = 1 — V0, + O(5;). In the finite positive-kernel setting, the Hilbert
estimate used in Theorem 9.16 yields global convergence of the relaxed iteration for the conservative range 0 < w < 2/(1+A(K));

Entropic semi-dual and variable projection. The hard semi-dual & in (6.2) eliminates one potential from the full dual Dy. At
positive temperature, the full dual is D, from (8.23), and the soft c-transform g¢ is defined by (8.26). Applying the same
partial maximization gives the entropic semi-dual

Ee(g) = D(g",8) = / ¢- da + / gdp. (9.23)
X Y

For a potential g, let 7, be the Gibbs measure obtained from the density law (8.24) by replacing (f;, g¢) with (5%, ). Write
ng(dx, dy) = a(dx)mg «(dy) and denote its second marginal by ;. The first marginal is exactly a by construction.

A representative application is training a two-layer network by miny v $|[Ua(VX) - Y|32,
Proposition 9.21 (Semi-dual curvature and conditioning). For bounded directions k, k’,

D&.(9)[K] = /y KAB-Bg), DAk K] = /X Covr, . (k(Y), K (V) da(x). (9.24)

At g = g, its positive curvature on L3(B) is

2
1-o0%

V2E,(g.) = %(Id _T°T), 1d < —V26.(g.) < %m. (9.25)

e
If L%(ﬁ) # {0}, its spectral condition number is at most 1/(1 — 2). If L%(ﬁ) = {0}, the semi-dual has no centered degree of freedom and no
spectral condition number is assigned.

Proof. The envelope theorem gives the first derivative in (9.24). Differentiating the normalized conditional Gibbs law gives the
covariance formula. At the optimum, total covariance yields /X Covy, , (k(Y), kK'(Y))da(x) = /y kk'dp - fX(Tgk)(Tg k)da, which
is (9.25). Equivalently, this operator is the Schur complement of the first identity block in (9.16). Its spectrum on centered
functions lies in [(1 — 02)/e,1/¢]. O

9.6 Entropic Optimal Transport between Gaussians

Proposition 9.22 (Quadratic closure of Sinkhorn iterates). Let f = N(mg, Lg) on R and take c(x,y) = |x — y|> If g(y)isa
quadratic polynomial such that the Gaussian integral below is finite, then the soft transform

_ —_ 12
o = =ctog [ exp( S gy

is a quadratic polynomial in x.

Proof. The exponent is the sum of a quadratic polynomial in y and the logarithm of the Gaussian density of . Completing the
square in y evaluates the integral as a positive constant times the exponential of a quadratic polynomial in x. Taking —¢ log
therefore gives a quadratic polynomial. ]

Proposition 9.23 (Balanced entropic OT between Gaussians). Let &« = N(mqa, L) and p = N(mg, Lg) have positive-definite
1/2

covariances, and let Zi/ ZZﬁ

= U diag(o;)V" be a singular-value decomposition. For the balanced entropic problem (8.13) with
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1/2 \/s +16a

c(x,y) = |x — y|?, the optimizer is Gaussian with cross-covariance K, = Z;/ZU diag(si)VTZﬁ , The optimal

value is
I = mglP + tr(Zq) + tr(Zg) + (—Zoisi - glog(l - sf)) .
i

As € | 0, s; — 1and the full covariance contribution, including the two trace terms, converges to B(X,, Zﬁ)z.

Proof. Let (X,Y) be any coupling with finite second moments and cross-covariance K = E[(X — ma)(Y — m3)T|. Replacing
(X,Y) by the Gaussian vector with the same mean and covariance leaves the quadratic cost unchanged. Since the marginals
are fixed, KL(nt|a ® B) = —h(X,Y) + h(a) + h(B), where h denotes differential entropy when it is finite. Among laws with a
fixed covariance, the Gaussian maximizes entropy; if the entropy is not finite, the relative entropy is already +co. Thus the
Gaussian replacement cannot increase the objective, and it is enough to optimize over Gaussian couplings.
Any such coupling has covariance

X, K

KT Xgl-

Write K = z}/ %5 Z;/ %, The block covariance constraint is equivalent to the singular values of S being at most one, and finite

entropy forces them to be strictly smaller than one. The cost depends on K through |m, —mg |2+ tr(Z,) + tr(Xg) — 2 tr(K), while

KL(r|la ® B) = —% log det(Id — SST). By von Neumann'’s trace inequality, the minimizer aligns S with the singular vectors of
Zl/ 22/13/ 2, so S = U diag(s;)V ". The problem separates into scalar minimizations ming<s<1 —20;$ — 5 log(1 - s2). The first-order

condition is 20; = €s/(1 — s2), whose positive solution is the displayed s;. Substitution gives the value formula. Since s; — 1
and ¢log(1 - sz.z) — 0as ¢ | 0, the spectral sum converges to =2 3; 0;. The identity > ; 0; = tr((Z}/ZZﬁZ;/Z)l/Q) then gives the
Bures—Wasserstein covariance contribution. O

Corollary 9.24 (Gaussian Sinkhorn divergence and smoothed Bures term). Let a = N(mq,LZ,) and p = N(mg, Zg) have
positive-definite covariances. For r > 0, define

\e2 2_
Te(r) = %, Yo(r) = =2r t.(r) — ¢ log(l —7.(r)?).

If 0i(Z, A) denotes the singular values of Y2 AV? and A;(X) the eigenvalues of T, then the debiased Sinkhorn divergence (8.51) is
__Hz(a B) = lma —mg |2+ Be(Za, Z/;)z where the Gaussian covariance contribution is the debiased smoothed Bures term

oS, AP = D 002 A)) = 5 D (Ai(D) - 5 D e (Ai().

Moreover B.(Z, A)?> — B(L, A)* as € | 0, where B is the Bures—Wasserstein metric of Proposition 2.30.

Proof. Proposition 9.23 writes the raw entropic value as the squared mean displacement plus trace terms and a spectral sum.
With the notation above, the spectral part is exactly }}; . (0i(Xq, Zg)). Applying the same formula to the self-costs («, a) and
(B, B) replaces these singular values by the eigenvalues of I, and Zg. In the polarization formula (8.51), the trace terms cancel
because tr L, + tr X — %(2 trZ,) — %(2 trXg) = 0, while the polarization of the squared mean terms leaves exactly [m, — mg|?.
Since 7.(r) — 1 and ¢log(1 — 7.(r)?) — 0, one has ¢.(r) — —2r. The limit is therefore tr L + tr A —2 Y, 0;(%, A) = B(Z, A)?,
which is the Bures formula (2.15). m|
Proposition 9.25 (One-dimensional Gaussian Sinkhorn rate). Consider & = = N(0,1) on R with c(x, y) = (x — y)?. Initialize
¢g® =0 and, after £ complete Sinkhorn cycles, write g'9(y) = qy? + cst. One soft transform maps a quadratic coefficient q to

Qi(q)=1- 1q+é/2, g <1+¢/2,50 that ¢ = Q.(Q.(q)). Set Ag :=1-g O +5, Ay :=1-qu+5 = £¥EL10 Ty
79 — gy =1+ ¢/2 — Ay, and the convergence obeys the exact cross-ratio identity < Ar :*1 =AM %. In particular,

4 4£’
0< -0 < — =]
e+ Vez+16
Proof. Completing the square in / exp((qy® — (x — y)»)/€)dN(0, 1)(y) gives Q.(g). Write a = ¢/2. Applying this map twice
shows that Ay = 1 — q¥) + a satisfies Agy1 = M(Ay), M(A) =a+ ﬁ. The fixed points of M solve A2 —aA —1 =0 and

% =AM j;:_*l , which proves the exact identity by

iteration. Moreover, Ag = 1 +a > A, and M leaves [A,, Ag] invariant. On this interval, 0 < M’(A) = 7a A)Z < m =A%,

where 1 + A, = Ai. Hence 0 < Ay — Ay < A;”(Ao —Ay). Since Ag — Ax = gxand Ay — Ay = g% — q(‘] , this is the announced
bound. m|

are A, > 0 and —A;!. Direct algebra for this Mébius map gives

9.7 Continuous ¢-Sinkhorn Flow

Parabolic Monge-Ampeére limit. Take the quadratic torus cost c(x, y) = da(x, y)2 /2. In the zero-temperature limit, the soft
transforms concentrate near the map x +— x + Vu(x), while the first Laplace correction records its Jacobian determinant.
Rescaling the accumulated correction in iteration time leads to the following flow.
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Definition 9.26 (Continuous e-Sinkhorn flow). Let @ and f be probability measures on the unit-volume flat torus T¢ with
smooth positive densities p, = e~f and pg = eC. A gauge-fixed potential u; : TY — R, with frd urdx = 0, follows the
continuous &-Sinkhorn flow if

drur(x) = logdet(Id + VZuy(x)) — G(x + Vuy(x)) + F(x) — 7, (9.26)

where x + Vi (x) is understood modulo Z%, Id + V?u; > 0, and 7 is the unique scalar preserving the mean-zero gauge.

Proposition 9.27 (Stationary continuous Sinkhorn potentials). Assume that a smooth stationary solution of (9.26) satisfies

Id + V2u > 0, and define T(x) = x + Vu(x) modulo Z°. Then Tya = p. Conversely, any smooth map of this form satisfying Id + Vu > 0
and Tya = B solves the stationary equation, up to the additive gauge of u.

Proof. At stationarity, the right-hand side before subtracting 7; is a constant 7, hence e ¢T¥) det VT(x) = e F™e". The
positive-Jacobian condition Id + V2u > 0 makes T an orientation-preserving local diffeomorphism of the torus, homotopic
to the identity and therefore of degree one. It is thus a diffeomorphism. Integrating the displayed identity and using
that both measures have unit mass gives e” = 1. The remaining equality is precisely the change-of-variables formula for
Ty(e Fdx) = e~Cdx. Reversing the argument proves the converse. m]

Rescaled continuous Sinkhorn iterates. Let S, denote one complete continuous dual Sinkhorn cycle (8.27), written in the sign

c,e
convention # = —f. Using the soft transforms of Definition 8.19, S,u = — ((—u)"’s ) . For a smooth potential with Id + V2u > 0,
set R(u)(x) := logdet(Id + V2u(x)) — G(x + Vu(x)) + F(x).
Proposition 9.28 (Conditional rescaled continuous Sinkhorn limit). Let ugo) = ug be smooth and mean zero, and generate

ug“) = Sgug) - /Td Sgug)dx. Fort € [Le, (£ +1)e], let ue(t) == (1— G)ug) + Gugﬂ), 0 = t/e — L. Assume that, for every T > 0,
there are xr > 0 and n:(T) — 0 such that, whenever {e < T,
< ene(T).

ugﬂ) - ug) - (R(ug)) - / R(ug))dx)
T4 co

If i — w in C([0, T1; C*(T¥)) for every T, then u € C'([0, T]; C°(T*)) and solves (9.26), with 7; = [, R(us)dx.

1d + V2ul” > x7ld,

Proof. Ata grid time f, = ¢|t/¢e], summing the normalized consistency estimate gives
ug“/f“ —up=¢ Z [R(ug)) - / R(ugr))dx
r<lte] i
(

Define the left-endpoint interpolation u,(s) = u ELS/ D Uniform convergence of the affine interpolants to the continuous limit
implies that #, — u uniformly in C?. Together with the uniform Jacobian positivity and smoothness of F, G, this gives uniform
convergence of the summand to R(u;) — /rd R(us)dx. Indeed, the sum in the preceding display is exactly

te
/0 [R(ES(S)) - /T ) R(gg(s))dx] ds,

and therefore converges to the corresponding integral along u. The affine remainder between ¢, and t tends to zero, so

U — U = ‘/Ot [R(us) - frd R(us)dx} ds.

The integrand is continuous in C, hence u is C! in time with values in C°. Differentiating this identity gives (9.26). o

+ee(t),  Jee(t)lco < Tne(T).

One-dimensional Gaussian closure. In one dimension, the flow reads d;u(x) = log(1 + u}(x)) — G(x + uj(x)) + F(x) — 7;.
Although it was introduced on the torus, the same formal equation applies on R for confining Gaussian densities. Let
a = N(mgy,0%)and B = N(mg, og). The equation is closed on quadratic potentials: up to the irrelevant additive constant, write

x +u(x) = g +ar(x —my), a; > 0. Substituting this ansatz into (9.26) and matching the quadratic and linear coefficients
gives the closed two-dimensional system
. 1 4 . at
at = — = — qr = ——2(‘% — mg). (9.27)
da  Op o

10 Statistical Optimal Transport

10.1 Law of Large Numbers and Central Limit Theorem

Empirical laws. If Xj, ..., X, areii.d. samples with common law «, the associated empirical measure is the random probability
measure

. 1%
Q= ZJ‘SX"' (10.1)
i=

The ordinary law of large numbers says that empirical averages converge to expectations. In measure language this means
that &, converges weakly toward «, because testing &, against a bounded continuous function ¢ gives the sample average

nt Y (X)),
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Proposition 10.1 (Empirical law of large numbers in ‘W,). Let (X, d) be a Polish metric space, let p > 1, and let & € P (X). Let
(Xi)i»1 be i.i.d. random variables with law «, and define &, by (10.1). Then

ap = a and Wy(dy,a) —0
almost surely. Moreover, E Wy (&), a)P — 0.

Proof. Fix a reference point xg € X, and write r(x) = d(x,x). Since X is Polish, the weak topology on P(X) admits
a countable convergence-determining class (@x)i>1 C Cp(X). For each fixed k, the strong law of large numbers gives

f prday, = 1 301 pr(Xi) — Epr(Xq) = f @rda almost surely. Intersecting the corresponding probability-one events over
the countable set of indices gives, on a single event of probability one, convergence against every ¢x. By the convergence-
determining property, this is exactly &, — a.

The moment condition & € #,(X) means f rPda < +oco. Applying the strong law again to the integrable random variable r(X1)?
gives f rPda, = L 30 r(X)P — f rPda almost surely. Proposition 4.17 states that weak convergence plus convergence of
the p-th moments is equivalent to ‘W ,-convergence on #,(X). Hence ‘W,(&,, a) — 0 almost surely.

Set A, = f rPdd, and M = f rPda. The triangle inequality through the Dirac mass 6y,, followed by (a + b)P < 2P~1(aP + bP),
gives the deterministic bound W,(&,, a)’ < 27 -1 (An + M). The family (A,), is uniformly integrable. Indeed, by the de
la Vallée—Poussin criterion, choose a convex superlinear function W such that EW(r(X;)?) < +00; Jensen’s inequality gives
EV(A,) < %Z?ﬂ EW(r(X;)V) = E¥(r(X1)"). Thus (A, + M),, and hence (W (&, @)F),, is uniformly integrable. Together
with almost-sure convergence to zero, this implies E W p(&n ,a)f — 0. a

Central-limit fluctuations.
Proposition 10.2 (Berry-Esseen bound in ‘W1). Let (X;)!, be i.i.d. real random variables such that EX; = 0, EXi2 = 1and

E|X;|® < +oo. If ay is the law of n™Y2 Y, X; and y is the standard Gaussian law, then W1(a,,y) < CE|X1[*/+/n, where C is a
universal constant.

Proof. By Kantorovich-Rubinstein duality, Wi(au, ) = supy < [ER(Sn) — ER(G)|, where S, = n~1/2¥.X;and G ~ y. For
each such 1, solve Stein’s equation f;(x) — x fi(x) = h(x) — Eh(G). The solution satisfies || f/ [« + | f;'| < C for a universal
constant. Hence Eh(S,) — ER(G) = E[f;(Sn) — Snfu(Sn)]. Write Sg) =S, — Xi/\/n. Independence and EX; = 0 give

=N (5059 4 X ) — £
[snfmsn)]—ﬁ;E[xl(fh(sn +Xi/N) - filS1) |

Taylor’s formula with integral remainder and EXi2 = 1 control the difference between E[S, f,(S;)] and n~! 3, E f}:(S,(f)) by
CE|X;1[3/+/n. The Lipschitz bound on f,, controls the difference between Ef;(S,) and the same average by CE|X;|/ /. Since
EXl2 = 1, the triangle inequality gives |E £, (Sn) — E[Sn fh(Sn)]| < CE|X1[*/+/n. Taking the supremum over & proves the result.
Sharper constants and higher-order transport-distance refinements are available, but are omitted from the compact handout. O

Proposition 10.3 (Sharp symmetric lattice asymptotic). Let X be centered, symmetric, of unit variance, and supported on a finite
subset of a + hZ, where h > 0 is the maximal lattice span. If oy, is the law ofn‘l/2 2y Xiand y = N(0,1), then Vn Wia,,y) — %.

Proof. Denote by F, the CDF of a,, and by ® and ¢ the standard Gaussian CDF and density. With the centered periodic
sawtooth 1(u) = 5 — {u}, the integrated lattice Edgeworth expansion gives

Fy(x) = ®(x) = \/— lnb(\/_x ) (x) + 7 (x), 7 ||L1(R) = 0(71_1/2);

see,, and. Vallender’s one-dimensional identity states that Wi(a,,y) = fR |F, — ®|. Therefore “u + 0| - |u|’ < |v| reduces the

claim to )
L o — [ woolan = 5.

The convergence is periodic averaging: prove it first for compactly supported step functions, where it is a Riemann sum over
periods, and conclude by L!-approximation of ¢. O

Proposition 10.4 (Sharp symmetric density asymptotic). Let X be centered, symmetric, of unit variance, with a density and
moments of every order. Set x4 = E[X*] — 3 and H3(x) = x> = 3x. If ay is the law of n™2 3" X; and y = N(0,1), then

Wilan,y) = 5 [ [Hs(x)lp(x)dx + o(n7?).

Proof. The non-lattice Edgeworth expansion through order n~! has an n71/2 term proportional to the third cumulant, and 17!
terms proportional to the fourth cumulant and to the square of the third one. Symmetry makes the third cumulant vanish and

1/2

gives Fy,(x) — @(x) = —5-H3(x)p(x) + r4(x), Irnliigy = o(n1); see and. Inserting this expansion into Vallender’s identity
and using ||u + 0| - |u|| < |v| proves the formula. O
Since fR |H3(x)|p(x)dx = 2¢(0) + 8¢p(V3) = 2+\8/€;/ , one obtains the two sharp equivalents
L X ~ 1621 +6),
Wilan, 7) ~ 11 % goar2 (10.2)
1+4 1
S X ~ Unif[-V3, V3.
10V2n 7
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10.2 Sample Complexity
Unregularized OT. Forn > 2,p > 1,and d > 1, define

1@ d<2p,
Pupd =40 ) (log(1+n)VP, d=2p, (10.3)
n-1/d, d>2p.

Proposition 10.5 (Empirical OT has intrinsic-dimension value rates). Letp > 1, let X C R be compact, and, for each o € P(X), let
ay =n"t Y1, Ox, foriid. samples X; ~ o. Then

Py 1
sup E[W,(au, )| " < CXp,d Tnp.d- (10.4)
aeP(X)
oA p]l/p
E[|(Wp(an/ﬁm) - (Wp(ar ﬁ)' ] Spd Tnp,dt Tmp,d-

Proposition 10.6 (Dyadic partition bound for ‘W1). Let Q; be nested dyadic partitions of [0,1]¢ into half-open cubes of side
length 271, with cubes on the outer face closed along the boundary of [0,11%. For all a, € P([0,1]%) and every integer | > 0

Wi, p) < VAE]127 Soeq,,, [€(Q) - BQ)| + V2.

Proof. The proof is constructive: one decomposes the two measures into pieces which can be coupled at different spatial
scales. Write Q = [0,1]¢. We build positive measures (aj,ﬁj)LO such that Zﬁzo aj = a, ZLO Bj = B, and a;(Q) = ;(Q) for
every Q € Q;. Assuming such a decomposition for a moment, each pair (a;, f;) can be coupled inside the cells of Q;. Indeed,
on every cell Q € Q; with positive mass, take the product coupling between the normalized restrictions of a; and f8; to Q,
multiplied by the common mass «;(Q) = ;(Q). Summing over cells and over j gives a coupling of a and . Since the diameter

of a cell in @; is at most Vd 277, this coupling has cost bounded by ‘Wi(a, f) < \/HZLO 27 a;(Q).
Start at the finest scale. For Q € Qy, keep the common part of the two masses by setting aj(A N Q) = HQNBQ) a(ANQ)and

T alQ
BI(ANQ)= % B(A N Q), with the convention that the corresponding term is zero when the denominator vanishes. For
j=J-1,...,1,assume that the pieces at all finer levels k > j have been constructed and define the residuals (xl =a- Zk i1

and ﬁ B- > k _j+1 Bk Oneach Q € Q;, set aj and f; equal to the common part of aj and ﬁj inside Q, exactly as above. Finally

setap =a — Zk:l arand o =p — Z£:1 Bx. Each step removes only common residual mass, so all measures are positive, and
by construction a;(Q) = ;(Q) onall cells Q € Q;.

For notational consistency, set ay = ao, B = fo, ) = a,and f; = . Let0 < j <Jand R € Q;. Since all pieces constructed
at levels finer than j + 1 have equal mass on every child Q € Qj41, the residual imbalance on Q just before the matching at
level j + 1 is the original imbalance, a;.H(Q) - ﬁ;H(Q) = a(Q) — B(Q). After removing the common part at level j + 1, the
remaining source residual inside Q has mass a;(Q) = a}H(Q) -aj41(Q) = (a}+1(Q) - ,B}H(Q))Jr. Because a; is itself a common
submeasure of the residual oz;., the mass matched at level j inside R satisfies

aj(R) = Bj(R) < a}(R) = " (a,1(Q) = B}1(Q), < D a(Q) - B(Q)I,
QcR QcR
where the sums are over Q € Qj;1. Summing over R € Q; gives a;(Q2) < ZQEQM |a(Q) — B(Q)]. The last level satisfies
a7(Q) < 1. Substituting these bounds into the cost estimate proves the claim. m]
Proof of Proposition 10.5. General empirical Wasserstein moment estimates prove the one-sample statement for arbitrary p; the
two-sample estimate then follows from the reverse triangle inequality and Minkowski’s inequality. By the triangle inequality,
|W1(&n, Bum) — Wl(a,ﬁ)| < Wi(an, a) + Wi(Bm, B). It is therefore enough to bound E ‘Wi(&,, a). Apply Proposition 10.6
to (&u, @). If Q € Qj11, then nd,(Q) is a binomial random variable with parameter a(Q), and hence E |4, (Q) — a(Q)| <

\/ E|a@.(Q) — a(Q)* < \/ @ Summing over the 20*D? cells and using the Cauchy-Schwarz inequality gives
A 2(]+1>d/2
> Elan(Q) - a(Q)l < Z Va(@Q
QGQ/‘H QGQ/H
Therefore, for every | = 0, EW1(d,, @) <a 27T+ \/Lﬁ Z;;(l) 2/d/2=1) 1f 4 = 1, the sum is uniformly bounded and we choose | such

that 27/ < n~Y/2. If d = 2, the sum is ], and choosing 2/ =~ n'/2 gives (log n)n~"/2. If d > 3, the sum is dominated by its last term;
choosing 2/ ~ n'/4 gives 27/ + n=1/22/(@/2=1) ~ 3y =1/4_ This proves the displayed ‘W rates. The elementary dyadic estimate is
not sharp for every law in the critical case d = 2. The proposition deliberately retains the distribution-free (log 7)n~/2 bound
supplied by the dyadic proof. ]

Lower bounds and minimax optimality.

Proposition 10.7 (Minimax lower bound for bounded densities). Let d > 3. Let A be the class of probability measures on [0, 1]?
admitting a density p with respect to Lebesgue measure such that 3 < p(x) < 3 for a.e. x € [0,1]%. For each n > 1, let €, be the class of
measurable estimators a,, : ([0,1]%)* — P([0,1]%). There exists cd > 0, depending only on d, such that

_inf supEx,,. x,)~a®n [W1 (ozn(Xl, e, Xn), a)] > cy4 n4d,

an€Cy yem

.....
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The expectation is over i.i.d. samples X; ~ a. In particular, the high-dimensional rate of Proposition 10.5 is minimax sharp for ‘W1, even
when one allows arbitrary estimators rather than the empirical measure.

Proof. We use a standard hypercube construction. Choose a smooth function ¢ compactly supported in (0, 1)?, with f V=0,
[l < 1, and whose positive and negative parts are separated in the first coordinate. There exists a compactly supported
Lipschitz function ¢ such that f pdx > 0. We extend both functions by zero outside (0,1)?, and absorb Lip(¢p) into the
constants below.

Let m be an integer, 1 = 1/m, and partition [0,1]? into M = m? cubes Qx = z; + h[0,1)?. Define the rescaled bumps
Pr(x) = P(52) 19, (x). For 6 = (61,...,0m) € {-1,1}M and a fixed small 1 > 0, set pg(x) = 1+ 17 2211 Oxtk(x) and
ag = pedx. For 1 small enough, all these densities belong to A, and they integrate to one because every 1x has zero mean.
If 6 and 0’ differ on a set S of coordinates, the dual formula for W gives an additive lower bound. Indeed, rescale ¢ as
@r(x) = h o(*5=). Each ¢y is supported in a fixed strict subcube of Q. After dividing by this constant, Kantorovich-Rubinstein
duality and the choice sx = sign(6x — 6;) on S give Wi(ag, ag) > cnh®™1Ham(0, 0), where Ham denotes Hamming distance
and ¢ > 0 depends only on the chosen bump.

Neighboring vertices of the hypercube are statistically close. If 6% is obtained from 6 by flipping only the k-th sign, then the
one-sample Kullback-Leibler divergence is bounded by KL(ag|agin) < Cn?h¥, because the two densities differ only on Qy,
the perturbation has size O(n), and the densities are uniformly bounded away from zero. For n independent samples the
divergence is multiplied by 1. Choose m so that m* ~ n. Then nh? is bounded, and, by taking 1 sufficiently small, Pinsker’s
inequality (Theorem 7.13) gives a uniform bound TV (a8", a e[k]) < g < 1. Assouad’s lemma converts this M-dimensional
hypercube into M binary testing problems. More precisely, if the loss between two vertices is bounded below by 6 times their
Hamming distance, while every pair of one-coordinate neighboring experiments has total variation at most g < 1, then every

estimator has worst-case expected loss bounded below by a universal constant times Mo(1 — q). Here 6 = cnh?*!, so the
lemma gives

inf  sup E, n [W1 an(Xl, .. ,Xn),ag)] >c'n Mh+(1 - q)=c'n(l-q)h = n~1
@n€Cu ge(_1,1}M
Decreasing the constant handles the finitely many small values of 71, and the claim follows. ]

Leveraging smoothness.
Proposition 10.8 (Smoothed plug-in rates). Let d > 3,s > 0, and let « = podx, p = pgdx be probability measures on the unit-volume

flat torus T4, with max{| pa | us, lpgllas } < L. Choose an even function x € C*(R%;[0, 1)) such that x(&) = 1 for |&] < 1and x(&) =
for I€] = 2. For 0 < h < 1, let xy, be the periodic kernel with Fourier coefficients iy (k) = x(hk), and define @, = &, * xj and
Bun := Pm * k1. These are signed measures of total mass one. Then

Eldn - alw, < C (hs“ + n_l/zhl“m) .

The analogous bound holds for Bm,h — B. Define the signed plug-in estimator W 1um = @ n, — ﬁ m |, . Choosing hy, =~ p~1/(d+2s)

and Ty, = m~1 329 gipes

s+1

E W1 nm —(W1(a,ﬁ)‘ < C(n#% ¢ m#).
The constant depends only on d,s, L and x.

k
Proof. Tt suffices to prove the one-sample bound. For a zero-mean function w on the torus, set |w|? BT d) = Ykezi\{0} 1?1)2( “ ;{!lz

Kantorovich-Rubinstein duality and Cauchy-Schwarz give |wdx|w, < |w|g-1(74), because a 1-Lipschitz test function has

Lz—gradient norm at most one on the unit-volume torus. Moreover, E&, ; = (pq * k5 )dx, so the error splits into a deterministic
smoothing bias and a centered empirical fluctuation.

Since x equals one near the origin, for every s > 0 one has |1 — x(hk)| <s (h]|k])**!. Fourier estimates and Parseval’s identity
therefore give
"Pa *Kp — Pa"H 1S hs+1 "Pa ”Hs

|x (k)
Elpa,, — Pa*Kh"H1~ Z HE $ n

In the second line, the support of x restricts the sum to 0 < [k| < 2 / h, and Yo xj<2/n Ik|~2 < h?>~? because d > 3. The triangle

and Jensen inequalities give the one-sample bound. Equating its two terms yields & ~ n~'/(@+25)_Finally, the reverse triangle
inequality for the norm | - |w, gives the two-sample claim. m]

MMD. MMD contains no transport optimization: its square is a combination of expectations of kernel evaluations, estimated
empirically by sums of kernel values. Ordinary Monte-Carlo averaging therefore gives the dimension-free parametric rate
below for bounded kernels.

Proposition 10.9 (MMD has a parametric value rate). Let k be a bounded positive definite kernel with k(x, x) < x2, and let MMDy, be

the discrepancy of Definition 7.5. If &, and B, are independent empirical measures, then

E [MMDx(&y, fin) — MMDk(a, B)| < (T + %)

Proof. Let ®(x) = k(x,-) be the feature map and m, = ED(X). The reverse triangle inequality for the RKHS norm gives
|MMDk(&n,ﬁm) - MMDk(a,ﬁ)| < MMDg(G,, a) + MMDk(ﬁm,ﬁ). Independence cancels the cross terms after taking the
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squared norm and expectation, giving E MMDy (&, @)* = %EHCI)(X) - My ”ng = %(Ek(X, X) - Ek(X, X’)). The same estimate
applies to f3,;, and Jensen’s inequality together with k(x, x) < x2 gives the displayed bound. m]

Entropic OT.
Proposition 10.10 (Fixed-temperature Sinkhorn divergence has a parametric rate). Lef c(x,y) = |x — y|?/2, and assume that

a and B are o-subgaussian probability measures on RY, in the sense that f el /45" q(x) < 2 and fe"ynz/(z"lgz)dﬁ(y) < 2. Set

q ~
g4 = [%] +6and Ags(e) = ¢ [1 + (%) d]. Let &, and p,, be independent empirical measures. Then, for every € > 0,

- A - 1 1

E|L(dn, pm) — L, B)| < CalNiole)|—=+—].
[ £E(@n, B) = Le(a, )] < Ca Ao )(ﬁ M)

Proof. Adding a separable term a(x) + b(y) to the cost adds / ady + f bdv to L{(u,v), because every feasible coupling has
marginals (¢, ). When the same function is added on both sides, b = a4, these marginal terms cancel in the Sinkhorn divergence.
Since c(x,y) = |x — y[?/2 = —(x, y) + |x]|*/2 + |y|*>/2, we may therefore work throughout the proof with the bilinear cost

c(x,y) = —(x, y). We first estimate its raw entropic value and then pass to the debiased expression.
For the measures «, § in the statement, write the dual objective, following (8.23), as

Z)?'ﬁ(u,v) = / uda + / vdp - e// (exp (u(x) roly) - c(x,y)) - 1) da(x)dp(y).

&

One can choose normalized optimal potentials for which the Sinkhorn equations hold pointwise on R?. Thus, at an optimal pair
(u,v), / exp (w) df(y) =1 for all x. Equivalently, the potentials are fixed points of the soft c-transform, but only
the dual normalization is needed below. Let (1, v) and (u,,, v,) be optimal dual potentials for («, ) and (&, B). By optimality,
Df’ﬁ (Up,vy) < Df’ﬁ(u, v) and z)f"'ﬁ (u,v) < Df”’ﬁ (145, v). Hence the difference of the two optimal values is sandwiched by
evaluating the two objectives at these two pairs of potentials. For the pair (1, v) associated with («, ), the preceding Sinkhorn
equation cancels the exponential term in the change of the first marginal: Z)?’ﬁ (u,v) - D," b (u,v) = / ud(a — @y). The same
identity holds for (u,, v,), using its normalization with respect to .
LGB - Liapl < sup | [ wd@, -a
weFe(a,dn;p)

where F¢(a, d,; ) is the union of the normalized first-marginal potentials for the pairs («, ) and (&, f). This pathwise class
is random; it will be controlled through the subgaussian envelopes below.

Set so = [d/2] + 1, and let ,, be the smallest common subgaussian proxy for «, 8, and &,. This random variable is finite almost
surely and satisfies EG2%F < Co2* for every positive integer k. For T > 0, let 77 . denote the class of normalized first-marginal
potentials associated with pairs of 72-subgaussian measures at unit temperature. The regularity estimates of Mena-Niles-Weed
show that every w € 77 . satisfies w /(1 + T3%0) € F, where ¥ is a fixed polynomial-growth C* class whose elements & obey

h(0)] < Csoa(1+1x17),  ID*h(x)] < Coa(1+1x[%), 1< x| < so.

In particular, the preceding random pathwise class is contained in ¥ 5, . For a random envelope L controlled by the empirical
subgaussian moment, the empirical Ly-covering numbers of 7 satisfy log N (5, F*0, Ly(d,)) < Cy L0 574/50(1 + ¢24), with
EL < 2. Since d/(2s0) < 1, Dudley’s entropy integral is finite. Rademacher symmetrization, the entropy-integral chaining
bound, Cauchy-Schwarz, and the moment bounds for 7, therefore yield E sup,, Fis | / wd(a, — a)| < Cy(1+ 0%)yn1/2,

7

The general ¢ case follows by scaling. Set a® = (Dy,z)3a and B = (Dy,z)4B- Then LE(a, B) = e Li(a*, B*). The push-forward
of a 02-subgaussian law by D, Jyz 18 (02/¢)-subgaussian, so the standard-deviation proxy ¢ is replaced by ¢/+/¢. Keeping this
half-integer power avoids an unjustified rounding when g, is odd and ¢ > 1; for 0 < ¢ < 1 it can of course be bounded by an
integer power of 1/¢. Changing both marginals is handled by the triangle inequality,

L6, Bn) = LECa, )] < [LEC, Bu) = LE(a, B + [ L@, ) = LE@, ).
Empirical measures drawn from a subgaussian law have such a random proxy, with moments controlled by the population
proxy. Integrating over this proxy gives the two-sample extension. The argument does not require the two empirical marginals
to have the same sample size, so the two contributions scale as n~"/2 and m~/2.
Finally, use the definition Li(a,B) = Li(a,p) - %Lg’((x, a) - %.[:5 (B, B). The cross term is controlled by the two-marginal
estimate. For the self term, use the telescoping inequality

| Le(@n, an) = L@, a)] < |LE(@n, @n) = Le(a, )l + | Le(a, &) = Li(a, a)].
Each term is a one-marginal perturbation in the same pathwise sense: the other marginal may itself be empirical, but it is part

of the common random subgaussian class. Thus the self term L{(&,, &@,) — LE(, @) is bounded at the same order as the cross
term involving «, and similarly for . Summing these three contributions gives the displayed estimate, up to changing C;. O

Sample complexity of estimating OT maps. If g}, ,, is the target-side dual potential, and if ¢(y, x) := c2(x, y), define
(g,‘i,m,]- - CZ(x/ Y])

- ) , T; (%) = x = Vuy ,(x).

Uy, m (%) = (gf;,m)é’f(X) = —Elogz bjexp
j
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With the sign convention used here, the associated soft convex potential is
- 1
(Y5 48,0 - §||Yj||2)

& _ &
e 7 Tn,m - V(Pn,m *

. 1 .
(Pn,m(x) = E”-x”2 - un,m(x) =& IOgZ b] exp(
]
Differentiating the log-sum-exp gives the explicit half-squared formula
byexp((g;,,,; - c2(x, Y))/ )

S beexp((g,, 4 — ca(x, Vi) e
At a sampled source point X;, the Sinkhorn normalization gives a)]%“ (Xj) = Pf,], /a; and Ty ,(X;) = al.‘l Z]- Pf]Yj Thus the

(10.5)

i) = ) @i, wix)=
j

extrapolated soft-transform map coincides on the empirical support with the barycentric projection (12.46) of the optimal
entropic plan.

Proposition 10.11 (Consistency of empirical barycentric maps). Let Q C R? be compact, let o, p € P2(Q), and assume that a is
absolutely continuous. Let ¢ be a Brenier potential from a to f for the cost c2(x,y) = ||x — y|?/2, and choose a bounded Borel selection
T(x) € dp(x)on Q. Atevery differentiability point of @, this selection necessarily equals V@(x), so it is a representative of the unique Brenier

map. Let X;,Y; € Q, and assume that &, = n~' Y1, 6x, — a and iy = m™ Z]r-”ﬂ oy, — Bin W, Let ey > 0 satisfy e, — 0and
&n,m log(min{n, m}) — 0. For each n, m, let Py, ,, be an optimal coupling matrix between &, and ,@m, with € = &y, unregularized if
¢ = 0, entropic if ¢ > 0. Form the aggregated plan 7;, ,, = ¥; ; P} 5(X, v,), disintegrate it as 1, ,,(dx, dy) = &n(dx)my, ,, 1 (dy), and
define T, (x) = /yd?,i/mlx(y). Equivalently, if I, := {i : X; = x}, then T, (x) = |Ix| Diel, 2j Pj,]Y. When the source sites are
distinct this reduces to Ty, (X;) = n }; P} ]Y] The aggregated definition remains single-valued when sites are repeated and satisfies
f IT; () —T(x)|>dd,(x) = % i ||T,f,m (Xi)—T(X;)|*> — O0as n, m — +oco. If B is also absolutely continuous, the analogous backward
barycentric projections converge in L*(B,,) to the Brenier map S : p — a.

Proof. The assumptions imply Le,(&n, ) — Le,(a, B). If e =0, P w m 18 exactly optimal. If ¢ > 0, compare its entropic objective
with an unregularized optimal empirical plan Q. Regarding Q, . as the joint law of two uniform discrete indices, its

relative entropy with respect to their product law is their mutual information. Hence KL(Q, i |&» ® fn) < min{logn,logm}.
It follows that / codmy , < Ley(An, ﬁm) + ¢log(min{n,m}). Hence the transport costs of 7}, ,, converge to the population
optimum. By compactness, every weak limit point of these aggregated plans has marginals «, f and optimal quadratic cost.
Brenier uniqueness therefore forces the whole sequence to converge weakly to (Id, T);a.

Disintegrate the aggregated plan 7§ ,, with respect to its first marginal and denote its barycentric projection by T;¢ . Jensen’s
inequality gives / I T,f,m (x) = T(x)|>ddn(x) < f/ ly - T(x)llzdnfq,m(x, y). At every differentiability point of ¢, the subdifferential
is the singleton {V¢(x)}. Since the target is compact, the relevant subgradients are bounded, and the closed-graph property
of dp implies continuity of the selected gradient at such a point. Convex functions are differentiable Lebesgue-almost
everywhere; because « is absolutely continuous, the bounded function (x, y) + |y — T(x)|? is continuous (Id, T)ya-almost
everywhere. The portmanteau theorem for bounded functions whose discontinuity set has zero limiting mass gives

ff ly — T(x)||2d7'c,§,m (x,y) — ff ly — T(x)|*d[(1d, T)sa](x,y) = 0. The proof for the backward map is identical when the
optimal plan is also induced by the Brenier map from f to a. m]
Proposition 10.12 (Finite-sample rate for the entropic map). Assume that a and  have densities on a common compact set Q,
both bounded above and with pg bounded below away from zero. Let T = V¢ be the quadratic Brenier map from « to f, and assume

that ¢ € C%(Q), its Legendre conjugate satisfies ¢* € C**1(Q) for some s > 1, and pld; < V?¢p(x) < LId, (x € Q) for constants
0 < pu < L. Sets:=s A3, assume that Loeo(ar, ) < +00 as in Proposition 8.15, and draw n independent samples from each measure. If

en = n~ VS then the estimator T, ", defined in (10.5) satisfies

. 541
EITys =TI, ., S (1+ Zgeola, B))n” 2@+ log n.

L2(a)

Sliced Wasserstein. For a direction 6 € S%7!, let Pg(x) = (0, x) be the one-dimensional projection and let ¢ denote
the normalized surface measure on the sphere. For a,f € Pp(Rd), the sliced Wasserstein distance is SWy(a, p)F =

Jair Wy (Po)gar, (Po)yB)’ da(0).
Theorem 10.13 (Dimension-free empirical rate for SWy). Let o, f € P(RY) satisfy supp(a) U supp(B) € B(0,R), and let &, and
B be their empirical measures from n and m i.i.d. samples, respectively. Then

E[SWi(dn, pm) - SWila,p)| < R (% * \/L—)

Proof. The triangle inequality for SW; gives |S"W1(07n,‘l§m) - S"Wl(a,ﬁ)| < SWi(d,, a) + SW, (ﬁm,ﬁ). Fix 0 € S%1 set
ag = (Pg)yar, and denote the cumulative functions of ag and its empirical measure by Fg and ﬁg,n. Both measures are
supported on [-R, R]. The one-dimensional identity (2.12) and the Cauchy-Schwarz inequality give

E Wi ((Po)gdn, as) [ E |Bo,u(s) - Fe(s)|ds</ Fe(s)(l Fo(s)(1=Fo(s)) 4 _ \_

Indeed, 1Fg ,(s) is binomial with success probability Fg(s). Integrating this bound over 0 yields E S"Wl(o?n, @) < R/+/n. The
same argument for §, followed by the preceding triangle inequality, proves the result. m]
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10.3 Bias and Variance of OT

Bias, variance and approximation errors. We now ask for a finer statistical description of the KL-normalized entropic OT
value L from Definition 8.10, with the convention .E? := L, for unregularized OT. Fixing ¢, a and f3, define the statistical bias
B, m = EL(An, pm) — L (a, ) and the centered fluctuation Z;, ,, == LE(&n, fin) — ELL (A1, ). If the target is the exact cost
but the statistic is entropically regularized, these quantities isolate the three sources of error:

Lg(&nlﬁm)—-ﬁg(a,ﬁ) = ch(a/ﬁ) _~£9(a/ﬁ)+ Bz,m + Z;,m
S~ S~
regularization bias statistical bias  centered fluctuation

For the debiased Sinkhorn divergence, define Bfl’m and Z,ﬁ,m by replacing £¢ with £¢ above; the same decomposition then
holds with bars. It is usually read after choosing a temperature ¢ = ¢,.

Proposition 10.14 (Finite-space bias and CLT for OT). Let a = Zf\i 1ai0y; and B = Z]-Aﬁl bjby,, where all weights are positive and c is
finite on the product support. Let &, and B, be the independent empirical laws of n i.i.d. samples from o and B, respectively. Fix € > 0,

with L2 = L, and let (f¥, g¥) be optimal dual potentials for LE(a, B). When ¢ = 0, assume that this pair is unique up to the additive
gauge; for € > 0, this uniqueness follows after fixing the gauge. Define

J 7\2 d 2
vei= > ai(fre) - fo)P+ Y bilgy) - 3)°
i=1 j=1

where ﬂ =>,aiff(xi)and g, = Z]- bjg¥(y;j). Then,as n — +oo with N, M fixed,
VB, — 0, VIZi, S NOv),  n Var| L, )] — ve.

Equivalently,
VI (LEGn, o) = LE(@, ) = N(O,vo).

For every fixed & > 0, one moreover has B , = O(n™").

Proof. Writing &, and b, for the two empirical histograms, the independent multinomial central-limit theorems give

n ~ law . . . . .
Vn(a, —a,b, —b) — (Ga, Gp), where G, and Gy, are independent centered Gaussian vectors with covariance matrices

diag(a) — aa’ and diag(b) — bb". Proposition 12.23 gives the directional derivative for every ¢ > 0; it is linear under the
assumed uniqueness at ¢ = 0, and automatically at positive temperature. Thus, D Li(a, p)[h, k] = X; fZ(xi)hi + X; Sr (k.
The finite-dimensional delta method therefore gives the centered Gaussian limit stated in the proposition. Independence and
the two multinomial covariance formulas give its variance v.

Set R := max; j c(x;, y;j) — min; ; c(x;, y;). Exact dual potentials may be replaced by their c-transforms, and entropic potentials
by their soft c-transforms; in either case their oscillations are at most R. Since differences of histograms have zero sum,
integrating the corresponding subgradient bounds along segments in the two marginal simplices gives | L{ (o, B') — Li(«, B)| <
%("a’ —al + |b’ = bl1) for any histograms (a’, b’) and their associated measures (a’, ). Because N, M are fixed, the fourth
moments of V7|4, — a; and v |b, — b|; are uniformly bounded. The squared rescaled OT values are therefore uniformly
integrable. The Gaussian limit then yields convergence of the means and second moments, which proves the assertions for
B}, 1, Z3 », and the variance.

For fixed ¢ > 0, the entropic value is twice continuously differentiable in a neighborhood of the positive pair (a,b). On that
neighborhood, a second-order Taylor expansion has a uniformly bounded remainder; its linear term has zero expectation
and E(|a, — a|]? + [b, — b|?) = O(n™1). The probability of leaving the neighborhood is exponentially small, and the preceding
global Lipschitz bound controls its contribution. Hence B, , = O(n™!). m]

Fixed support versus a continuum. More explicitly, its limiting variable is

N M Cov(G,) = di —aa’,
DAENG+ Y )Gy, feonCe TG o
i=1 j=1

If amin = min; a; and byin = min; b;, then P[some source or target atom is unobserved] < Ne™"min + Me~"bmin | For uniform
weights, the source contribution is at most 6/2 as soon as n > N[log N + log(2/6)], and the analogous target condition uses M.
Thus a vanishing failure probability requires #n/N —log N — +o0o and n/M —log M — +o00; nearly uniform weights have the

same scale up to constants.
o = 1+t 1-t (1t 1+t
t — 2 7 2 7 ,Bt - 2 7 2 .

Then Wy (a;, p1)P =t and Wy(as, ft) = t1/7 Thus the right directional derivative of Wﬁ att = 0 is nonzero, while that of W,
is nonzero for p = 1 and infinite for p > 1.

10.4 Sketching Sinkhorn in Linear Time

PSD kernels and ordinary feature sketches. The RKHS/MMD section, Section 7.2, already used positive semidefinite kernels
to define Hilbertian discrepancies between measures. Recall that a symmetric kernel k : X X X — R is positive semidefinite if,
for every finite family (xi)?:y the Gram matrix (k(x;, x;)); ; is positive semidefinite. Many scalable kernel methods start from

an integral feature representation k(x, y) = fz<g0(x,z), ey, z))re d&(2), ¢ : X xZ — RV, Drawing z1,...,z, ~ & gives the
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Monte-Carlo sketch Fkvr(x, y) = % Y—1{@(x,z¢), (y,ze))rr. Set R = rp, flatten (¢, q) into a single feature index, and define
(@x)i g = 2 pq(xi, ze), (@), =1 0q(yj, z0), K = oxa]. (10.6)

Here q)x € R"XR, (I)y € RMXR, and Ei,j = % Z;:l ((p(xi,Zg), (p(y]',Zg»Rp = Er(xi,yj).

Proposition 10.15 (Entrywise accuracy of rectangular feature sketches). Let z1,...,z, be independent with law &, and let

Ki; = k(xi, yj) and K be the rectangular kernel matrix and sketch defined above, with K given by (10.6). Assume that, for some M < +oo,

Kp(x,2), oy, z))re| < M forall x,y and &-a.e. z. If Knin = min; j K; j > 0, then, for every 0 < 6 < 1/2,

rK2%. 52
> 0| <2nmexp|————

%,
1
ij

(10.7)

P |max
( i,j 2M?2

i,j

On the complementary event, Kis entrywise positive and, for every ¢ > 0, max; ; |—e log Ei,j + elog Ki,j) < 2&0.

Proof. For each fixed (i, j), the summands in the definition of 1?,-,]» have expectation K;; and lie in [-M, M]. Hoeffding’s
inequality therefore gives

2K2 22
ro Kirj ro Kmin
2M?2 2M?2

A union bound over the nm entries proves (10.7). On its complementary event, write Ei,]- = K; j(1+s;), where |s,',j| <o6<1/2

p (’Ei,j - Ki,j| > 61<,-,j) < 2exp < 2exp

Hence IZ-,,- > 0, and |log(1 + s,-,]')| <2 |si,j| gives the logarithmic estimate. O

Application to Sinkhorn kernels. Leta = }}7, 4,05, and g = 271:1 bjby;, and write a = (4;); and b = (b;); for their weight

vectors. Specialize the preceding construction to the Gibbs kernel k. (x, y) = e *¥)/¢, assumed to be PSD and to admit the
displayed feature representation. Replacing K by its rank-R sketch (10.6), the two matrix-vector products are evaluated as

Kv = Ox(Dy0), KTu= Oy (g u), The Nystrom-Sinkhorn method first sets

/e } — Ee—4D2/s
"50(4D2?/e +1og(Ne/7)) ) P=3 )
IfI c {1,...,N} is the resulting landmark set, it forms V = K. j, A = K} 1, and stores only the rank-at-most-R factorization
K=VA'VT, R=]|l,
Proposition 10.16 (Accuracy and complexity of Gaussian Nystrom-Sinkhorn). Let z1,...,zy € B(0,D) C RY, where N > 2
and D > 1, and let a = Zﬁ\il ;6 and f = Zfil bi6., have positive weights. Write a = (a;);, b = (b;)i, and C; ; = |z; — z; I2. Fix
¢ € [1/N,1)and 7,6 € (0,1), and apply the preceding Nystrom—Sinkhorn procedure. Its kernel approximation K is entrywise positive,
and it returns a feasible coupling P € U(a,b) and a value W satisfying

0<(CP)+eKLPlagh) - Lila,p) <7, |- Liap)|<r
With probability at least 1 — 0, the selected sketch rank satisfies

2 2\ 4
R <4 (1+%+logM) log%,

C = min {1

(10.8)

and the complete computation uses o) (N R (R + ’3—:)) operations and O (N(R +d)) memory. Here the constant hidden in <4
depends only on d.

Proof. Set the inverse temperature n = 1/¢. The assumptions above are precisely the normalized range € [1, N], D > 1, and
7 < 1 used in the cited Nystrom-Sinkhorn theorem. Since |z; — z;|| < 2D, the smallest kernel entry Kmin := min; ; K; ; satisfies

< p. Hence p < CKmin/2, s0 Kis entrywise positive

Komin > e~4D*/¢ The adaptive Nystrom guarantee gives max; ; ‘Ki,]- - K-,]-

and max; ; [log K; ; —lo ~i‘ < C. The Sinkhorn stability and rounding estimates then give the two deterministic error bounds.
d ,j llog Ki ; —log K; j| < C. The Sinkh tability and ding estimates then give the two det t bound

The Gaussian effective-dimension estimate yields (10.8) with probability at least 1 — 6. Constructing the factorization costs

O(NR?), each kernel product costs O(NR), and the quantitative scaling bound contributes O(NRD*/(e7)), which yields the
stated time and memory estimates. The entropy convention in the cited theorem differs from the KL-normalized value £

only by a marginal-dependent constant, so the same additive guarantees hold after applying that known correction to W. O

Positive features and complete positivity.
Definition 10.17 (Doubly nonnegative and completely positive matrices and kernels). In finite dimension, set
DNN, = {A€R"™"; A>0, A;j >0}, CP,={BB"; BeR," forsomeq>1}.

Matrices in these sets are called doubly nonnegative and completely positive, respectively. A kernel is doubly positive,
respectively completely positive, if every finite Gram matrix belongs to DNN,,, respectively CP,,. It is a positive-feature

kernel if there are a probability space (Z, &), an integer p > 1, and measurable features ¢(x,-) : Z — R’i such that
k(x/y) = ‘/.Z<q0(xrz)/ @(]/rZ»RVdE(Z) (x/y EX)

Proposition 10.18 (Complete positivity and positive features). Let X be a separable metric space and let k : X x X — R be a
finite-valued continuous PSD kernel. Then k is completely positive if and only if it is a positive-feature kernel. Moreover, scalar features
p = 1 suffice. For a finite set X = {x1,...,x,}, this reduces to K € CP,, if and only if K = BB for some B > 0.
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Proof. Suppose first that k has a positive-feature representation. For xi,...,x,, define the nonnegative vector v,(z) =
(pq(xi,2))7, > 0. Its Gram matrix is K = ZZ:l fz v,4(2)v4(2)Tdé(z). The integrand belongs to CP,, and the closed convex cone
CP,, is stable under such integrals; hence K € CP,,.

Conversely, choose a dense sequence (x;);>1 in X and positive weights (w;);>1 such that S := }; w;k(x;, x;) < +o0. The case
S = 0 is trivial. For each sufficiently large r, complete positivity gives a factorization K"} = B"(B"))T of the Gram matrix
on xi,...,x,. Write by for its nonzero columns and set t; := }}\_, wi(bg)f and S, := Y7, wik(xj, x;) = Y, t;. On the compact
metrizable product Z := [];51[0, v/S/w;], define zgr’[) = /S, /te(by); fori < r and zgr’l) = 0 otherwise. Then &, := > ,(t//Sr)0,.0
is a probability measure on Z, and fz z;izjd&,(z) = k(x;, xj) whenever i,j < r. Compactness yields a weakly convergent
subsequence with limit &. Since every coordinate product z;z; is continuous and bounded on Z, the scalar features p(xi, z) = z;
satisfy /Z p(xi, z)p(xj,z)dé(z) = k(x;, xj) for i, j > 1. For indices i, j, |¢(xi, ) — ¢(xj, ')||i2(£) = k(xi, xi) + k(xj, xj) = 2k(x;, xj).
Continuity of k therefore makes ¢(x;, -) Cauchy whenever x; converges in X. Density extends ¢ continuously to all of X,
independently of the approximating sequence; its values remain nonnegative because L2 () is closed. Taking limits in the inner-
product identity on the dense sequence gives (¢(x, "), ¢(y, -))12(s) = k(x, y), proving the positive-feature representation. O

For a rectangular source—target matrix, Proposition 10.18 is applied to the Gram matrix on the union of the two sampled point
sets, after which one extracts the rectangular cross block.

Despite this certification difficulty, completely positive kernels, equivalently positive-sketchable kernels under the assumptions
of Proposition 10.18, enjoy a useful closure algebra. It provides a systematic way to construct new kernels whose low-rank
features remain nonnegative.

Proposition 10.19 (Basic closure of completely positive kernels). Let k1, ..., k; be completely positive kernels, a1, ...,a; = 0,

and (ke)eece a measurable family of completely positive kernels. Whenever they are finite, the sum keym := ZLl ajk;, the product
kprod = H;zl k;, and the mixture kmix = /@ ko dn(0), with n > 0, are completely positive. In particular, so is every positive
autocorrelation k(x, y) = f g(u —x)g(u —y)du with g > 0, and every nonnegative mixture of such kernels.

Proof. Restrict the kernels to arbitrary points x1,...,x,. If K; = By BlT and K, = BzB2T with By, By > 0, then a nonnegative

weighted sum is factored by concatenating the correspondingly rescaled columns. For wy s := (B1).¢ © (B2).s > 0, one has
K1 © Ky = 3y s we,sw, , so the pointwise product is completely positive. A measurable nonnegative mixture is an integral of

matrices in the closed convex cone CP,,, and therefore remains in that cone. Finally, the autocorrelation formula is itself a
scalar positive-feature representation, so its finite Gram matrices are completely positive by the same integral argument. O
Proposition 10.20 (Generalized Gaussian positive features). Let0 < p <2, ¢ > 0, and kp (x,y) = exp (—M) for x,y € RY.
Set a = p/2, let S, be the positive a-stable random variable normalized by E (e~*51) = ™" for t > 0, and draw independently
A=¢e12S, and Z ~ N(0,1d). For any xo € R?, define the positive feature Pp,e(x; A\, Z) = exp (\/Z_A(Z, X —x0) —2A|x — x0||2) .
Then ky,e(x,y) = E[@p,(x; N, Z)pp,(y; A, Z)], 50 kp, is completely positive. For i.i.d. copies (A, Zy),_,, define the positive sketching
features @y(x) = 7_1/2@p,5(X;A[,Z[),fOT 1 < € < r. They satisfy p¢ > 0 and E[X;_; o(x)pe(y)] = kp,e(x,y). For p = 2, one has

S1 = 1 almost surely and A = 1/¢, hence @3 (x; Z) = exp (\/g<Z, X —xp) — %||x - x0||2) .

Proof. The stable-law normalization gives Ee™'* = exp (—%), while the Gaussian moment-generating function gives

Ez[@p,:(x; A, Z)pp,(v; A, Z2)] = e=Ax=yI? conditionally on A. Taking t = |x —y||? in the first identity proves the feature formula.
The Monte Carlo statement follows by averaging independent copies. m]
Indeed, writing u = x — xo, v = y — xo, and Fy,y = @p,(x; A, Z)pp,(y; A, Z), a second Gaussian-moment calculation gives
Ez [Pf/y | A] = exp(8A(u, v)). At x = y # xo, this is exp(8A|u|?). For 0 < p < 2, the positive stable mixing variable has no
positive exponential moment, so the second moment is infinite; for p = 2, it grows as exp(8]u|?/¢).

Positive sketches for Sinkhorn. For the p-power costc,(x, y) = |x—y|P, with0 < p < 2,letK; ; = ky (xi, y;) = exp (—M) .

For p > 1, this is the usual p-Wasserstein power cost; for 0 < p < 1, it is simply a concave power transport cost. The factor 1/p,
often used in (VVZ, only rescales ¢. Sinkhorn applied to K; uses only products by the two feature matrices, and its plan is
represented as P, = diag(u)®x®y diag(v) = LR, L = diag(u)®x, R = diag(v)®y.

Connection with linear time attention. Feature-based linear attention replaces this positive kernel by ¢(g;)"¢(k;) and,
P(qi)" X p(kj)v;

whenever the denominator is positive, computes the normalized output as y; = I
i j j

11 Generalized Wasserstein Distances
11.1 Unbalanced OT
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Relaxed formulation.
Definition 11.1 (Unbalanced optimal transport). For nonnegative measures (, ) € M. (X) X M.(Y), a nonnegative
measurable cost ¢, and proper lower-semicontinuous convex entropy functions s : [0, +00) — [0, +00] satisfying ¢s(1) = 0,
define
UW,(a, B) = inf c(x,y)dn(x,y)+ D +D , 11.1
o= ot e pan(y)+ Dy mla) + Dyl a1
where Dy, is the ¢-divergence of Definition 7.10.

Writing 15 = Tlﬁs exposes the relaxation scale: UW, -(«a, B) = infrs0 / cdm + ’[Z)%(nl |a) + TZ),I,Z(ﬂ2| B). To state this precisely,
extend the Kantorovich value (3.7) by positive homogeneity: for finite measures (&, f) with common mass M,

— =~ [ML.@/M,B/M), M >0,
L(a,p) = {0, M=o, (11.2)
Proposition 11.2 (Balanced transport between relaxed marginals). Under the hypotheses of Definition 11.1,
UW.(@,f)=  inf {LC(EZ, B) + Dy, (@la) + @wz(Em)} . (11.3)
aeM(X), E€M+(y)
a(X)=pY)

A plan 1" solves the unbalanced problem if and only if its marginals (1}, 1) solve (11.3) and 7 is an optimal balanced coupling between
them.

Proof. Every plan 7 has equal-mass marginals («, ) = (1, m2). For fixed marginals, the divergence terms are constant and
minimizing the remaining transport term gives (11.2). Grouping the plans in (11.1) by their marginals proves (11.3). The same
argument shows that an optimizer must be transport-optimal conditionally on its marginals and that these marginals minimize
the outer problem. Conversely, an optimal balanced coupling between any minimizing pair in (11.3) attains the unbalanced
value. m]

KL mass—shape separation. Let A = a(X) > 0, B = B(¥) > 0, and write the normalized input shapes as @ = a/A and E =p/B.
Proposition 11.3 (Exact mass—shape separation for KL relaxation). Assume {1 = ok, and Y» = T1¢9kr, where pxi.(s) =
slogs —s+1fors >0, with0log0 = 0and 1o, 71 > 0. Set T =19+ 11, 0; = 7;/T, and

Ecro(@,B) = nf {Lc(a, B) + tKL(@|a) + 11 KL(E@} . (11.4)

peP(Y)
Then, with e™* =0,

(11.5)

8 T0,T A/A
UW.(a, B) = ToA + 71B - TA?B% exp(—%(“ﬁ)) :

If (@, B*) attains the finite shape envelope and 7* is an optimal probability coupling between these marginals, then w* = M*7* is optimal,
where

M* = A%B% exp (11.6)

_ SC,T[),T] (ZX\, E)
T

Proof. Write every nonzero plan as m = M7, where M = (X X Y) > 0 and 7t is a probability coupling with marginals (a, B).
The KL homogeneity identity

KL(Ma|Aa) = MKL(a|@) + M log(M/A) - M + A (11.7)
holds in the extended-value sense, and similarly for the second marginal. Minimizing first over = and its normalized marginals
therefore reduces the objective to M& «, -, (a, B) + 70(Mlog(M/A) — M + A) + 11(Mlog(M/B) — M + B). When the shape
value is finite, this strictly convex function of M has the unique minimizer (11.6); substitution gives (11.5). If the shape value is
infinite, every nonzero plan has infinite objective and the same formula returns the value 79A + 71B of the zero plan. O

These figures should be read as pictures of a single relaxed plan 7: the same nonnegative measure determines both the
transported coupling and its two relaxed marginals. The small- result below formalizes the opposite regime, where transport
becomes negligible compared with local mass variation.

Proposition 11.4 (Small-transport-scale limit for marginal penalties). Assume that a, p are finite measures on a compact metric
space X, that c is continuous, ¢ > 0, and c(x, y) = 0 if and only if x = y. Assume also that the marginal divergences are nonnegative,
weak-* lower semicontinuous, and have weak-* compact sublevel sets on M. (X). Then

1 .
lim = UWee(a,f) = _inf  Dj,(xla) + Dy, (xIp).

The right-hand side is the infimal gluing divergence obtained by matching the two measures through a common zero-transport marginal
X. In the dominated case, if @ = aA, B = bA, and the minimizing common marginal is absolutely continuous, x = rA, this divergence
decouples pointwise as

[ 15,5000, BNIAG, g, 0, b) = infa o) + bt/
with the usual recession conventions when a = 0 or b = 0. For superlinear entropies, and in particular for KL, finite energy forces this

dominated form. Thus, when 1 = 1, is the KL entropy, inf e m, (x) KL(x|a) + KL(x|) = /(\/_ — Vb)2dA. Thus the KL marginal
relaxation contains the squared Hellinger distance as its local mass-variation limit.
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Proof. For the upper bound, restrict to diagonal plans 7w = (Id, Id)s x, whose transport cost is zero and whose two marginals
are both y.
For the lower bound, let 7, | 0 and let 7t,, be almost minimizing plans with bounded scaled values 7, 1 UW, ., (a, B). Since the

divergences are nonnegative, f cdm, = O(ty), hence / cdmn, — 0. The bounded scaled values also put the two marginals in
compact divergence sublevel sets. Since a coupling has the same total mass as each marginal, the couplings are tight on X x X.
Up to subsequences, t, — mp. Lower semicontinuity of the transport cost yields / cdmy = 0, so mgp is concentrated on the
diagonal. Its two marginals are therefore equal to a common measure y. Lower semicontinuity of the marginal divergences
gives liminf, % UW,,r,(a, B) = Dy, (x|a) + Dy, (x|B), and optimizing over x gives the lower bound.

In the dominated case, writing x = rA gives Dy, (x|a) + Dy, (x|B) = / ay(r/a)+bia(r/b)dA, so the minimization over
decouples into the scalar envelope my, ;,. For KL, no singular part is admissible when a and g are dominated by A. The
pointwise objective is r log(r/a) — r + a + rlog(r /b) — r + b. Its optimality condition is log(r/a) + log(r/b) = 0, hence r = Vab,
and the minimum is a + b — 2Vab = (va — Vb)2. |
Proposition 11.5 (Dual of unbalanced optimal transport). Assume that X, Y are compact metric spaces, that c is finite and continuous,

and that «, B are finite Radon measures. Assume also that {1, are entropy functions in the sense of Definition 7.9 and that either both
are superlinear, or Y| _ + v, _+minc > 0. Assume finally that at least one plan has finite primal objective in (11.1). Then one has

equality between (11.1) and

UWe(@, )= sup =D} (~fla) - D;,(~glp).
feC(X), geC(Y)
fog<c

Proof. Use the variational formula (7.9) for the dual of a divergence and introduce the marginal variables through continuous
potentials:

inf sup /cdn+/ —fdm +/ —gdmy — Dy, (=fla) — D}, (=glp)-
720 fec(X)
geC(Y)

Under the compactness and coercivity assumptions in the statement, the entropy—transport duality theorem of Liero, Mielke
and Savaré justifies exchanging the infimum and the supremum.

sup ;1) = Diy(-glp+ in [ (e~ (@ 9)an
geC(Y)

The last infimum is 0 when f @ g < ¢ and —co otherwise, which gives the displayed dual. ]

Reverse and homogeneous formulations. Assuming first that the reference measures and transported marginals have
mutually absolutely continuous parts, one can factor the objective as

c(x, y)dn(x,y) + Dy, (m1]a) + Dy, (12|B)

- [ (c(x,wwl(@(x)) 90 )+ wz(d’;(y))—ﬁ(y)) dn(x, y).

Definition 11.6 (Local reverse cost and homogeneous perspective). Fori € {1,2} and r > 0, let R;(r) = ry;i(1/r) whenr > 0
and R;(0) = ¢’ _. For ¢ € [0, +o0o] and r, s > 0, define the reverse cost

Lc(r,s) := ¢ + Ri(r) + Ra(s). (11.8)
For finite ¢, first set
He(r,s) = inf OLc(r/0,5/0) = inf {ry1(0/r) + s¢2(0/s) + Oc},
6>0 6>0
where the second expression is initially read for r,s > 0. Its lower-semicontinuous envelope on [0, +o0)? is denoted by
H, := Isc H.. (11.9)
For ¢ = 400, set Hyoo(7, 5) = ¥1(0)7 + 12(0)s, which is also the monotone limit of H. as ¢ — +o0.

For the unit KL entropy 1(t) = tlogt — t + 1, direct minimization in the positive quadrant followed by this closure gives, with
e =0,Hd(r,s) =r+s—2rse <2, c €[0,+c0], r,s = 0.In particular, H.(r,0) = v, H.(0,s) = s and H.(0,0) = 0. If
a = Fry + at and B = Gmp + B+ are the Lebesgue decompositions of the reference marginals with respect to the transported
marginals, then the reverse formulation reads UW.(a, B) = infrs0 f Le(x,y)(F(x), G(y))dn(x, y) + P1(0)at(X) + ¢2(0)+(Y).
Here one uses a base measure A on X X Y and two nonnegative weights u, v attached to each transported pair:
HW,(a,B) = AEMJ{({\}?Jf/ s / He(x ) (u(x, v), v(x, y))dA(x, ). (11.10)
(p1)g(ud)=a, (p2)y(vA)=p

Proposition 11.7 (Homogenization does not change the unbalanced cost). Assume that X, Y are Polish spaces, that ¢ : X x Y —
[0, +00] is lower semicontinuous, and that the entropy functions satisfy Definition 7.9. Assume that either both entropies are superlinear,
or Y]+, +infc > 0and c has compact sublevels. Suppose moreover that the primal problem has a finite competitor. Then

HW.(a, p) = UW.(a, p).
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Proof. This is the homogeneous-reformulation theorem of Liero, Mielke and Savaré. Its interior mechanism is worth recording.
The reverse representation and H. < H, < L. show that every unbalanced competitor induces a semi-coupling of no larger
cost, including singular mass through the closed axis values; hence HW,. < UW..

Conversely, first take a semi-coupling (A, u,v) with u,v > 0 and finite c. Measurable n-minimizers 6 > 0 of the raw
perspective exist because the integrand is normal. With 7 = 04, disintegration and conditional Jensen for the perspective
(a,m) — ays(m/a) give

/cdﬁ+Z)¢l(ﬁ1|a)+D¢z(ﬁzlﬁ)</[c@+ugb1(9/u)+vgbz(9/v)]d/\.

Letting 17 | 0 gives the converse inequality for interior semi-couplings and the raw perspective H.. For arbitrary semi-couplings,
the relaxation theorem cited above passes to the lower-semicontinuous envelope H, while preserving the homogeneous
marginal constraints; this is precisely the step that handles zero weights, singular mass and ¢ = +oo. The coercivity assumptions
provide tightness. Minimizing over semi-couplings yields UW, < HW.. ]

Conic lifting. Assume now that X = Y and 1 = i, = 1. The homogeneous formulation naturally lifts mass to a radial
coordinate.

Definition 11.8 (Cone lift). The cone over X is €[X] := (X X R})/~, where all (x, 0) form one apex. For p > 1, its ground
costis A((x,7), (y,s)) = Hex, (1, sP)UP.

* Dy =KL, p=2,and c(x,y) = —log cos?(d(x,y) A m/2) give the Hellinger-Kantorovich or Wasserstein-Fisher-Rao cone
metric A((x, ), (y,s))* = r* + 52 = 2rs cos(d(x, y) A 1/2).

e Dy =KL, p =2,and c(x, y) = d(x,y)? give the Gaussian Hellinger formula A((x, r), (y, s))* = r> + s> — 2rse~ V2 Ttisa
cone metric whenever the Gaussian kernel k(x, y) = e~ dxyP/2 g positive definite. This holds, for example, when (X, d) is a
subset of a Hilbert space: if k(x, y) = (®(x), ®(y)) with ||®(x)|| = 1, then the displayed quantity is ||r®(x) — s®(y)||>. For a
general metric space, positive definiteness of this kernel is an additional hypothesis.

* Dy =TV,p=1,and c(x,y) = d(x, y) give the partial-transport cone cost A((x, ), (y,s)) =1 +5 = (r As)(2—d(x,y))+.

For a finite measure 17 on the cone, define its weighted base projection P, € M, (X) by /X e(x)d(Pyn)(x) = fq[ X] e()rPdn(x, )

for every bounded Borel ¢. This is well defined at the apex because the weight 7 vanishes there. The corresponding cone

value is

CW(a,B) = inf Al(x, 1), (y,s))Pdy ; P =qa, P =B;.
@p= it [ A woray; py=a, Pa=g)
Definition 11.9 (Wasserstein-Fisher-Rao distance). For p = 2 and A((x, 7), (v, s))> = r? + s% — 2rs cos(d(x, y) A 7t/2), the
Wasserstein-Fisher-Rao, or Hellinger—Kantorovich, distance is WER(«, f) := CW(a, ﬁ)l/ 2,

Theorem 11.10 (Cone formulation of unbalanced OT). Under the hypotheses of Proposition 11.7, assume in addition that X is a
compact metric space, that (r,s) > He(x, (7, 8) is convex for every (x,y), and that (x,y,r,8) /> He(x,y) (7, 8) is lower semicontinuous.
Then UW (a, B) = HW.(a, B) = CW(«, B). If, in addition, A is a continuous distance on €[X], then CW'P is a distance between
nonnegative finite measures.

Proof. The equality UW = HW is Proposition 11.7.
Let (A, u, v) be feasible in (11.10). Define the cone coupling y = ((x,y) — ((x, u(x, y)'/?), (y, v(x, y)l/p)))ﬁ/\. ThenP,y1 = aand

P,y2 = p by the weighted marginal constraints. Moreover / A((x, 1), (y,s)Pdy = / He(x,(u(x, y),v(x, y))dA(x, y). Taking
the infimum gives CW < HW.

Conversely, let y be feasible for CW. Choose arbitrary representatives of cone points at the apex. This does not affect the weighted
constraints, and it does not change the cost because, by the recession convention, H(y, (0, s) and He(x (7, 0) do not depend on
the arbitrary spatial representative attached to the zero radius. Let A be the projection of y onto the spatial variables (x, ), and
disintegrate y = yy,,dA(x, y) with respect to this projection. Set u(x,y) = / rPdyq,y(r,s) and v(x,y) = / sPdyy y(r,s). The
cone marginal constraints imply (p1)y(1#A) = @ and (p2)4(vA) = B. Since H, is convex in its two arguments, as a perspective of
the convex reverse cost L., Jensen’s inequality gives, for A-a.e. (x, ¥), He(x,y)(u(x, y), v(x, y)) < / He(x,y)(rP, sP)dyx (1, s). After
integration and using A((x,7), (y,8))P = He(x,y)(r?, s7), this yields HW < CW. Hence UW = HW = CW.

Assume now that A is a distance. The nontrivial point in the triangle inequality is that two cone plans sharing the same
weighted base projection need not have the same ordinary cone marginal. The radial homogeneity removes this obstruction.
Indeed, common radial rescaling ((x, ), (y,s)) = ((x,r/9),(y,s/9)), y +— Py, preserves both weighted projections and
the p-action. After adding mass at the cone apex, the normalization lemma for homogeneous lifts therefore lets one rescale two
almost optimal plans for (a, f) and (8, C) so that their ordinary middle cone marginal is the same lift ng = M6, + (x — (x,1))3p.
Here M < +00 is chosen large enough for both plans; additional mass at (o, 0) changes neither the weighted projections nor the
action. The ordinary gluing lemma now produces a joint cone plan (Zy, Z1, Z). Since A is a metric, Minkowski’s inequality

gives
1/ 1/ 1/
(/ A(Zo,Zz)p) ' < (/ A(ZO,Z1)p) ' + (/ A(Zl,zz)p) P‘

Taking infima proves the triangle inequality. This normalization-and-gluing argument is the metric engine of the homogeneous
cone construction.

For completeness, normalize each non-apex pair by taking 9 = (r” +s?)!/?. The transformed radii then satisfy r? +s? = 1, while
the transformed plan has total mass a(X) + p(X); apex mass can again be fixed without changing the problem. Thus minimizing
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plans may be restricted to a weakly compact family with bounded radii. Compactness of X and lower semicontinuity of
the cone cost give an optimal plan. If CW(a, ) = 0, such a plan is concentrated on the diagonal of the cone. There x = y
whenever the common radius is positive and r = s, so its two weighted base projections coincide and a = . Nonnegativity
and symmetry are immediate, completing the metric proof. m]

Entropic KL relaxation. On compact metric spaces, assume the continuous-cost setting of Proposition 11.5, with 1, >
superlinear, and let ¢ be a superlinear entropy finite on (0, +o0). A generic entropic regularization of unbalanced OT then reads

inf ) . 11.11
neMIRXxy)/ cdm + Dy, (m1|a) + Dy, (m2|B) + e Dy(mt|a @ B) ( )
Fenchel-Rockafellar duality on finite Radon measures gives
* * * @ - C
sup _D¢1(_f|“) - D¢2(—g|ﬁ) -eD, (Ji a ®ﬁ) .
feC(X) €
geC(Y)

For D, = KL, the primal-dual relation is drt = elf@g—c)/e dadp. If, in addition, Dy, = Dy, = 7KL, the dual specializes to

sup ) —T/(E_f/T -1da -1 /(e_g/T -1dp -« // (e(feag_c)/e - 1) dadg,

feC(X
geC(Y)
and coordinate maximization gives the damped soft-transform updates
i T
—wg™r, —w fF, w = ,
fewg gewf P

where the soft c-transforms are those of Definition 8.19. Equivalently,

fx) = -———log /y eXp(—g(y)_C(x’y))dﬁ(y),

T+ € &
s =~ 10g [ exp (M= o)

In the discrete case, with K; ; = e~Ciiléab j, this gives the generalized Sinkhorn scaling

a @ b] @ ) )
U — (m) , v} — (m) , P = diag(u)K diag(v).
Metric contraction of the damped updates. For balanced entropic OT, potentials are only defined up to the gauge (f, g) ~
(f + A, g — A), so Hilbert’s projective metric is natural. The KL marginal penalties break this invariance: under the usual
finite-dual assumptions, the dual potentials are unique up to a- and S-null sets, and the natural distance is the ordinary L*
distance on potentials. In scaling variables u = ¢f/¢ and v = e&/¢, this is the Thompson metric on the product positive cone,
dr((u,0), (', 0")) := max{|log u —log u’|, | log v — log v]},

Proposition 11.11 (Linear contraction of unbalanced Sinkhorn). Assume that the damped soft-transform map sends bounded
potentials to bounded potentials; for instance, this holds when c is bounded. Let w = ©/(t + €) < 1, and define d((f, g),(f', §)) =
max{|f = f'llco, 1§ — &'l }. The damped soft-transform map

Tes(f.8) = (f,8), f=wg™, F=wf",
is a contraction: de(TGs(f,8), Tcs(f',8)) < wdw((f, ), (', &) (f*,g*) and the iterates satisfy de((f9,g¥), (f*,g*)) <
w!de((f©, g0, (£*, ¢*)). Equivalently, for u® = ef"/¢ and v = e8¢, dr((u®, v ), (*,0%)) < wldr (@, 0©), (*, 0*)).
Proof. The soft c-transform is 1-Lipschitz in L*. Indeed, if |g — ¢’[o < 6, then ¢ — 6 < g’ < g + . Since g > g% is order
reversing and satisfies (g + A)%¢ = g&¢ — A, this implies g>“ — 6 < (g)“° < g“ + 6. Hence |g°° = (¢")%“ |0 < g — &[0, and
the same argument applies to f +— f*.
Let (f,§) = Tas(f, g) and (f/, §') = Tas(f, &) With D = doo((f, ), (f', &), the previous Lipschitz estimate gives | f — f'[c <

w|g - ¢l < @D, and then |§ — §'| < @|f — f']eo < @?D < wD. This proves the contraction. The Banach fixed-point
theorem gives existence, uniqueness and the displayed linear rate. m]

Gaussian Hellinger-Kantorovich transport.

Definition 11.12 (Gaussian Hellinger-Kantorovich distance). For @, 8 € M. (R?) and 7 > 0, define

GHK2(a, B) = inf {/ lx — y|?dm + T KL(m1|a) + TKL(nzlﬁ)} . (11.12)

ne M, (RIXR?)

We now specialize (11.12) to scaled Gaussian inputs, a = roN(mp, Zy), B = rN(m, Lg), ro,r11 >0, X4 Zg >0,
where r; is the total mass and m; € R? is the mean, while ¥, and Y4 are the respective covariances. These inputs provide one
of the few continuous unbalanced problems with an explicit endpoint cost.

Write @ = N(mg, Z,) and f = N(my, Yg). The covariance relaxation associated with these normalized inputs is governed by a
matrix Bregman divergence.
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Definition 11.13 (LogDet divergence and KL-softened Bures cost). For P, X € S?., define
Dip(P|Z) = Bgyp(P|Z) = tr(Z7!P) — log det(Z7'P) — d. (11.13)
For © > 0, define the KL-softened Bures covariance cost
Bi(Ta, %) = min (P, Q)+ 7Di(PIT0) + 3D, BA(Ea Tp) = BHTa, ). (1119
LESLL
Proposition 11.14 (Closed form of the KL-softened Bures cost). Setn =2/tand R, = Z;l + nld for y € {a, B}. Define
1/2
_ p-1/2 (p1)2 1/2 -1/2
Lo =R; (Rﬁ RoRj ) R, (11.15)
Then L:RgL; = Ry, and the unique minimizer of (11.14) is
P =Ll +0(d-L)]™, Q¢ =L.P.L.. (11.16)
Its value is
detX, detXg

BT, Tp) = %1og 11.17)

detP,detQ,"
Proof. For P,Q > 0, let L be the Gaussian optimal map from P to Q, so Q = LPL. The Frobenius gradients of the squared
Bures term are Id — L and Id — L™!; hence stationarity of (11.14) reads

Pl=x'+nId-L), Ql= zgl +n(Id - LY. (11.18)
Substituting Q7! = L™'P7!L™! gives LRyL = R,, whose unique positive-definite solution is (11.15). Back-substitution
gives (11.16). Positivity follows directly from 27 'P;! = (Id — L,)? + n7 123 + n‘lLTZl;lLT > 0. The squared Bures term is

jointly convex, while each LogDet term is strictly convex and coercive on S, ; the stationary pair is therefore the unique global
minimizer. Multiplying the two equations in (11.18) by P and Q, respectively, and taking traces gives

B2(P,Q) + % [tr(Z;lp) +r(Z;1Q) ~ 24| = 0.
At (P, Q) = (P, Q), this identity cancels the Bures term against the trace parts of the two LogDet divergences. The remaining

logarithms give (11.17). m]
Proposition 11.15 (Gaussian Hellinger-Kantorovich endpoint). Set G; = L, + Zg + 51d. Then
By, T

GHK2(a,p) = 1 {ro + 11— 2+/ron exp(—}IHmo -ml?, - %)} . (11.19)

Proof. Apply the equal-penalty KL mass-shape formula (11.5) to the normalized inputs @ and . Gelbrich’s inequality,
Theorem 16.17, and the information-projection identity for KL show that replacing each competing normalized marginal

by the Gaussian with the same mean and covariance cannot increase the objective. The Gaussian formulas for ‘W3 and

KL then separate the mean and covariance variables. Direct minimization over the two means gives 7|mg — m IIé,l, while
T

Definition 11.13 identifies the covariance minimum with 82(Z,, Xg). Substitution into (11.5) gives (11.19). O
Partial optimal transport.

Definition 11.16 (Fixed-mass, penalized and TV-unbalanced transport). Let A = a(X), B = f(¥Y) and M = min{A, B}. For
0 < m < M, the fixed-mass partial transport value is

POT (e, B) =  inf / cdm. (11.20)
neM(XXY)
m<a, <P
(XxY)=m
For an unmatched-mass price A > 0, its penalized form is
POT}Y(a,p) = inf / dm + A(A + B —2n(X x : 11.21
Moo= e | [eansaiass-zneexy) 1121
m<a, <P
Finally, the TV-unbalanced transport value is
v o :
UWC,/\(a’IB) = nEleg(Xy) {/ cdn+ Ala — mi|rv + AlB - n2||TV} . (11.22)

The last problem is precisely the unbalanced formulation (11.1) with ¢1 = {2 = A@Tv, where @t1v(s) = |s — 1| for s > 0. The
constraints in (11.20) and (11.21) mean that the transported marginals are submeasures of the available ones.

Proposition 11.17 (Equivalence of partial and TV-unbalanced transport). Assume that X and Y are compact metric spaces and that
c is continuous and nonnegative. Then, for every A > 0,

UW!Y (o, ) = POT}"(a, ) = A(A + B) +  min {POT,,(t, ) — 2Am} . (11.23)

The value function m +— POT,,(a, B) is convex on [0, M. In particular, a minimizer of the TV-unbalanced problem can be chosen with
11 < aand mp < B. If such a minimizer has mass m,, then it solves POTy,, (a, B) and m) minimizes the scalar problem in (11.23).

Conversely, a minimizer of POT,,(«a, B) solves both penalized problems whenever 2A € 8[711’ — POT,(a, ﬁ)] (m), where the value
function is extended by +oo outside [0, M].
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Proof. Let ])(m) denote the objective in (11.22). Starting from any 7, trim its source marginal to the greatest common submeasure
71 A a, obtained by taking the pointwise minimum of the two densities with respect to 71 + a. This is realized at the plan level
by multiplying the disintegration of 7 with respect to t; by the corresponding Radon-Nikodym factor. If 6 units are removed,
the source TV penalty decreases by A9, while the target TV penalty increases by at most A6 by the triangle inequality. Since
¢ 2 0, the transport term cannot increase. Trimming the resulting target marginal to a submeasure of 8 gives, by the same
argument, a plan 7 < 7 such that m; < a, 7, < B and Ji (1) < Ja(m).

For a subcoupling 7 of mass m, one has |&@ — 71| v = A —m and || — 72| tv = B — m. This proves the first equality in (11.23).
Partitioning the admissible subcouplings according to their mass then gives the second equality. Convex combinations of
admissible plans show that m — POT, is convex. Compactness and continuity ensure attainment of all three minima. Equality
throughout the preceding bounds yields the optimizer correspondence. Finally, a mass m minimizes m’ + POT, —2Am’
exactly when the displayed subgradient condition holds. m|

Proposition 11.18 (Fixed total mass reduces partial OT to balanced OT). Specialize Definition 11.16 to Y = X and c(x,y) = d(x, y)?,
where (X, d) is a metric space and p > 1. Fix m > 0. If a and B have total mass m and finite pth moments, then

POT,(at, f) = m(wp(“ Z) (11.24)

Proof. For an admissible plan in (11.20), the inequalities 71 < @ and m» < 8 are equalities because all four measures have mass
m. Hence the admissible set is the usual set of couplings between « and . Dividing a coupling by m identifies it with a
probability coupling between «a/m and f/m, which proves (11.24). The distance claim follows from Proposition 4.7. ]

11.2 Sliced Wasserstein Distances
Spherical averaging.

Definition 11.19 (Sliced Wasserstein distance). Letp > 1, let a, € P,(R?), and let o be the uniform probability measure on
the sphere S%~1. The sliced p-Wasserstein distance is

SW,(a, By = /S Wy ((Po)sa, (Po)yB)’ da(0). (11.25)

Proposition 11.20 (Metric properties of sliced Wasserstein). For p > 1, SW, is a distance on P,(R?). Moreover, SW,, metrizes
weak convergence together with convergence of the pth moment. Finally,
I'(d/2)((p +1)/2)
SWo(a, B < kap Wyla, B,  Kap = / 1017 do () = P .
si-1 VrI((d +p)/2)

In particular, k4, = 1/d. Conversely, ifd > 2, R > 0,and o, € Pp(Rd) are supported in Br = {x eR?; ||x|| } then there is a

constant Cq , depending only on d and p such that Bonnotte’s historical estimate reads ‘W (a, B)¥ < Cy pRP™ =1 SW pla, ﬁ)m The
sharp reverse estimate for p = 1 also gives, for every p > 1, constants Ca ps Cd,p > 0such that

Wy(a,p) < FCVd,pRl_f’lfd S(Wp(a,ﬁ)f’lif’, equivalently SWy(a,p) >cipR

W,(a,p)\"
~=")

For p =1, the exponent 1/d in this last comparison is sharp.

Proof. Non-negativity and symmetry follow from the one-dimensional Wasserstein distance. For the triangle inequality, apply
the triangle inequality of ‘W, for each direction 6 and then Minkowski’s inequality in LP(S%1).

If SWy(a,p) =0, then (Pg)ya = (Pg)yp for almost every direction. By continuity of characteristic functions this holds for all
directions, and the Cramér-Wold theorem implies & = . This proves separation.

Let 7t be any coupling between « and . Projecting 7t gives an admissible coupling between the corresponding one-dimensional
projections, hence ‘W, ((Pg)ya, (Pe)ﬂﬁ /Rded [{0, x — y)|Pdm(x, y). Rotational invariance of ¢ gives /sd L 140, z)|Pda(0) =
Kdplz|P. Integrating the first inequality in 6 and optimizing over m proves the stated direct comparison. The beta-integral
formula for the first coordinate of a uniform point on the sphere gives the displayed value of x, ,; in particular, x4, = 1/d.
To prove the topological statement, first suppose that ‘W,(a,, @) — 0. The inequality SW, < W, immediately gives
SWy(ay, a) — 0. Conversely, suppose that SW,(a,, a) — 0. The spherical identity

/ / 6, X datn (x)do () = x4, / lxlPdan(),  xap >0,
Sd—l Rd Rd

and the triangle inequality in L (S~ x (0, 1)) show that the pth moments of (a,) are uniformly bounded. Hence the sequence
is tight. From every subsequence one can extract a further subsequence for which the projected ‘W, distances converge to
zero for o-a.e. 0. Every weak limit therefore has the same one-dimensional projections as «, so Cramér—Wold identifies it
with a. Thus a, — a. Finally, let Q, 9 and Qg be the quantile functions of the projected measures. The one-dimensional
quantile formula gives SWy(an, @) = [|Qu,0 — Qollr(si-1x(0,1))- Hence the corresponding L¥ norms converge. By the spherical
identity, their pth powers are respectively x4, f llx|[Pdan(x) and x4 f [|x||Pda(x). Thus the pth moments converge. Weak
convergence plus convergence of these moments is equivalent to convergence in ‘W,.

The reverse estimates on compact sets are deeper and use the Radon structure of slices. Bonnotte’s Lemma 5.1.4 proves
Wila,p) < C4R# SWi(a, ﬁ)dlﬁ by mollifying a Kantorovich-Rubinstein test function, representing the regularized test
through one-dimensional projections, bounding the resulting action by SW1, and optimizing the smoothing scale. On Bg,
W < 2R)P1 Wy and SW < SW,, where the first inequality follows by evaluating the p-cost on a ‘W-optimal coupling,
and the second follows from the monotonicity of one-dimensional Wasserstein distances and Holder’s inequality in 6. These
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inequalities give Bonnotte’s stated general-p estimate. The sharper p = 1 comparison theorem of Carlier, Figalli, Mérigot

1
and Wang replaces 1/(d + 1) by the optimal exponent 1/d. ‘W < CapRP i SW, which is equivalent to the final two-sided

formulation in the statement. This supplies a lower bound on SW, in terms of ‘W, for every p, but the asserted sharpness
concerns only p = 1. m]

Radon point of view.

Definition 11.21 (Measure-valued Radon transform). For a € P(R?), define Rar(0) := (Po)ya, 0 e S,

Slicing can also be understood as applying Definition 11.21 before measuring discrepancy. Thus Ra is a collection of
one-dimensional projected measures indexed by directions. If @ = p(x)dx has a density, then %1a(0) has density given by the

classical Radon transform Rp(6, s) = /{x:<9 y=s) p(x) dH (x).
dRad,p(ho, h1) = (/d 1 W, (ho(6), h1(0))"da(6)
i

Indeed, associate with each Radon field / the joint law E(d@, ds) := h(0)(ds)o(dO) Its first marginal is ¢, so he Pp,g(S’j‘1 XR),
and Definition 11.43, with condition space S = S9! and fiber Q = R, gives drad p(ho, 1) = (Wp,a(il\o, El) For any map
F:E — (Y, dy), the pull-back of the metric dy through F is the function on E X E defined by (F*dy)(x, x’) := dy (F(x), F(x')).
Consequently, (11.25) reads SWy(a, B) = drad (R, RB) = (R*draa,p)(a, ).

Infinitesimal SW geometry.

Proposition 11.22 (First-order sliced comparison along Brenier perturbations). Let a € P2(R?) be absolutely continuous, and let
@ € C2(R?) be such that Vo € L?(a; R?) and V2 is bounded. For |t| small enough, set Ty(x) := x +tV(x), ay = (Ty)yar. Then Ty
is the quadratic Brenier map from a to a;y, and Wa(a, a;)* = t /Rd IV (x)|>da(x). Moreover, SWa(a, at)?* < %/Rd IV (x)|>da(x).

1/p

Proof. The map T; is the gradient of {;(x) := 1| x| + t¢(x). Since V2¢ is bounded, V?; = Id + tV2¢ is positive semidefinite
for |t| small enough. Hence ; is convex and T; = Vi); is a Brenier map. Its graph is cyclically monotone, so W(a, a;)? =
f lx = Ti(x)|?da(x) = tzf IVe(x)|>da(x). For a fixed direction 0, the coupling (Pg, Pg © Tt)ﬁoz is admissible between

(Pg)ya and (Pg)ya;. Therefore W» ((PQ)ﬁ(X,(PQ)ﬁOCt)Z < t2/ K6, V(p(x))|2 da(x). Integrating over the sphere and using
/sd—l [(0, w>|2 do(0) = %||w||2 gives the sliced estimate. O

Intrinsic sliced length. Its intrinsic, or path, metric is

1
lsay,(a, B) = inf / ] sap, dt, (11.26)
yo=a, y1=p 0
¥ SWs-absolutely continuous

where [7|gqy, = limj, o W Consequently, SW5 < lsqy, < d~1/2W, . Integrating along that ‘W»-geodesic gives, for

every sufficiently small t # 0, £sqy,(a, a;) < d~V2 Wo(a, ay).

Sliced Wasserstein between Gaussians.
Proposition 11.23 (Sliced Wasserstein between Gaussians). Let & = N(mg, Lo) and p = N(mg, Zg) on R?, with positive-semidefinite

covariance matrices. Then
,  lma —mg)? 2
SWala, p? = ————+ (\/eTza . /mzﬁe) da (). (11.27)
gd-1
Proof. For every 0 € S971, (Pg)ya = N (6Tmq,, 0TL,6), and similarly for . The one-dimensional Gaussian formula gives

2
Wa((Po)sar, (Pe)ﬁﬁf =107 (mq - m5)|2 + (\/QTZa - ,/GTZBQ) )

Integrating over 0 and using /Sd_l 007 do(0) = 1d/d gives (11.27). O

L9-sliced, max-sliced and subspace variants.

Definition 11.24 (L7-sliced and subspace-sliced Wasserstein). Let p € [1,), g € [1,00], and 1 < k < d. Denote by
St(d, k) = {U € Rk, UTU = Idy} the Stiefel manifold, equipped with its normalized invariant probability measure og k.
For g < oo, define

1/q

SW,0x(a,B) ::( » k)’W,, (UTpa, (U )B) " doa )| (11.28)

and extend the definition to g = o0 by SW e k(a, f) = supyesyar Wy ((UT)gar, (UT)gB). We use the abbreviations
SWyy = SWpa, SW, = SW,,, MaxSW,, = SW,; ook, MaxSW, = SW, « . Thus k = 1 gives line-
based slicing, g = co gives max-slicing, and k = d gives SW,, ; s = W, for every g. Quadratic max-slicing is useful when
only a small set of directions carries the discrepancy, for instance in generative modeling. For p = 2, the k-dimensional

max-sliced case is the projection-robust Wasserstein distance MaxSW, y = PRW, i, which is related to the subspace-robust
distance of Definition 11.40, studied later in Section 11.5.
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The supremum in the max-sliced case is attained because the Stiefel manifold is compact and the projected Wasserstein
distance depends continuously on U. Moreover, the integrand is unchanged under U +— UQ for Q € O(k), because Q" is an

isometry of R¥.
Proposition 11.25 (Basic bounds for sliced variants). Let p € [1,00),1< g <7 < 00, and 1 < k < € < d. Each SW, ; x is a finite

distance on P, (RY) and metrizes the same topology as ‘W . For every a, p € Py(R?),

SW, i@, B) < SW,, i(a,f) < W,(a,p), (11.29)
SWyak(a,B) < SWpai(a,p) < Wya,p). (11.30)
For a unit vector e € S471, set
_ T _T(d/2)T((k + p)/2)
Kakp = /sm,k) U el doast) = w6 mr@ pyjay

This constant is independent of e, satisfies k4,4, = 1 and K41, = Kq,p from Proposition 11.20, and gives the sharper bounds

1

SWpok(a,p) < ;/prp(a,[;’), p<q<oo, (11.31)
w (0( ﬁ), = oo.
Moreover, SWy(a,B) < SWppila,p) < Kd/f Wpy(a,p). (11.32)

In particular, kg = k/d and SW5 22k < (k/d) W3. If q > p, the compact-support reverse estimates in Proposition 11.20 remain valid
with SW,, 4 x in place of SW,.

Proof. Write Dy (e, B) := W,((UT)ya, (UT)yp). Non-negativity and symmetry are inherited from ‘W,. Minkowski’s inequality
in L9(0g4,k), or the supremum triangle inequality when g = oo, proves the triangle inequality. The reverse triangle inequality for
W, shows that U +— Dy/(a, p) is continuous. Indeed, for U, — U,

1/p
W, (U Dyar, (U Ngex) < U — Ul ( / ||x||*’da<x>) ,

and likewise for . If SW, ; «(a,p) = 0, then Dy = 0 for all U: this is immediate for g = oo, while for finite g it follows

from continuity and the full support of o4 . For any 6 € S*°!, choose a frame U whose first column is 0. Equality of the
two k-dimensional projected measures then implies equality of their first-coordinate marginals, hence (Pg)ya = (Pg)yf. The
Cramér-Wold theorem gives o = f, proving separation.

Every UT is 1-Lipschitz, so Dy < ‘W,(a, ). Monotonicity of L7 norms on a probability space proves (11.29). To compare
projection dimensions, let V' € St(d, E) and R € St(¢, k). Since (VR)" = RTVT and R is 1-Lipschitz, Dyg(«, f) < Dy(a, p).
Under the product of the invariant measures, VR is uniformly distributed on St(d, k). Integration proves (11.30) for finite g; for
g = oo, extend each k-frame to an ¢-frame and use the same contraction.

For the sharper constants, let © € F(a,ﬁ). Then Dy(a, B)F < f IUT(x — y)|Pdn(x,y). Integration in U, followed by
(a0 S Kdkp Wy(a,p)P. If q < p,use |D.|rs < |D.|rr. If p < g < 00, use Dy < ‘W, to obtain

f Dfldod,k(ll) < Wy(a, p)17? f Dfldad,k(ll). This proves (11.31). The beta-integral for the pth power of the length of a random
k-dimensional projection gives the displayed formula for % k ;.

minimization in 7, gives |D. |

Finally, let € S¥1. Since Py, = P, o U, projection contraction gives W, ((Puw)ia, (Puo)sf) < Du(a, B). Averaging its pth
power first over @ and then over U makes U« uniform on S~ and proves the first inequality in (11.32). For g > p, (11.29)
gives SW), < SW,, , x < SW,, ; k, which transfers the stated reverse estimates.

Forn e ‘P,,(Rd ), set M (1) = ( / |x[Pdn(x))/?. Since the only coupling between (UT)yn and 6p sends every point to the origin,
Du(n, 60)F = [ IUTx|Pdn(x), [ Du(n, 80)Pdoa,(U) = x4 k,pMy(n)P. Also Du(n, o) < Mp(n).
K M), 1<q<p,

S(Wp,q,k(nr 60) = { 111kp
b Mp(m), p<q<oo

Indeed, the second line follows from monotonicity of L7 norms. For g < p and My (n) > 0, the pointwise bound Dy < M, (1)

(11.33)

gives DZI > Mp(n)i7F DZ ; the zero-moment case is immediate.

Suppose now that SW ; k(a,, @) — 0. The triangle inequality and (11.33) imply sup, My (a;) < co. Write Dy, iy := Du(au, a).
The reverse triangle inequality and the coupling of each point with itself give |D,, iy — Dp,v| < |U = Vop (Mp () + My(a)), so
(Dy,-)n is equicontinuous on the compact Stiefel manifold. For g < oo, equicontinuity and the full support of g4 x upgrade
IDy, s — 0to | Dy, — O; for g = oo this is immediate. Given 0 € S?~1, choose a frame U whose first column is 6. Projection
contraction then yields W), ((P@)ﬁan, (Pg)ﬁa) < Dy,u, uniformly in 0. Hence SWy(a,, ) — 0, and Proposition 11.20 gives
W (an, @) — 0. The converse follows directly from SW ;« < W. o

Min-SW lifted transport plans. For a direction 0 along which both projected point families have distinct coordinates, let
09, Tg € S, be their sorting permutations,

(Xag(1), O) <+ <LxXgom), 0),  (Yrp1), O) <+ < (Yaym), O)-
Lifting the one-dimensional monotone matching gives

1 n
- D gt € U, ). (11.34)
i=1
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Setag = (Po)ya,  Po = (Po)yB, and let @g = (qaq., 980 )3Lebjo 1)
Definition 11.26 (Min-SW discrepancy and lifted plans).

Cola,B) = {n e U(a,p) : (Pg,Po)ym = @p}. (11.35)

The Min-SW discrepancy is
Min-SWs(a, f)? = mi i / x — y|?dn(x, y). 11.36
in-SWs(a, B) LI N . lx = yl"dn(x, y) (11.36)

Indeed, disintegrate a(dx) = fR a’(dx)dag(s), B(dy) = fR B'(dy)dBe(t) The conditionally independent lift

nd(dx, dy) = / a®(dx)p! (dy)dae(s, t) (11.37)
R2
Proposition 11.27 (Min-SW lower bound, topology and metric status). Forall a, f € P2(R?),
Wa(a, B) < Min-SWs(a, B). (11.38)
The converse fails in every dimension d > 2: there are measures a,, such that
Wilan, vs) — 0 but inf Min-SWa(ay,, y4) > 0, ya = N(0,1dy). (11.39)
n

Thus Min-SW, does not metrize weak convergence, or even ‘W convergence, on P2(R%), and no estimate Min-SWa(a, B) < w(Wa(a, B))
can hold for all measures with a modulus w(r) — 0 as r — 0. In particular, there is no global Holder bound Min-SW, < C ‘W3 with
a > 0. The function Min-SW, is non-negative, symmetric and separates measures, but it does not satisfy the triangle inequality in general.
1t is therefore a separating symmetric discrepancy, not a distance. In dimension one, by contrast, Min-SW, = W5.

Proof. Every m € Co(a, B) is an admissible coupling, which proves (11.38). Symmetry follows by transposing the constrained
plans, and separation follows from the same lower bound.
To see that the triangle inequality can fail, let ax, ay, az be the uniform laws on the rows of

4 -4 3 2

o s |2 2 _X+Z

X={1 2 %=|o of Y=
4 -4 2 -4

A direct enumeration of the 4! assignments shows that the identity assignment is quadratically optimal for both (X, Y) and
(Y, Z). It is induced by sorting along directions proportional to (2, —1) and (3, 1), respectively. Hence Min-SWa(ax, ay)? =
Min-SWs(ay, az)? = %. For (X, Z), the projected orders change only across the ten lines orthogonal to pairwise differences
of rows of X or Z. Since the cost is linear in the plan, it suffices to enumerate the resulting angular cells and, on their
boundaries, the compatible extreme permutations. }1{63, 67,73,79,91,95,105,131,135}. Thus Min-SWs(ax, az)? = 63/4, and

consequently Min-SWy(ax, az) = @ > @ = Min-SWj(ax, ay) + Min-SWy(ay, az).
Write yx = N(0,Idx) and let
2._ - 12

e;: z1,...,lzI;£Rd*1 " 1%121 lu = z;|*dyg-1(u) > 0. (11.40)
This is the optimal quadratic quantization error of a (d — 1)-dimensional standard Gaussian by at most d points. It is positive
because the set of probability measures supported on at most d points is closed for ‘W5, whereas y4-1 is not finitely supported.
Choose a sequence a, = n~! Y 6., converging to v, in W and in affine general position, meaning that no affine hyperplane
contains more than d of the x;. Such a deterministic sequence exists: an i.i.d. Gaussian sequence has both properties almost
surely. Fix 6 and © € Cy(avy, y4), and let (X,Y) ~ . Write S = (0, X), T = (6, Y) and Z = Py.Y, where Pg. =1d; — 607 is
identified with an orthogonal projection onto R~!. The monotone coupling between the discrete law of S and the atomless
Gaussian law of T makes S a function of T. Since Y ~ y,, the variables T and Z ~ y;_1 are independent; hence the conditional
law of Z given S is still y4_1. For each value s of S, affine general position gives #{i : (0, x;) = s} < d. Conditionallyon S =s,
the vector Py. X therefore takes at most d values. By (11.40),

E[IPo- (X - YV)I*| S =s] > e2.

Averaging and discarding the non-negative displacement along 0 gives f lx—y[*dnr(x,y) > es. This holds for every admissible
7t and every 0, so Min-SW(a,,, v4) > e4, which proves (11.39) and rules out every vanishing modulus w. O

Proposition 11.28 (Min-SW between nondegenerate Gaussians). Let @ = N(my, Ly) and p = N(mg, Lg), where £,, X > 0. Then
1/2
Min-SWa(a, B)? = Wa(a, f)* = [y — my|? + tr (za +3-2 (z}/zzﬁzyz) ) . (11.41)

Proof. Let T(x) = mg + A(x — m,) be the Gaussian Brenier map of Proposition 2.30, where the symmetric positive-definite
matrix A is given by (2.16). Choose a unit eigenvector 6 of A, with A6 = A@and A > 0. If X ~ aand ¥ = T(X),
then (0, Y —mg) = (A0, X —my) = A0, X — m,). Hence the optimal Gaussian coupling (Id, T)ya belongs to Co(a, ) in
Definition 11.26. It is feasible for (11.36), which gives Min-SW, < ‘W;. The reverse inequality is (11.38); formula (2.17)
concludes the proof. m]

11.3 Quotient Wasserstein and Wasserstein—Procrustes
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Quotient distances.
Definition 11.29 (Quotient Wasserstein distance). Let a group G act on a metric space (X, d) by isometries, and assume that
the action preserves finite pth moments. Write gya for the push-forward of a measure a by ¢ € G, and [a] = {gya : g € G}
for its orbit. The quotient p-Wasserstein distance between the orbits of a, f € P, (X) is

Wyg(lal [B) = inf Wy(g4a, hyb) = inf Wy(a g46).

Proposition 11.30 (Metric property on the quotient). If G acts by isometries and preserves Py (X), then W), g is a pseudo-distance on
Pp(X). If the infimum is attained between every pair of orbits, then it is a distance on the orbit space P,(X)/G. This applies in particular
to continuous actions of compact groups.

Proof. Isometry of the action gives ‘W, (gya, g4p) = W)y(a, B), which proves the second formula in Definition 11.29. Non-
negativity and symmetry are inherited from ‘W,. For the triangle inequality, choose g1, 2 € G. Then

W, (a, (:8) + W (B, (82)57) = W, (3):8) + W ((81)s6, (3182)7).
Applying the triangle inequality for ‘W), and then taking infima over g1, ¢> gives the result. If the infimum is attained and
the quotient distance is zero, there exist g, h € G such that W ,(gya, hyp) = 0, hence gya = hyf and therefore [a] = [B]. For a
continuous action of a compact group, the objective is continuous on a compact parameter set, so attainment follows. Without
attainment, the construction is naturally a metric only after identifying distinct orbits at zero orbit distance. m]

Rigid motions and Wasserstein-Procrustes.

Definition 11.31 (Wasserstein—Procrustes distance). For «, € SDz(Rd ), define

WPz(oz,ﬁ)2 = inf / [Rx +t— yllzdn(x, y).
ReO(d), teR4
nelU(a,p)
Restricting R to SO(d) defines the orientation-preserving variant.

This is an extrinsic counterpart of the Gromov-Wasserstein viewpoint developed in Section 13.3. Procrustes alignment searches
only over ambient rigid motions, whereas GW compares the metric-measure structures themselves.

Given a current rigid motion (R, t¥)), first compute the OT coupling between the registered source cloud and the target
cloud,

PO € argminpe i, > PiiIROxi + 0 -yl (11.42)
ij
Then freeze this coupling and update the rigid motion by
. 1
(RUHD (1)) ¢ argming o) sere Z PSJ) IRx; +t —y; I%, (11.43)
i
Proposition 11.32 (Rigid update for a fixed coupling). Let a = };aiby, and p = };bj6y;, and fix P € U(a,b). Define
X = X;aixi, V= Z]« biyj, Mp = Zi,j Pii(y; — y)(xi — )T If Mp = UZV'T is a singular value decomposition, then the
minimizers over the full orthogonal group of mingeo), rerd 2i j PijIRXi + 1 = yj |? are given by R* = UV and t* = §j — R*%, up
to the usual non-uniqueness when Mp is rank deficient. If one imposes R € SO(d), set D = diag(1,...,1,det(UVT")), R* =
ubpvrT, t* = ij — R*X.
Proof. For fixed R, differentiating with respect to t gives t = i — RX. Substituting this value centers the variables and leaves
%, Pij IR(x; — %)= (y; — 77)|?. The two quadratic terms independent of R are fixed, so the problem is equivalent to maximizing
2 Pij(R(xi = %), yj —7) = tr(RT Mp). Von Neumann’s trace inequality gives tr(RTUXLV ") < tr(X) for R € O(d), with equality
for R = UVT. Under the constraint R € SO(d), the same argument applies with the additional determinant constraint on
U TRV, which gives the displayed diagonal correction. O

11.4 Vector Quantiles and Linear Optimal Transport
Vector quantiles. Assume that y € P,(RY) is absolutely continuous. For a target law a € P,(RY), its vector quantile relative to
y is the Brenier map T, = V@, (Ta)yy = @, or equivalently the solution of ming,y=a f lx = T(x)|>dy(x).
Linearized Wasserstein coordinates.
Definition 11.33 (Linear optimal-transport embedding). Fix an absolutely continuous reference measure y € P»(R%), and let
T, denote the Brenier map from y to o € P,(R%). Then
a- T, -1d e LA(y;RY),  LOT,(a,B) = ITu — Tsliz(y)- (11.44)

Proposition 11.34 (Closed convex range of linear OT). Fix an absolutely continuous reference y € P2(R%). The set
{To € L2(y;RY); a € Po(RY)} is a closed convex cone. The map o v T, is a bijection onto this cone, with inverse T — Tyy.
Equivalently, the range of the displacement embedding « +— T, — Id in (11.44) is closed and convex.

Proof. By Brenier’s theorem, Ty, = V¢, for a convex function ¢,. If a,b > 0, then aT;, + bTg is the gradient of the convex function
a@a +bog. Setting 1 = (aT, + bTp)yy, cyclical monotonicity and uniqueness in Brenier’s theorem show that aT, + bTz = T,
y-almost everywhere. Thus the range is a convex cone, and the inverse formula is immediate.

For closedness, suppose that T,, — T in LZ()/; RY) and set a = Tyy. The common-source coupling gives Wa(ay, a)? <
f IT,, — T|>*dy — 0. Moreover, / |x = Ty, (x)|2dy(x) = Wa(y, an)?. Both sides converge, respectively, to / |x = T(x)|*dy(x)
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and Ws(y, @)?. Hence (Id, T)yy is optimal between y and «; uniqueness of the Brenier map gives T = T, y-almost everywhere.
The range is therefore closed. Translating it by —Id preserves closedness and convexity, and (11.44) identifies LOT,, with the
ambient Hilbert distance on that translated range. ]

For instance, LOT, (y, ) = [Ty — Id| 12,y = Wa(y, a). For two arbitrary targets, the coupling (T, Ty )4y is admissible but not
generally optimal, so LOT), is a tangent-space approximation of the Wasserstein geometry.

Proposition 11.34 makes linear interpolation intrinsic to the LOT geometry: the unique constant-speed LOT, -geodesic between
agand aq is a; = ((1 — )Ty + tTm)ﬁy, t € [0,1]. Likewise, for a family (a)s with weights As > 0 satisfying >, A5 = 1, the
unique LOT, -barycenter is obtained by averaging maps, T = Y, A;T,,, aror = Tyy. This is exact in one dimension, where
quantile functions linearize W5, and it is especially useful when many barycenters with changing weights must be evaluated
quickly.

Proposition 11.35 (Quantitative stability of linear OT). Let X,Y < R? be compact convex sets, and let y € P(X) satisfy
dy = p,dx with p, € L¥(X). Then there exists a constant C = C(d, X, Y, |py |L~) such that, for all &, € P(Y), Wa(a,p) <
LOT, (a, B), LOT, (a, B)* < C Wi(a, B).

Proof. The first inequality is immediate: (T, Tg)y) is a feasible coupling between a and f. The second is the sharp stability
estimate of Mérigot. Its proof bounds a symmetrized divergence of the Kantorovich functional by ‘W1(«, f) and controls from
below the same divergence by the fourth power of | Ty — Tg|2(;). In one dimension, quantile functions make the embedding

isometric to ‘W»; since the targets lie in Y, one then has the sharper estimate LOT, («, B)? < diam(Y) Wi(a, B). In dimensions
d > 2, the uniform exponent 1/4 is optimal over broad classes of compactly supported reference measures with bounded
densities, although better exponents can hold near regular targets. It should not be read as a global Lipschitz estimate in

(WZ. O
Principal components in linear OT coordinates. Given training measures (ai)ﬁ.\i psetéi =Ty, - 1d, &= % Zf\i 1&i- The
empirical covariance operator on L?(y; R?) is the finite-rank operator Ciorh = & SN &=, M2 (&0 = &), If Gug = Agovg
with Ax > 0and |vg| =1, then e; = ﬁ ﬁ.\il(vk)i(éi — &) The score of a; along mode ex is a; ; = (&; — g, ek>L2()/)- A low-rank

reconstruction, or a synthetic excursion with prescribed coefficients a = (a1, ..., an), is then obtained by pushing the reference
through T,(x) := x + &(x) + X[_,; axex(x), ag = (To)yy.
11.5 Spectral and Robust Wasserstein Distances

Definition 11.36 (Monotone spectral gauge). A monotone spectral gauge on positive semidefinite matrices is a convex,
positively 1-homogeneous map y : S? — R, such that y(M) = 0 only for M = 0, y(QMQT) = y(M) for every orthogonal
matrix Q,and0 <M <N = y(M) < y(N).

Definition 11.37 (Schatten gauge). For 1 < g < +0o, define the Schatten gauge by

(z‘? A»(M)q)l/q 1<q <+
vo(M) = |Mls, = =17 T 7
Amax(M)/ q =+,

It is a monotone spectral gauge. The cases g =1, 4 = 2 and g = +oo are respectively the trace, Frobenius and spectral gauges.

Definition 11.38 (Spectral Wasserstein distance). Let y be a monotone spectral gauge. For a coupling 7w € U(a, B), define its
displacement second-moment matrix M := f (x —y)(x —y)"dn(x, y). The spectral Wasserstein distance associated with y is

W, (a,p)* = e ) (11.45)

The special case y(M) = tr(M) gives the usual quadratic Wasserstein distance ‘W5. The spectral gauge y(M) = Amax(M)
instead measures the largest mean squared projected displacement. For A > 0, define the quadratic projected transport cost

Waala, ) = g}f 5 /(x —y)TA(x — y)dn(x,y) = (Wz((Al/z)ﬁa, (Al/z)ﬁﬁ)z. (11.46)
nel(a,
The polar set of the gauge is
B, ={A>0; tr(AM) < y(M) forallM > 0}, (11.47)
For the Schatten gauge y,, Schatten Holder duality gives 8,, = {A > 0; |Als,. <1}, % + ql = 1, with the usual endpoint

conventions. Thus the trace gauge has polar set {A : 0 < A < Id}, the Frobenius gauge is self-polar on S%, and the spectral
gauge has polar set {A > 0: tr(A) < 1}.

Proposition 11.39 (Robust representation and metric equivalence). Assume, for simplicity, that the measures are compactly supported
and that y is closed and finite on the positive semidefinite cone. Then W, (a, B)* = sup s.g Wa ala,B)*. If there exist constants

0 <a < b < +oosuch that ald € B, and B, C {A; 0 < A <bld}, equivalently atr(M) < y(M) < btr(M) for M > 0, then
Va Wala,B) < W, (a,B) < Vb Wa(a, B). In particular, W, is a distance. When 'y is the restriction of a norm to the positive
semidefinite cone, these bounds hold automatically in finite dimension, so ‘W, is equivalent to ‘W, on measures with finite second moments.
Proof. Using the polar representation of y, W, (a, B)* = infreqi(a,p) SUP4 eg, t1(AMy). The coupling set is convex and compact
for weak convergence under compact support. Since y is a finite gauge on a finite-dimensional cone and vanishes only at the
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origin, it is equivalent to the trace norm on the slice tr(M) = 1, so 8B, is convex and compact. The map (11, A) = tr(AMy) is
affine in each variable and continuous. Sion’s minimax theorem gives

inf sup tr(AMy) = sup 1nf tr(AMy) = sup W a(a, B)*.
T Aes, Ae8B, Ae8,

For fixed A > 0, W 4 is the Wasserstein pseudodistance associated with the seminorm x +— |AY2x|. Since all terms are
nonnegative, the robust identity also gives ‘W, (a, ) = sup4 eB, W a(a, B). A supremum of pseudodistances is symmetric

and satisfies the triangle inequality.

If ald € 8, and A < bld for all A € B,, then a W(a, B)? = Woaa(a,p)? < Wy(a, B)? < bWs(a,B)?, which proves
definiteness and equivalence with W,. The equivalence between these operator bounds and a tr(M ) < y(M) b tr(M) follows
directly from the polar formula. In finite dimension, any norm restricted to the positive semidefinite cone is equivalent to the
trace norm on that cone. The finite-second-moment case follows by truncation when these norm-equivalence bounds hold. O

Definition 11.40 (Projection- and subspace-robust Wasserstein). For 1 < k < d, let Py = {P P2=P=PT, tr(P) = k}. The
Paty—Cuturi projection-robust and subspace-robust Wasserstein distances are respectively the max-min and min-max
quantities

PRWy k(a, B) == sup (Wz((UT)ﬂOC,(UT)ﬁ‘B) = sup Wy p(a,p), SRWz,k(a,ﬁ)z = inf sup tr(PMy).
T Pepy neU(a,B) pep,
Proposition 11.41 (Projection/subspace robust comparison). Let A;(M) > --- > Az(M) > 0 and define the Ky Fan gauge
V(M) = 2'2:1 A¢(M). Then

max {PRWz,k(a,ﬁ), \/é Wz(a,ﬁ)} < SRWy k(a, B) = Wy, (a, B) < Wa(a, B).

For k = d, all displayed bounds are equalities and PRW; 3 = SRW; 3 = Wo.

Proof. Diagonalizing M gives Ky Fan’s variational formula yx(M) = maxpep, tr(PM) = maxp<a<id, tr(4)<k tr(AM). Hence
minimax weak duality yields

PRW, i(a, B)* = sup inf tr(PMy) < inf sup tr(PMy) = ‘Wyk(a,ﬁ)z.
pep, eU(a,p) nelU(a,p) pep;

Finally, (k/d) tr(M) < yx(M) < tr(M) for every M > 0. Taking infima over couplings and square roots proves the remaining
bounds. S

For k =1, y1(M) = Amax(M). The associated spectral gradient flows and their connection with the Muon algorithm are studied
in Section 15.5.

11.6 Conditional Wasserstein Distances

Definition 11.42 (Conditional couplings and conditional OT). Let (S, A) be a standard Borel probability space of conditions
and let (Q, d) be a Polish metric space. For p > 1, denote by #, 1(S X Q) the set of probability measures on S X Q whose
first marginal is A and whose disintegration a(ds, dx) = as(dx)A(ds) satisfies fs /Q d(x, xo)? das(x)dA(s) < +co for some,
hence every, xo € Q. For a, € P, (S X Q), a conditional coupling is a measure I1(ds, dx, dy) = ns(dx, dy)A(ds) such

that ; € U(as, Bs) for A-a.e. s. The set of such couplings is denoted Uy («a, B). Let (s, x,y) — cs(x, y) be jointly Borel,
nonnegative, and lower semicontinuous in (x, y) for every s. The conditional OT value is

A . ;
Ll (a,p) = inf ‘/‘/on cs(x, y)dms(x, y)dA(s)

ITeUy(a,p)

= inf cs(x, y)dms(x, v)dA(s).

Definition 11.43 (Conditional Wasserstein distance). For the fiber—independent cost cs(x, y) = cp(x,y) = d(x,y)F, define

(11.48)

1/p
Wyala,) = (L2 (,p) ( / w”<as,ﬁs>d)\<s>) | (11.49)

Thus £} is the general conditional Kantorovich value, whereas ‘W, , is its metric specialization to the constant family
cs = cp = dP, after taking the pth root. Equivalently, W, (e, )V = .E?p(oz, B); the two definitions use exactly the same

conditional coupling problem.
Proposition 11.44 (Metric property). For p > 1, W), i is a distance on Py 2(S X Q). Moreover, this metric space is Polish.

Proof. Non-negativity and symmetry follow from the corresponding properties of ‘W, on each fiber. If W, 1(«a, ) = 0, then
W(as,Bs) = 0 for A-a.e. s, hence a; = Bs for A-a.e. s and the disintegrated measures a and f coincide. For the triangle
inequality, let y € P, A(S X Q). Since W (as, ys) < Wy(as, Bs) + Wy(Bs, ys) for a.e. s, Minkowski’s inequality in LF(S, A) gives
Woala,y) < Wyaila,p) + Wy (B, 7). To see completeness and separability, identify a measure with the A-a.e. equivalence
class of its measurable disintegration map s — a; € P,(Q). Formula (11.49) is the corresponding L7 (S, A; P, (€2)) metric. Since
(Pp(Q), W) is Polish, the standard L7 space of measurable metric-valued maps is Polish as well. O

Proposition 11.45 (Conditional geodesics). Assume that (€2, d) is a geodesic Polish space and let ag, a1 € Pp (S X Q). For A-a.e.
s, choose a constant-speed ‘W, geodesic t — «a; s between aos and ay,s, measurably in s, and set ay(ds, dx) = a; s(dx)A(ds). Then
t = a; is a constant-speed geodesic for W, .
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Proof. For 0 < r <t <1, the fiberwise geodesic property gives Wy (a, s, ats) = (t =) Wy(ags, a1,s) for A-a.e. s. Integrating
the pth power over S gives W), 1(a;, a;) = (t = r) W) 1(ao, a1). Hence the conditional curve has constant speed and realizes
the distance between its endpoints. In Euclidean space one may take, for each s, an optimal plan t; € U(ags, a1,5) and set
ats = ((1 —t)p1 + tp2)y7ts, where p1, p2 are the two coordinate projections. On a general geodesic space, the same construction
uses a measurable family of optimal dynamical plans. Such a family can be selected measurably in the Polish setting; when
geodesics are non-unique, different selections can produce different conditional geodesics. m]

12 Generalized OT Problems
12.1 OT Barycenters

Fréchet means. The natural formulation is a Fréchet-mean problem on the space of probability measures: the unknown is the
barycenter measure itself, and its support is not prescribed. It uses the continuous Kantorovich value £, defined in (3.7).

Definition 12.1 (Optimal-transport barycenter). Given input measures (8 s)f , on a space X and weights A € Xg, discard any

zero-weight inputs. An optimal-transport barycenter of this weighted family is any solution of

S
min AsLe(a, Bs). (12.1)
aeMiX)
Fixed-support restriction. Assume the inputs are discrete, §; = Z;’il bs,jéxs,,, bs = (bs,j)?il € X,,. For each input s, the cost

L(a, Bs) then becomes a finite Kantorovich problem with cost matrix (Cs); ; = c(yi, xs,;) € R™. Thus its value is Lc,(a, bs),
in the notation of the discrete Kantorovich problem (3.2).

Definition 12.2 (Fixed-support discrete OT barycenter). With the candidate sites and cost matrices above, a fixed-support
discrete OT barycenter is a measure a* = }; a0, whose weight vector a* = (a})_; solves

S
min Z AsLc.(a, by), 12.2)
s=1

ael,

For quadratic costs on RY, this gives

S
min > AlLem@bs),  [CM)]i; = lyi - xs I

acl, —
Y=(y) e®lyr $71

For fixed Y, the objective is the convex problem (12.2) in a; its dependence on Y is generally nonconvex, so the joint problem
is nonconvex. Thus choosing the support is itself a significant computational part of the barycenter problem, rather than a
harmless preprocessing step.

Proposition 12.3 (Two-measure barycenters are Wasserstein geodesics). Let Bo, 1 € Po(RY) and t € [0,1]. For S = 2,
c(x,y) = |x — y|? and weights (1 — t, t), the minimizers of the barycenter problem (12.1) are exactly the time-t points of constant-speed
W geodesics from B to 1. The minimum value is t(1 — t) W3(Bo, B1). In particular, if 7 is any optimal coupling between o and B,
then oy = ((x,y) — (1—t)x + ty)ﬁn is a barycenter. If Bo has a density, the barycenter is unique and oy = (1 —t)Id +tT)yBo, where T
is the Brenier map from Bo to 1.

Proof. The endpoint cases ¢t € {0,1} are immediate, so assume 0 < f < 1. For any candidate a € Pr(RY), set A =
Wa(Bo, @), B = Ws(a, p1), D = W>(Bo, p1)- The identity (1 — t)A2+ B> = t(1 - t)(A+ By*+ (1 - t)A - 1EB)2 and the
triangle inequality A + B > D give (1 —t) W5(a, o) +t W5(a, 1) > t(1—t)D?. For the interpolation a; induced by an optimal
coupling, Proposition 4.10 gives A = tD and B = (1 — t)D, so the lower bound is attained.

Conversely, every minimizer must attain equality in both inequalities above. Hence A + B = D and (1 - t)A = tB, which imply
A =1tD and B = (1 — t)D. Parameterize a constant-speed geodesic from Sy to a on [0, ¢] and one from « to §; on [¢, 1]; both
pieces then have speed D. Their concatenation is globally geodesic: any shorter path between points on opposite pieces,
combined with the remaining subsegments, would contradict D = “W3(Bo, f1). Thus the concatenated geodesic passes through
a at time . Finally, if B has a density, Brenier’s theorem (Theorem 2.17) gives the unique optimal coupling (Id, T)yo, and the
displayed McCann interpolation follows from Definition 2.20. O

Proposition 12.4 (Mean and support of quadratic Wasserstein barycenters). Let f1,...,Bs € P2(R?), let A € Zg, and let a* bea
barycenter for the squared Euclidean cost. Define

K = conv U supp(Bs) |-
{s:As>0}

Then supp(a*) C K, /Rd xda*(x) = Zle As /Rd x dBs(x).

Proof. Write m, = f x da(x) and let a° be its centered translate, as in Proposition 4.8. That proposition gives, for every
candidate &, $,°_, As Wi(a, Bs) = 23_; Aslma — mg > + 25_, As W3(a®, 2). For a fixed centered law a®, the second sum is
independent of m,, whereas the first is uniquely minimized at m, = },; Asmg,. Translating a* without changing its centered
law therefore proves the mean identity.

For the support statement, let Px be the Euclidean metric projection onto the closed convex set K. For every y € K, the
projection inequality gives |x — y|*> > |Px(x) — y|* + |x — Px(x)|*>. For each s with A; > 0, let 75 be an optimal coupling
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between a* and ;. Since fs(K) = 1, pushing n; forward by (Px,Id) and integrating the preceding inequality yields
‘VV%((PK)W*, Bs) < ’W%(a*, Bs) — fRd dist(x, K)?> da*(x). After multiplication by As; and summation, barycenter optimality
forces the last integral to vanish. Hence a*(K) = 1, and the closedness of K gives supp(a*) C K. o

If all input supports are compact, their finite union is compact and so is its convex hull; in that case the closure in the definition
of K is unnecessary.

One-dimensional case.
Proposition 12.5 (Quantile barycenters on the line). Let 1, ..., Bs € P2(R). For X = Rand c(x,y) = |x — y|?, the quantile function
of their Wasserstein barycenter is the weighted average of the input quantile functions: C‘;}(r) = Z;C’:l /\SCﬁ_S L(r), r€(0,1).

2
Proof. The one-dimensional formula (2.11) gives >, As ‘W %(a, Bs) = /01 D As ‘C(; L(r) - Cﬁ:_ 1(r)| dr.The minimization decouples
pointwise in r. For each fixed r, the minimizer of z — }; As|z — Cﬁ: L(r)|? is the weighted average )\sCﬁ‘S L(r). This function is

nondecreasing because it is a positive weighted sum of nondecreasing quantile functions. It also belongs to L%(0, 1) because
every input quantile does, so it is the quantile function of a measure in $»(R). m|

Gaussian case.

Proposition 12.6 (Nondegenerate Gaussian inputs remain Gaussian). Let the positive-weight inputs be s = N(ms, Ls), with
Xs > 0, and assume that at least one L is positive definite. The quadratic Wasserstein barycenter is unique and has the form a* = N(m, L),
where m = Y, Asms. Its positive-definite covariance ¥ is the unique minimizer of the Bures objective

E(X) = Z AsB(X, )2 (12.3)

For X € S, define
Ry(X) = (Xl/zzsxl/z)l/z, T.(X) == X Y2R (X)X 1?2, (12.4)
T(X) = Z ATo(X), Wy (X) = Z AsRs(X). (12.5)

Here T;(X) is the positive-semidefinite linear optimal map from N(0, X) to N(0, Xs). The covariance X is equivalently characterized by
either of the stationarity equations

T(x)=1d = Y (r)==I (12.6)
In dimension one, if 05 = VX, denotes the input standard deviation, then the barycenter standard deviation is 6 = ) ; As0s.

Proof. Let Gauss(ar) denote the Gaussian measure with the same mean and covariance as «. For every competitor o € P,(R%) and
every Gaussian input fs, the Gelbrich contraction of Theorem 16.17 gives ‘W3 (Gauss(a), fs) = ‘W3 (Gauss(a), Gauss(fs)) <

W%(a, Bs). Summing with weights A; shows that moment-matched Gaussian projection cannot increase the barycenter
objective. Since a barycenter exists, projecting any minimizer therefore produces a Gaussian barycenter. The input with
positive-definite covariance is absolutely continuous; the uniqueness criterion stated after Definition 12.1 then implies that the
barycenter itself is this Gaussian measure.

For a Gaussian candidate, formula (2.17) separates the objective as

DA WENGm, Z), Nms, 2)) = ) Aslim = g + 3" AB(E, L),

The first term is uniquely minimized at m = }; Asm;. The second is the Bures barycenter problem. Uniqueness of the
Wasserstein barycenter makes its covariance minimizer unique, and the presence of a positive-definite input makes this
minimizer positive definite.

1/2
First suppose that £; > 0. Cyclicity of the trace gives trRs(X) = tr (Zi/ ZXZi/ 2) . For a symmetric perturbation Z,

differentiation of the trace of the matrix square root yields
1
D[trRs(X)][Z] = 3 tr(T:(X)Z).

Consequently, DE(X)[Z] = tr((1d - T(X))Z). (12.7)
The same identity for singular Zs follows by replacing Is with X + 6Id and letting 6 | 0. Since the minimizer lies in S,
first-order optimality is T(Z) = Id. Finally, definitions (12.4)~(12.5) give W,(X) = X'/2T(X)X'/2, so T(Z) = Id is equivalent to
W, (X) = X. Conversely, a positive-definite solution of this equation is stationary for the convex objective (12.3), hence is its
unique minimizer. In dimension one, B(0?,02)? = (0 — 05)%, whose minimizer is ¢ = Y, A505. O

Once the mean has been set to m = 3, Asm;, the optimal affine map from N(m, X) to N(ms, Ls) is x —> ms + To(X)(x — m).
Pushing the current Gaussian forward by this averaged map gives the transport fixed-point update of Alvarez-Esteban et al.,
whose covariance is

K(X) = T(X)XT(X) = X V2W, (X)2 X712 (12.8)
More generally, damping the displacement by 1 € (0, 1] replaces the averaged map by B, (X) = (1 —n)Id + nT(X)
and gives ¥y (X) = Bp(X)XBy(X). (12.9)
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Proposition 12.7 (Convergence of the Gaussian transport fixed-point iteration). Assume that As > 0, s > 0, and that at least one
%, is positive definite. Fix 1 € (0,1] and X© > 0, and iterate X\ = 9G,(X ). Then every X9 is positive definite and XY — T,
where . is the covariance of the Gaussian barycenter in Proposition 12.6. More precisely, with R(X) = tr((Id - T(X))X(Id - T(X))),
one has &X' < 8(XO) —n2 - PR(X®), (12.10)
and therefore Y450 R(XD) < +oo. Equivalently, B(X©, X(+1)* = 2R(X©).

Proof. Fix X > 0, abbreviate Ty = T;(X), T = T(X) and B = B,(X), and let Z ~ N(0, X). Since T Z ~ N(0, ), the pair (BZ, T, Z)
is an admissible coupling between N(0, K;,(X)) and N(0, L;). For every z € R?, the Euclidean variance decomposition around
Tz = Y AsTsz gives

ZA 1Bz - Tyz|* = ZA ITz = Tzl + (1 = n)*llz = Tz,
ZA Iz - Tiz| = ZA ITz - Tozl? + |z - Tz |,

Integrating and bounding each Wasserstem cost by the adm1551ble coupling (BZ, T; Z) proves (12.10). Moreover, B > 0: this is

immediate when 1) < 1, and for 1 = 1 it follows because the weighted sum T contains at least one positive-definite term. Hence
z — Bz is the optimal map from N(0, X) to N(0, K, (X)), which proves the displayed identity for the Bures step length.

Set 6(X) := det(X)Y/@), co == D As det(Z,)Y/@9 > 0. The Minkowski determinant inequality, applied to the positive-
semidefinite matrices Id and T;(X) with weights 1 — n and nAs, gives
6(%,(X)) = 6(X) det(B, (X))

> (1= m)5(X) + 1 ) A:6(X) det(T: (X))

S
= (1 =md(X) +neo,
where the last identity uses T, (X)X T;(X) = Z. It follows that 5(X() > min{6(X?), ¢y} > 0 for every ¢.
The decreasing energy also bounds the traces. Indeed, the Schatten Cauchy-Schwarz inequality in the Bures formula gives

2
B(X,%s)? > (Vtr X —tr Zs) , 50 (12.10) bounds tr X(®) uniformly. A uniform trace bound together with the determinant

lower bound places all iterates in a compact subset of S,
Summing (12.10) gives R(X¥) — 0. Every subsequence therefore has a further subsequence converging to some Xe, > 0.

Continuity of the matrix square root and inverse on the preceding compact set yields R(X«) = 0, hence T(X) = Id.
Proposition 12.6 identifies X., with the unique covariance X. Since every cluster point is ¥, the full sequence converges to X.

The undamped case 1 = 1 is the Gaussian specialization of Theorem 4.2 of Alvarez-Esteban et al.; the argument above also
proves the damped extension. |

Sinkhorn for barycenters. One can then use the entropy-only convention of (8.1) and approximate (12.2) by

s
. p
min Z AsLE (a,bs) (12.11)
Problem (12.11) has the same minimizers as the weighted KL projection problem
1(’II;li)1’1 {SZASKL(PleS); Vs, PsT1, =bs, Pily, =...= Psllns} , (12.12)
s)s s
where K := e"/¢. The barycenter a is implicitly encoded in the common row marginal a = Py1,, = ... = Ps1,,. The optimal
couplings solving (12.12) then have scaling form
P, = diag(us)K; diag(vs), (12.13)
and the generalized Sinkhorn iterations are
b
Vsef1,s), vV .=_2 (12.14)
K T ([)
s Us
(£+1)
Vsel1,s), o= (12.15)
K V(€+1)
SVs
where a™*V = H(stgﬂ))’\s. (12.16)
S

Write us = ef/¢ and vy = e8/¢, with all operations understood componentwise. Proposition 12.8 below shows that the
potentials maximize the concave dual (12.17). With (fs)s fixed, this objective separates over s, and its exact maximizer in each

gs is gi = ¢log (ﬁ) Conversely, with (g})s fixed, exact maximization over the coupled block (fs)s under Y, Asf; = 0

gives qs = Kqe8/¢, at =TI, qss, ff = elog ( ) Thus a complete generalized Sinkhorn cycle is exact two-block

coordinate ascent on the dual, or equivalently alternating minimization of its negative. Indeed, the constraint follows from
loga® = ¥, As log qs, while the first-order conditions require ef/¢qs = a* for every s.
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Proposition 12.8 (Dual of entropic barycenters). Under the preceding positivity assumptions, the optimal scalings in (12.13) can be
written as (us, vs) = (efs/¢, e8:/¢), where (£, gs)s solve the dual problem

max Z)\s (gs, bs) — e(K,e8/¢, /¢y 4+ SZ(KS)i,]- ; Z/\sfs =0p. (12.17)
S S

(fs ,gs)s i

Proof. Introduce Lagrange multipliers in (12.12):

min Ao(eKLPLIK,) + (@ = Pelly, £) + (bs =P, 82)).
min_ max Z eKL(Ps|Ko) + (@ = Pelly,, £o) +¢ nr 85)
The explicit constraint a € ¥, may be dropped here: nonnegativity of the couplings, together with P;1,, =aand P; "1, = by,
already forces a € X,,. We may therefore minimize the Lagrangian over a € R”. Strong duality holds, so one can exchange
the minimum and maximum. Finiteness of the minimum with respect to a gives the vector constraint )}, A;f; = 0, while
minimization with respect to Ps gives the Legendre transform of KL(:|K;):

max Z/\ [(gs,b)— KL*(s®gs )] 3 A =o.

f9 gg)s
The separable conjugate is KL*(UIK) = Z Kii(e Vi —1), (12.18)
ij
because for k > 0, sup, ., ur — (rlog(r/k) —r + k) = k(e —1), and the case k = 0 follows by lower semicontinuity. Substituting
this conjugate gives (12.17), including its additive constant. The coordinate maximization in g, gives (12.14); the block
maximization in all (f;)s under Y;; Asf; = 0 gives the weighted geometric mean (12.16) and then (12.15). O

Doubly regularized entropic barycenters.

Definition 12.9 (Doubly regularized entropic barycenter). For ¢, t > 0, define
S
Eeqla) = Z AsLi(a, Bs) + TKL(a]y), ay. € argmin ¢ v (x) Eeqa), (12.19)
with the convention £? = £..

On a compact space with continuous cost, & ; is proper, lower semicontinuous and convex, so it admits a minimizer. If 7 > 0,
strict convexity of KL(-|y’) makes this minimizer unique; finite outer entropy also imposes a} ; < y.
The KL reformulation (8.7) gives

S n S
Eer(a) = D ALE (a,bs) + (e —H(@) — 7 ) a;loggi+ e Y AH(b,). (12.20)
s=1 i=1 s=1
Indeed, KL(alg) = —H(a) — 3; a; log gi, while each normalized entropic OT value contributes ¢H(a) + ¢H(bs). If y is uniform
on the grid and 7 = ¢, every term outside the first sum in (12.20) is constant.

Wasserstein-over-Wasserstein and barycenters. Assume, for instance, that ¢ is lower semicontinuous and that there
exists at least one By € P(Q) with /P L(Bo, )dW(a) < 400, The barycenter correspondence is then B.(A) :=

Argmmﬁe,])(Q fp LB, a)dA(ar). When thls set is a singleton, we denote its element by ay = aﬁrg;z;? fp LB, a)dW(a),
Proposition 12.10 (Law of large numbers for barycenters over measures). Let Q be a compact metric space, let ¢ : QX Q — R
be continuous, and let W € P(P(Q)). Let a1, ay, ... be independent random probability measures with common law W, and set

Ay = % P ba; € P(P(Q)). Then, almost surely,

A, = A in P(P(Q)), dg, — au in P(Q). (12.21)
Moreover, if B.(N) = {aw} is a singleton and if & ag, € B, (‘fI ) is any empirical barycenter, then, almost surely,
gl —ay inPQ). (12.22)

Proof. Set K = P(Q). Since Q is compact metric, K is compact metric for weak convergence, and so is £(K). The space C(K)
is separable for the uniform norm. Applying the scalar strong law to a countable dense family of test functions and then

using uniform approximation gives, almost surely, for every ® € C(K), / (I)(a)d?’ip(a) = % Zle D(a;j) — / D(a)dUA(ax) This is
exactly (12.21).
For the collapsed mixtures, take f € C(Q) and define ®¢(a) = /Q fda. This function is continuous on £ (Q2). Hence

‘/Qfda_(ﬁp = ‘/(P(Q) @f(a)d%lp(a) — ‘/(P(Q) (Df(a)dsll(ac)=‘/gfd0_(<u,

which proves the second convergence in (12.21).

Since ¢ is continuous on the compact product Q X Q, the value (8, a) — L.(, @) is continuous on K2. Therefore the
map B +— hg, where hg(a) = Lc(f, a), is continuous from the compact space K to C(K). Its image H = {hg : p € K}

is compact in C(K). The convergence of 2, to A is uniform over H: given n > 0, cover H by finitely many n-balls in
| - loo, use weak convergence for the centers, and bound the error on the balls by the total variation of ﬁp — A. Hence
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the empirical objectives Fy(B) = / LB, a)dﬁp(a) converge uniformly on K to F(B) = f LB, a)dW(a). Let g, € Bc(‘ﬁp).
Compactness gives a subsequence f8,, — f. Uniform convergence, continuity of F, and optimality of ,, give, for any y € K,
E(B) = limy Fp, (Bp,) < limy Fp, (y) = F(y), so B € B.(N). If this set is the singleton {ay}, every converging subsequence has the
same limit, and therefore the whole sequence am converges to ay, proving (12.22). o

Toward central limit theorems on Wasserstein space. There are nevertheless important settings where such results can be
proved. In one dimension, the quantile representation linearizes W5, so barycenter fluctuations can be studied through
empirical averages of quantile functions.

Sliced and Radon barycenters. Slicing gives a scalable surrogate for high-dimensional barycenters by applying the one-
dimensional quantile formula of Proposition 12.5 in every projection direction. For inputs f; € P»(R?), define the sliced

barycenter by replacing W, with SW>, introduced in Definition 11.19 and interpreted through the Radon transform in
Section 11.2:

S S
i Ae SWila,B:)? = mi A W, ((Pe)sa, (P 240(0).
i ST = i [ 3105 Wa (o o 4o

A cheaper Radon-domain approximation drops this consistency constraint and minimizes directly over measurable collections
(76)gest-1 with yg € P2(R),

S
min /5 Z As W2(79,ﬁs,6)2d0(9)/ Bs,o = (Po)yPs.
d-1 S=1

(yo)o

For each 6, the minimizer is the one-dimensional barycenter yg with quantile C;jel(r) = le AsCﬁ: 19(1’), r € (0,1). For two

inputs o, f1 and interpolation weight f € [0, 1], it is useful to make this directionwise construction explicit. For r € (0,1),
define

Ql’(ar 7’) = Cﬁ_lle (1’), Qt(el 1’) = (1 - t)QO(GI 1’) + th(el 1’), Yeo = (Qt(el '))ﬁLeb[O,l]‘ (1223)
The values assigned to Q;(6, ) at r = 0 and r = 1 are immaterial to this push-forward. Thus Q; is the quantile field of the
independently interpolated projected laws (+,0)0.
Let h(6, t) denote a density of y9. We use the one-dimensional Fourier transform in the variable f,

heo,w) = / e (e, Hdt,  h(6,t) = 1 / e H(0, w)dw, (12.24)
R 21 Jg

Proposition 12.11 (Radon least-squares pseudoinverse). Let d > 2, let o be the uniform probability measure on S, and let R be the
density Radon transform introduced in the Radon point of view paragraph. Write D(R) = {p € L*(R?) ; Rp € L>(S""! xR, do dt)}.
Let h € L*(S%! x R, do dt) and assume that the Fourier expressions below define an element of D(R). Then the unique solution of

min / / IRp(6,t) — h(6, t)[* dt do(6) (12.25)
peD(R) Jsi-1 JR
is p* = R, where
d l|
Rth 2140, )| |41, d 12.2
() = Z(ZH)d L [ emlal =i, o dote) (1226)

Thus RYh is an L? pseudoinverse reconstruction. Without an additional L' assumption, it need not be the density of a finite signed measure.
If h = Rp is Radon-consistent and p is sufficiently regular, then R'Rp = p.

Proof. For the d-dimensional Fourier transform, use the compatible convention
p(&) = / e Tpydy,  p(x) = —— / HEDB(E)dE.
R (2m)
The Fourier-slice theorem gives @(9, w) = p(wh). (12.27)
Applying the one-dimensional Plancherel identity in ¢ rewrites the objective in (12.25), up to the positive factor 1/(2m),
- 2
as ./Sd’l /R |ﬁ(a)6) - h(0, a))‘ dwdo(0). Every & # 0 has the two signed-polar representations (8, w) = (&/[&], [€]) and

(=&/1EN, —1€DD)- The pointwise least-squares minimizer is therefore

e = ( (5 "5")”( e "5")) (1229

This also proves uniqueness under the stated existence assumptions. Applying the inverse d-dimensional Fourier transform
to (12.28) and using signed polar coordinates yields (12.26); the factor Sd_1| /2 accounts for the normalization of ¢ and the two
signed representations of each nonzero frequency. Finally, if & = Rp, then (12.27) makes both terms in (12.28) equal to p(¢),

proving RTRp = p. O
Because this multiplier amplifies high frequencies, one typically chooses a bandwidth Q > 0 and replaces it by
i A ~
mo(w) = o) x(w/Q), R;r)h(x) = \ \ / /elw(e'x)mg(cu)h(G, w)dw da(0), (12.29)
2(27T)d sd-1 JR

where yx is an even low-pass window with x(0) = 1. For the two-input path (12.23), choose 1; > 0 so that ((Rz)ht) —-1n¢)+ € LY(RY)
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has finite nonzero mass, and define the nonnegative, unit-mass reconstruction
(RE ) (x) = 1),

[ (@) -0 =

Ap(x) = (12.30)

12.2 Multimarginal OT
Definition and basic structure.

Definition 12.12 (Multimarginal optimal transport). Let a; € P(X;) for s = 1,...,S, and denote by U (a1, ..., as) the
probability measures whose s-th marginal is as. For a measurable cost c bounded from below, define

MMOT. (a1, ...,as) = inf / c(xq, ..., xs)dm(xq,...,xs). (12.31)
nel(ay,...,as) X1 XXX

Monge structure and splitting-set twist.

Definition 12.13 (Twist on splitting sets). Fix x; € X1. Aset M C X X --- X Xs is a c-splitting set at x1 if there exist functions
us : Xs > RU{-o0}, for s = 2,...,8S, such that Zfzz us(xs) < c(x1,x2,...,xs) for all (xy,...,xs), with equality on M.
Assume c is differentiable in x1. The cost is twisted on splitting sets if, for every x; and every c-splitting set M at x1, the
map (xa,...,xs) —> Vyc(x1,x2,...,xs) is injective on M.

Proposition 12.14 (Multi-marginal Monge structure). Assume that X; C R?, that c is continuous and differentiable with respect to
x1, and that c is twisted on splitting sets. Suppose that Kantorovich dual maximizers (qos)f:1 exist, that a1 is absolutely continuous,

and that ¢ is differentiable ai-a.e. Then every optimal plan * € U(aq, ..., as) is concentrated on the graph of maps m* =
(Id,1,..., Ts)ya1, (Ts)ya1 = as. In particular, under these hypotheses the optimizer is unique.

Proof. Let ((ps)f:1 be optimal dual potentials. Complementary slackness gives a Borel contact set I' of full n*-measure
on which Y} @s(xs) = c(x1,...,xs). After disintegrating with respect to the first marginal, fix a point x; where ¢ is
differentiable and where the conditional plan is concentrated on the fiber M(x1) = {(x2,...,xs) : (x1,x2,...,x5) € I'}. Indeed,
set up = @2 + @1(x1) and us = @; for s > 3. Dual feasibility gives Zf:z us(xs) < c(x1,x2, ..., xs), and equality holds on M(x1).
If (x2,...,x5) € M(x1), the function z +— ¢(z,x3,...,xs5) — Zf:z @s(x5) touches @1 from above at z = x;. Differentiating at
this contact point gives Vo1(x1) = Vy,c(x1, x2, ..., xs). All points in the fiber therefore have the same value of V,,c. Twist
on splitting sets makes the fiber a singleton for ai-a.e. x1. Disintegrating * with respect to its first marginal gives Dirac
conditional measures, hence measurable maps (1, . . ., Ts). If ni! and 72 are two optimal plans, their average is also optimal.
The conditional measure of this average over x; is the average of the two Dirac conditionals, and it must again be a Dirac mass
by the preceding argument. Hence the two Dirac masses coincide for a;-a.e. x1, proving uniqueness. m|

Coulomb cost and density-functional theory. For N electrons in R, the repulsive Coulomb interaction is the multi-body cost

.. X1—X;
Ccoul(X1, ..., XN) = ZKKKN m, Away from collisions, Vy, ccou(X1,...,XN) = — Z;\Izz ||xl]——x]]||3
to this vector is injective, so the ordinary two-marginal twist argument can be recovered under the required existence, duality
and differentiability hypotheses. For N > 3, however, the displayed total force does not by itself determine the entire tuple

(x2,...,xN); twist on splitting sets, and hence a Monge representation, is not automatic.
If p is an electron density with fR3 p(x)dx = N and a = p/N is the associated probability density, the strictly-correlated-electrons
relaxation of density-functional theory is the equal-marginal problem

For N = 2, the map from x»

VeSeCE[p] = inf / ccoul(x1, ..., xn)dm(xq, ..., xN).
nel(a,...,a) (RIN
The deterministic ansatz writes a plan through co-motion maps 7 = (Id, Iz, . . ., Ty )y, (T)ya = a,

Proposition 12.15 (Cyclic co-motion plans). Let & € P(R®) and let T : R> — R® be measurable with Tya = a and TN =1d a-a.e.
Set T = Id and iy = (T°, T', ..., TN"V)ya. Then nr € U(a, ..., a). If Ro(x1, ..., xN) = (Xoq1), - - -, Xo(n)) for o € Perm(N), then
fir = % 2oeperm(N)(Ro)4Ter 18 a symmetric admissible plan and

/CcOmdﬁT:/CCouldﬂT:/R Z mda(x)

? 0<i<j<N-1 |

Proof. Since Tyar = a, all iterates T’ preserve a, so every marginal of 7ty is a. The plan 7ir is an average of coordinate
permutations of 77, hence has the same marginals and is invariant under coordinate permutations. The Coulomb cost is
symmetric in its arguments, so its integral is unchanged by each R,. The last identity follows by evaluating ccou on the graph
(x,T(x),..., TN"I(x)). O
Proposition 12.14 explains the general mechanism that can force graph solutions, while Proposition 12.15 records the additional
equal-marginal symmetry used by co-motion maps. Thus the DFT problem is both a central application and a warning that
multi-marginal OT is richer than a naive deterministic matching problem.

Multi-marginal formulation of barycenters. For the squared Euclidean cost, one can introduce a latent barycenter point and
eliminate it explicitly, leading to the multi-marginal cost cpar(x1, ..., Xs) = min, g Zle Aslx = xq 2.

Proposition 12.16 (Multi-marginal formula for quadratic barycenters). Letf1,...,Bs € Pr(RY and A € Ls. Define B(x1,...,xs) =
Zle AsXs, Char(X1, - - ., x5) = miny 3¢ Ag|lx — x5 |2 If n* solves the multi-marginal OT problem with marginals (Bs)s and cost cpar,
then a* = Byrt* is a Wasserstein barycenter. Conversely, every barycenter is obtained this way from an optimal multi-marginal plan.
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Proof. For any candidate barycenter a and couplings 7t € U(a, fs), glue the couplings along their common a marginal to obtain
ajoint law of (X, Y;, ..., Ys). Conditioning on (Y;)s and minimizing over X gives Y, AsE|X — Y;|> > Eminy Y, As|lx — Ys|% =
Ecpar(Y1, . . ., Ys). Taking the infimum over the couplings gives that the barycenter value is at least the multi-marginal value.
Conversely, from an optimal multi-marginal plan 7*, set X = B(Yj, ..., Ys). The couplings between X and each Y; are feasible
for the barycenter problem and attain exactly the multi-marginal cost, proving equality and the formula. If a* is any barycenter,
choose optimal couplings between a* and each $; and glue them along the common a* marginal. Since the barycenter and
multi-marginal values are equal, the conditional minimization inequality above must be an equality. Thus X = B(Y,...,Ys)

almost surely for the induced optimal multi-marginal plan, and a* = Bym*. O

Corollary 12.17 (Sparse discrete barycenters). Let fs = Zzszl bs,i,0x, ., s=1,...,5, bediscrete input measures. There exists

a quadratic Wasserstein barycenter a* supported on weighted averages Y, AsXs i, of one support point from each input and satisfying
S

#supp(a*) < X7 ns—S+1.
Proof. Write a discrete multi-marginal plan as a nonnegative tensor P = (Pj, . i;) and let Amarg collect its S marginals:

operator has rank rank(ﬂmarg) = Zle ns — S + 1. Indeed, a family of vectors u; € R" belongs to the annihilator of its image
precisely when Zle us i, = 0 for every (i1, ..., is). Varying one index at a time shows that every u; is constant, say us = ¢;1,,,
and the remaining condition is }; ¢; = 0. The annihilator therefore has dimension S — 1, which proves the rank formula.

The rank-controlled sparsity result therefore supplies an optimal multi-marginal tensor P* with at most >}, n; — S + 1 positive
entries. Proposition 12.16 gives the barycenter a* = ByP*. Each positive tensor entry produces at most one atom under B, and
collisions can only reduce the support size. This proves the claim. m]

Entropic regularization of multi-marginal OT. As in the two-marginal case, one can add an entropic penalty with respect to
the product measure a1 ® - - ® as: infreq/(a;,....as) f cdn + e KL(nt|a1 ® - - - ® as). Whenever such potentials (f;)s attain the
entropic dual, the optimizer has the generalized Gibbs form

dn*(xl, o /xS) — eXp(ZS fs(xs) - C(xll e rxS)) l_ldfxs(xs)/

&

Treewidth and graphical structure. The important exception is when the cost factors over a sparse interaction graph. Let
G = (V,E) be a finite undirected graph with V = {1, ..., S} and suppose, for simplicity, that

c(x1,...,x5) = Z crs(xr, Xs5). (12.32)
(r,8)eE

Definition 12.18 (Tree decomposition and treewidth). A tree decomposition of a finite graph G = (V,E)isa tree 7 = (Q, F)
together with bags B; C V, q € Q, such that

1. Uje Bg =V;

2. for every edge (r,s) € E, some bag contains both r and s;

3. for every vertex s € V, the nodes {q €Q;s¢€ Bq} form a connected subtree of 7.

The width of this decomposition is max,eq |B4| 1, and the treewidth tw(G) is the minimum width over all tree decompositions.

Junction-tree contractions inside Sinkhorn. In the discrete setting, define the edge Gibbs matrices and the current unary

factors
r,8

K = exp(_%) (i) = (as)i, (1),

Ly, ls

Under (12.32), the current scaled coupling is represented implicitly as
Py s = | [ hsis) [ ] K7 (12.33)
seV (r,s)eE
When G is a tree, let Ng(r) denote the neighbors of r. The directed sum-product messages satisfy

ny

My—ss(is) = Z KI (i) ]_[ gy (iy). (12.34)
ir=1 q€NG(r)\{s}
A leaf-to-root pass followed by a root-to-leaf pass computes every directed message and hence every current marginal,
@i, = hs(is) [ mrostio). (12.35)
reNg(s)

For the block s currently selected by the cyclic scaling algorithm, the exact coordinate update is then us < u; © g—j, with
componentwise products and quotients. This changes only the unary factor #;. k
For a general tree decomposition, choose one host bag for each unary factor, assign each edge factor in (12.33) to a bag containing
both endpoints, and denote the product assigned to bag B, by ,(i,). For adjacent bags q,9" € Q, set S; 4 = B; N By
Junction-tree messages take the form

Myoglis, )= > Wolis)  []  Mioyls,)- (12.36)

IBg\S, 00 teN7(\{g'}

Optimal Transport / Compact Notes 81



After a collect-distribute pass, the calibrated bag belief is
by(in,) = Palin,) [ | Mioylis,,)- (12.37)
{eNT(q)

For any s € B;, summing b, over B, \ {s} gives a; the running-intersection property ensures that every bag containing s gives
the same result.

Redundant adjacent bags may be contracted, so one can assume that the decomposition is reduced. If its width is w, every bag
contains at most w + 1 variables and every separator contains at most w.

12.3 Low-Rank Optimal Transport

Definition 12.19 (Low-rank factored couplings). Leta € X,,b € L, and let r > 1. A rank-r factored coupling is a triple
(Q,R,g)such thatQ e R, R e R}”, and g € X;, withQ1, =a,R1, =b,and Q"1, = R"1,, = g. It induces the coupling

. _ — Qi kRjk
PQR,g) = Qdiag(g) 'R,  Pij= ) P (12.38)
k=1

where columns with g = 0 are discarded before applying the formula.

Proposition 12.20 (Factored couplings and nonnegative rank). For every feasible triple (Q, R, g) in Definition 12.19, the matrix
P(Q, R, ) belongs to U(a, b) and has nonnegative rank at most r. Conversely, every coupling P € U(a, b) with nonnegative rank at most
r admits a representation of the form (12.38), after possibly deleting zero latent components.

Proof. The marginal constraints follow by direct summation: P1,, = Qdiag(g) 'R"1,, = Qdiag(g)™'¢ = Q1, = a, and similarly
P71, =Db. Since P is a sum of r nonnegative rank-one matrices Q. kR:Tk / &k, its nonnegative rank is at most .

Conversely, suppose P = UV T withU € R and V € R!™". Setqy = Y; U; x and s¢ = Zj V; k. Components with gxsx = 0 donot
contribute and can be removed. Define gx = gxsk, Qi x = U; ksk and Rk = Vjkqk. Since P has total mass one, g € ¥,. Moreover

Q1, =P1,, =a,R1, =PT1, = b, and both column marginals are equal to g. Finally, ,, == Q kR’ L=, W

= P,', j O
For a cost matrix C € R™™, the low-rank constrained OT value is therefore minigr 4)(C, Qdiag(g)™'RT), The resulting
fixed-latent-mass model is

o mén (C, Qdiag(g)'R™) + eKL(Qla® g) + eKL(R|b ® ), (12.39)
1,=a, Q"1,=
R1,=b, RTﬂ,,,zég{

where Q, R are nonnegative. For fixed g, this differs only by constants from adding —e(H(Q) + H(R)) to the factorized transport
cost.

12.4 Capacity-Constrained Optimal Transport

Definition 12.21 (Capacity-constrained optimal transport). Let a € ML(X), B € ML(Y), letc : X X Y — [0, +o0] be
measurable, and let u : X X Y — [0, +c0] be a measurable capacity. Define

Li(a,B) = ne?i}}gr,ﬁ) {[ny c(x,y)dn(x,y); n<a®p, @ ®ﬁ)(x ) <u(x,y) (a®p)ae. } (12.40)

By convention, u = +oco removes both the density bound and the absolute-continuity requirement, so that £*(a, ) =

L(a, ﬁ)

The product coupling a ® § is feasible whenever u > 1. Thus the constraint is not meant to promote the product plan; rather, it
prevents the optimizer from using any pair more than the prescribed density ratio.

For discrete measures a = }; a;0y, and g = }};b;0,;, a capacity is an upper matrix P € R™". Given a cost matrix C, the

density-ratio discretization of Definition 12.21, with P;, j = ujja;bj, is the capped linear program

min (C, P) subjectto 0<P;; <P;; V(i,j). (12.41)
PeU(a,b)
Proposition 12.22 (Feasibility of a capped transport polytope). The constraints in (12.41) are feasible if and only if
a)+b(J)-1<PU,]) foreveryl c{1,...,n}, JC{1,...,m}. (12.42)

Proof. 1f P is feasible, then P(I,]) = a(I) = P(I,J°) > a(I) = b(J¢) = a(I) + b(J) — 1. Since P(I,]) < P(I,]), condition (12.42) is
necessary.
For sufficiency, build a flow network with capacity a; from the source to row vertex i, capacity P;, j from row i to column j, and

capacity b; from column j to the sink. A cut containing row set I and column set | has capacity 1 — a(I) + P(I,]) + 1 - b()).
Condition (12.42) says that every such cut has capacity at least one. The max-flow /min-cut theorem therefore gives a unit flow,
and its row-to-column edge values form the required matrix P. m]

With K j = a;bje i /¢, the regularized problem is

min  (C, P) + eKL(Pla®b). (12.43)
PeU(a,b), 0<P<P

On the active support, all iterates and correction factors are positive, so every division in the KL-Dykstra iteration is well
defined. KL-Dykstra convergence on finite-dimensional affine and box constraints then shows that, when the capped polytope
is nonempty, the iterates converge to the unique minimizer of (12.43).
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12.5 Metric Learning and Inverse OT

12.5.1 Differentiating OT losses
First variations of OT values.
Proposition 12.23 (First variations of OT values). Let o and f be probability measures with compact supports X = supp(a) and

Y =supp(p), let c € C(X X V), and let & > 0. Use the convention L0 = L., where the unregularized and positive-temperature values
are defined in Definitions 3.23 and 8.10. Denote by O (a, B) and D¢ (e, B) the sets of primal and dual optimizers of the corresponding
problem. If x is a signed measure with x(X) = 0 and a; = a + t x is a probability measure for 0 < t < to, then

4 Lanp = sup / F)dx ().
(a,p) /X

t=0+ (f §)eDs

dt

Ifh € C(X xY)and c; = c + th, then

d

= LEé(a,B)= inf / h(x,y)dn(x, y).
|, o, p) e ey (x, y)dn(x, y)

For fixed («t, B), a finite signed Radon measure 1 on X X Y represents the first variation of the functional ¢ — L (a, B) if, for every
heCXxY) L, (ap)=La,p)+t /Xx.y hdn + o(t) (t — 0). In particular, if the normalized optimal potential f} and the
optimal plan 1% are unique (so in particular when & > 0), then, with the marginal first variation understood as in Definition 15.2,

6-[:5 _ r* 6'£C€ — ok
60[ (a/ﬁ)_fg/ 6C (a/ﬁ)_ne'

Proof. For ¢ = 0, the Kantorovich duality theorem is stated in Proposition 5.5. Its dual value is a supremum of affine functions
of @, so Danskin’s theorem gives the first formula as the supremum over active dual potentials. The condition x(X) = 0 makes
this expression independent of the additive gauge (f,g) — (f + A, g —A).

For € > 0, use the continuous entropic duality and primal-dual density law of Proposition 8.18. At an optimal pair, the
marginal constraint makes the density in (8.24) integrate to one with respect to § for every x on the source support. Therefore
the derivative of the dual objective (8.23) with respect to « at fixed optimal potentials is / fZdx: the derivative of its exponential
term vanishes after the row normalization. Danskin’s theorem then gives the same first formula, now with a singleton set of
normalized active potentials.

For every ¢ > 0, the primal objective depends on c only through the affine term / cdn. The minimum form of Danskin’s

theorem therefore gives the second formula as the infimum of f hdm over active primal optimizers. When the normalized
potential or plan is unique, the corresponding directional derivative is linear in the perturbation, which gives the two first
variations. O

In the discrete unregularized case, the primal problem (3.2) and its dual (5.2) show that any optimal dual vector f* is a
subgradient with respect to the source weights a, while any optimal plan P* is a supergradient with respect to the cost matrix

C, because the value is concave in C: f* € d,Lc(a,b), P* e 82“ch(a,b). For ¢ > 0, these are ordinary derivatives on the
relative interiors of finite-dimensional simplices. For a finite-dimensional parametrization cg, the entropic formula gives the
backpropagation rule dp L%, (o, ) = [ doco(x, y)dmj (x,y), where iy _is the entropic optimizer between (a, §) for the cost
cp. Here we extend L{ to this signed cost by the same variational formula. It is proper because every = € U (a, p) satisfies

1/2 1/2
[ 1z, piante,n < 14l ( / ||x||2da(x>) ( / IIyIIZdﬁ(J/)) .

Indeed, after splitting {|x||yl > R} according to whether [x| > VR or Iyl > VR, Cauchy-Schwarz bounds the two tails, up to
the factor |Alqp, by

12 12 1/2 1/2
2d 2d d 2d 2C1 ,
(‘/{||x|>«ﬁ} Jx| a(x)) (/ Iyl ﬁ(]/)) an (/ x| a(x)) (/{||y||>\/i} Iyl ﬁ(y))

which vanish as R — +oc0. Thus the bilinear term is continuous on the weakly compact coupling set, the forward problem is
attained, and for ¢ > 0 its optimizer is unique. For every perturbation H € R%4,

DaLt,(a,pH] = [ (Hx, y)as (v, 1) = <H, [ e, . y)> |
F
Consequently,
VaLl, (a,p) = / ydeTcz,s(x,y) = COVT[/*_‘/&,(Y' X) +mgmyg,
where (X,Y) ~ 1}, my = f xda(x) and mg = f ydB(y). Thus the gradient is the raw cross-moment of the optimal coupling,
and it is its cross-covariance when both marginals are centered.
12.5.2 Inverse Optimal Transport

Definition 12.24 (Regularized inverse-OT loss). Let ¢ > 0 and 7@ € U(a, B), with KL(T(|a ® B) < +co when ¢ > 0. Let Cogm
be a convex class of real-valued measurable costs such that, for every ¢ € C,qm, one has f |c|d7t < +o0, the forward value
Li(a, B) is finite, and its infimum is attained. Extending the notation of (8.13) to these proper signed costs, define

65 / ¢d7 + ¢ KL(Fla ® B) - L(a, p), (12.44)

for ¢ € Cagm, where the entropy term is set to zero when ¢ = 0.
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Proposition 12.25 (Convexity and calibration of the inverse-OT loss). For fixed (a, B, T), the map ¢ — Fe(c | 70) is convex and
nonnegative on Cagm. Moreover, Fo(c | 1) =0 <<= 7 solves (8.13) for the cost c. When ¢ > 0, the regularized optimizer is unique
whenever the value is finite, so the zero set identifies the forward coupling for a fixed cost.

Proof. The first two terms in (12.44) are respectively linear and constant in ¢, whereas ¢ — L(«, ) is concave because it is
the infimum of affine functions of ¢, as in Proposition 3.24. Testing (8.13) with 7t proves nonnegativity, and equality holds
precisely when this test plan attains the infimum. Uniqueness for € > 0 follows from the strict convexity of relative entropy on
finite-entropy couplings. O

Bilinear cost learning. For concreteness, assume a, § € P,(R?) and consider the bilinear model c4(x, y) = (Ax, y), Ace€

R4 Let A ¢ R™ be a convex admissible set and, when ¢ > 0, assume KL(7|a ® B) < +oco. The moment bound above applies
to 7 and to every feasible coupling, so the bilinear family lies in a proper finite-value domain. After fixing the cost invariances
through A, one estimates
A* € argmin Fe(ca | ). (12.45)
AeA
Finite-sample polyhedrality and population curvature. Let Ayg = —Id and let 7 be the associated population optimal plan,
equivalently the quadratic ‘W5 plan. From i.i.d. pairs (X;, Y;) ~ mo, form 7, = % Z?:l O(x;,v)-

Statistical estimation. Under their nondegenerate-certificate assumptions and with a regularization parameter of order n~1/2,

up to logarithmic, confidence and e-dependent factors, they prove |A} — Aol = Op(n=1/2)

12.6 Weak Optimal Transport

Barycentric projection of a coupling.

Definition 12.26 (Barycentric projection of a coupling). Let &, € P1(R%) and let = € U(a, f). Disintegrate 7 with respect
to its first marginal as m(dx, dy) = my(dy)a(dx). Since B has finite first moment, the conditional mean is finite for a-a.e. x,
and the barycentric projection of 7 is the map

1560 = /qd ydm.(y), .Erc = (Tn)ﬁa‘ (12.46)

P =
Then 7y, = Z;”zl a—li’éy]. and Tr(x;) = al, Z;”zl P y;.
Proposition 12.27 (Barycentric projection of a quadratic optimal plan). Let 7t € U(e, B) be optimal for the quadratic cost |x — y|?
between ., B € P>(R?), and define Ty, and B by (12.46). Then (Id, T)yex is an optimal coupling between o and Br. Equivalently, Ty is a

quadratic optimal transport map from « to the projected target B.

Proof. By Theorem 3.35, 1t is concentrated on a c-cyclically monotone set T for c(x, y) = |x —y|?. For the quadratic cost, and since
it is enough to check cyclic permutations, this means that every finite cycle (x;, y;), C T satisfies Y, yiy = XX, Yis),
where y,,41 = y1. After changing the disintegration on an a-negligible set, 7, is supported on the section I'y = {y ; (x,y) € '}
for a-a.e. x. Choose x1, ..., x, in this full-measure set and independently sample Y; ~ my,. Applying the cyclic inequality
to (x;,Y;) and taking expectations gives >, (x;, Tr(x;)) > 2/ (xi, Tx(xi11)). Thus (Id, Tn)ﬁa is concentrated on a cyclically
monotone graph. By the cyclic-monotonicity characterization of quadratic optimality, this plan is optimal between its two
marginals, namely a and f;. m]

Weak transport costs.

Definition 12.28 (Weak optimal transport). Let X and Y be Polish spaces, leta € P(X)and g € P(Y),andletC : XX P(Y) —
R U {+o0} be measurable. For each m € U(a, B), let n(dx, dy) = a(dx)n,(dy) be a disintegration. Then

WOTc(a, B) = ne?i?(fx,ﬁ)/ C(x, my)da(x). (12.47)

Proposition 12.29 (Weak Kantorovich duality). Let X and Y be compact metric spaces, and let C : X X P(Y) — RU {+o0} be proper,
jointly lower semicontinuous, bounded from below and convex in its second argument. Fix a € P(X) and p € P(Y), and assume that
WOTc(a, B) < +00. For g € C(Y), define the weak C-transform

= int {c(m) - [ g(y)dv(y)}.
Then
WOTc(a, B) = sup { / g (x)da(x) + / g(y)dﬁ(y)} :
geC(Y)
When C(x,v) = f c(x,y)dv(y), this reduces to the usual Kantorovich dual with g¢(x) = inf,(c(x,y) — g(y)).

Proof. For any coupling e and any ¢ € C(Y), the definition of g© gives C(x, 7ty) > ¢%(x) + f g(y)dmy(y). After integration
with respect to a, the second term becomes / gdp because the second marginal of 7t is §. This proves weak duality.

For the converse, lift a kernel x +— 71, to the measure a(dx)d,, (dv) on X X P(Y). Relaxing this graph constraint gives
probability measures P whose first marginal is & and whose intensity satisfies /XxP WY dP(x,v) = B. This relaxation does not
change the value: disintegrating P(dx, dv) = Py(dv)a(dx) and replacing Py by its barycenter v, = / v dPy(v) preserves the
intensity constraint and cannot increase the objective, by convexity of C(x, ). The relaxed feasible set is compact, and the
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integral functional is lower semicontinuous. Fenchel-Rockafellar duality for the affine intensity constraint therefore has no
gap; its continuous multiplier is ¢ € C(Y). Minimization in v gives ¢©(x), while the constraint contributes / gdp. This is the
weak-cost analogue of Proposition 5.2; see for the Polish-space formulation. m]

Proposition 12.30 (Barycentric weak transport is weaker than W5). Let a, f € P2(R?) and define Cpar(x,v) = |x — / ydv(y)|?.
Equivalently,
WOTe, (@ f) = _inf [ Jx=Tu(x)Pday). (12.49
nel(a,p) JRrd
Then WOTg,, (a, B) < Wi(a, B).

Proof. Let mt be any coupling and disintegrate it as 7t,@. By Jensen’s inequality, [ x — T(x)[? < / lx = y|*>dm(y). Integrating in
x gives f Crar(x, my)da(x) < / |x = y|>dm(x, y). Taking the infimum over 7 proves the claim. O

For discrete measures a = ).} ; a;0x, and f = 271:1 b jOy,, delete zero-mass source atoms so that a; > 0. Formula (12.48) becomes
n 1 m
i ailxi — — » Pyl 12.49
ponin 2. il = o ; ijYil (12.49)
Writing its unregularized objective as Fpar(77), a linearized ground cost at 7 is
P (x, y) i= 2(x — Tn(x), x — y). (12.50)
Indeed, for every @ € U(a, B),
d —~ -~
I Foar((1 — ) + tTT) = / P (7 — ).
_ t=0
The term 2(x — Tr(x), x) in (12.50) depends only on x and is therefore a harmless source-marginal gauge; equivalently, one
may use 2(Tr(x) — x, y). The first-order condition for the KL-regularized convex problem is consequently the self-consistent
entropic OT problem

7* € argmin {/ cgirdﬁ + eKL(Ttla ® ﬁ)} . (12.51)
nel(a,p)

12.6.1 Martingale Optimal Transport
Definition 12.31 (Martingale couplings and martingale OT). Let a, § € P1(RY). A coupling 7 € U(a, f) is a martingale
coupling if, for the disintegration 7t(dx, dy) = m.(dy)a(dx),
/ ydme(y) = x for a-a.e. x. (12.52)
R4

Equivalently, T = Id in (12.46). The set of such couplings is denoted Umart(, B) = {n e U(a,B); T.=1d az—a.e.} .

For a cost ¢, the martingale OT problem minimizes / cdm over Umart(, B), with value +oco when the admissible set is empty.

The terminology comes from probability: if (X,Y) ~ 7, then (12.52) is exactly E[Y|X] = X. Hence martingale OT is
a Kantorovich problem with the usual two marginal constraints plus a barycentric constraint on the conditional laws.
Equivalently, the barycentric projected coupling

Stochastic orders.
Definition 12.32 (Classical stochastic order). For «, 8 € P(R),

azgpf / pda < / @ dp for every bounded increasing ¢.

Proposition 12.33 (Strassen’s theorem for stochastic order). Let a, f € P(R). Then a < p if and only if there exists m € U(a, B)
concentrated on {(x,y) ; x < y}.

Proof. A coupling supported on x < y immediately gives the integral inequality for every increasing ¢. Conversely, testing
approximate indicators of intervals (¢, +00) gives F,(t) > Fg(t) for all continuity points of the distribution functions. If U is

uniform on (0, 1) and F;?, F;l are the generalized quantiles, then X = F;!(U) and Y = Plgl(ll) have laws a and 8, and the
inequality between distribution functions gives X < Y almost surely. O
Convex order and martingale feasibility.

Definition 12.34 (Convex order). For a,f € P1(R?), write @ < f when / pda < f @ dp for every continuous convex

@ : RY — R with at most linear growth.

Theorem 12.35 (Strassen’s martingale theorem). Let a, § € P1(R?). Then a < B if and only if Unart(a, B) # 0. Equivalently, p is
above « in convex order if and only if there exists a coupling ni(dx, dy) = n.(dy)a(dx) such that f ydmy(y) = x for a-almost every x.

Proof. If 7 is a martingale coupling, then Jensen’s inequality gives, for every convex ¢, ¢(x) = (p( / ydnx(y)) < [ o(y)dn(y),
and integration in x gives f pda < f @dp.
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Conversely, assume a <., f. First suppose that both measures are supported in a compact convex set K. Separate § from the
closed convex set of probability measures on K that are reachable from a by martingale kernels supported in K. If § were not
in this set, a continuous separating function ¢ : K — R would satisfy

/ Ydp > sup {/ Ydn : n € P(K), Unart(a,n) # (Z)}.

For a fixed x € K, optimizing over probability measures on K with barycenter x gives the concave envelope conck 1(x);
hence the right-hand side is f conck da. Since convex order is equivalently the reverse inequality for concave functions,
f conck pda > f conck pdp > f ¥dB, a contradiction. For general measures in P;(R?), the same separation argument is
carried out in the ‘W topology, whose continuous test functions have at most linear growth. Compactness is replaced by

tightness and uniform integrability of first moments; these properties also make the set of attainable second marginals closed
and preserve the martingale constraint under limits. This is the standard extension in Strassen’s theorem. m]

Proposition 12.36 (Brenier-Strassen projection formula). Let a, € P»(RY) and let Cpar be the barycentric quadratic cost of
Proposition 12.30. Then

WOTc,,.(a,f)=  inf  Wi(a,n). (12.53)
neP2(RY): N
Proof. Let (X,Y) havelaw 1 € U(«a, B), set Z = E[Y | X], and denote its law by n. Conditional Jensen gives E[¢p(Z)] < E[@(Y)]
for every convex ¢, so 1 <« B. Since (X, Z) couples a and 7, W%(a, N <E|IX-Z|*= / Char(x, i )da(x). Taking the infimum
over 7t proves that the left-hand side of (12.53) is no smaller than the right-hand side.

Conversely, fix 1 <.« 8. By Theorem 12.35, there is a martingale coupling from 1 to f. Glue it to an optimal coupling (X, Z)
between « and 1, conditionally independently given Z. The resulting variables satisfy E[Y | Z] = Z, hence E[Y | X] = E[Z | X].

Conditional Jensen therefore gives E|X — E[Y | X]|?> = E|X — E[Z | X]|? < E|X - Z|? = ‘W5(«, ). Taking the infimum over
proves the reverse inequality. m|

For Gaussian measures with the same mean, convex order reduces to the Loewner order on covariance matrices: N(m, X9) <cx
N(@m, L) &= X1—-2Xp=0.Conversely, fixu e R? and use the convex, at-most-linear functions

— <1/l, X — m>2/ |<ur X — m>| < R/
PR(x) = {2R|(u, x—m)|—R2, |(u, x—m)| > R.
13 Beyond Comparing Measures
13.1 Vector and Matrix-Valued Measures

Positive vector-valued measures.

Definition 13.1 (Positive vector-valued measure). A positive R”-valued measure on X is a tuple @ = (al,...,a™) €
M (X;RY}), where each component akisa nonnegative finite measure.

For the dynamic formulas below, assume that X is either R4, the flat torus, or a bounded convex domain in R? equipped with
no-flux boundary conditions. First suppose that the endpoints and the curve have densities.

Definition 13.2 (Vector-valued dynamic transport). For a nonnegative extended-valued action density @ : R” x (R™)? —
[0, +00], define

1
Wq%(ao,al) = umé/()' /X(I)(ut(x),Vt(x))dxdt (13.1)

subject to the endpoint constraints ugdx = ap, u1dx = a; and the componentwise continuity equation

d
I + Ve -Vi=0,  (Vo-V)F =0,V (13.2)
=1

For the linear mobility actions ®y above, these requirements hold: the action is even and quadratic in V, while the range
convention and finite-dimensional coercivity make it separating on its effective domain. Their lower-semicontinuous measure
extensions therefore define extended distances on the finite-action components with prescribed channel masses.

Positive matrix-valued measures.

Definition 13.3 (Positive matrix-valued measure). Write S for real symmetric matrices and S for the positive semidefinite
cone. A positive S'-valued measure is a countably additive map from Borel sets of X to S7'; we denote the cone of such
measures by A € M. (X;S}).

Definition 13.4 (Matrix-valued dynamic transport).

1 d
W2 (Ao, A) = inf/ / Z tr (P, Al Py ¢)dxdt (13.3)
AP 0 X = ’
subject to Agdx = Ay, A1dx = Ay and to the matrix-valued continuity equation
d
A +Vy P =0, Vy-P= Z 94, Py (13.4)
=1

Here A;r is the Moore-Penrose inverse, and the integrand is +co unless Ran(P; ;) € Ran(A;) for every £.
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Here Wat is an extended distance. Indeed, the action is invariant under P + —P, quadratic under time rescaling and zero
only for P = 0 on its effective domain.
Proposition 13.5 (Diagonal matrix subproblem). Assume that the endpoints are diagonal in a fixed orthonormal basis, A; =

diag(a}, coal), i =0,1, and that a’O‘(X) = a’l‘(X) = my for every k. If one restricts the admissible curves in (13.3) to remain

diagonal in that basis, Ay = diag(u}, couf), Py = diag(thl,, ., Vt”;), then the value of this restricted matrix problem is

k:mk >0

with zero contribution from zero-mass channels. Thus the commuting matrix submodel is exactly the positive vector-valued Benamou—Brenier
model associated with Maiag(u) = diag(us, ..., tm).

Proof. The continuity equation (13.4) is diagonal entry by diagonal entry and gives d;u* + V- VK = 0. Moreover,
k|2
Z?Zl tr (P[,ATP ) = Zi, l‘;‘—k| with the same scalar perspective convention as before. The admissible set and the ac-
! t

tion are therefore exactly those of the diagonal vector model. O

13.2 Wasserstein over Wasserstein

Wasserstein spaces as ground spaces.
Proposition 13.6 (Wasserstein spaces as ground spaces). Let 1 < p < co. If (X, d) is Polish, then (P,(X), W) is Polish. If X is
compact, then Pp(X) = P(X) and this space is compact for Wp.

Proof. This is a standard structural theorem for Wasserstein spaces. For completeness, extract from a ‘W ,-Cauchy sequence a
subsequence (a)x such that 3}, W, (ax, aki1) < o0. Gluing optimal couplings of consecutive terms produces random variables
(Xi)r with laws ag and Xy (X, Xk+1)r < 0. Hence Xj converges almost surely and in L? to an X-valued random variable;
its law is the ‘W, limit of the subsequence, and the Cauchy property gives convergence of the original sequence. Separability
follows by approximating measures with finitely supported measures on a countable dense subset and rational weights. If X is
compact, Prokhorov’s theorem gives compactness of P(X) for weak convergence, and Proposition 4.17 identifies this topology
with the W, topology. m]

Random measures and collapsed mixtures. Fix 1 < p < co. We denote elements of $,(X) by a, §, . ... Elements of ,(P,(X))
are denoted by fraktur letters, for instance U, B; they are probability laws over probability measures, or random probability
measures. A basic parametric example is obtained from a measurable family (a¢)ccz and a probability law y on the parameter
space:

A= (Cr ag)yy. (13.5)

Definition 13.7 (Collapsed, or barycentric, mixture). For A € P(P (X)), the collapsed, or barycentric, mixture associated

with A is the measure @y defined by
[ foas = [ . ( / f(X)da(x)) d(a), (13.6)

for bounded continuous f.

Moreover, if A € P, (P, (X)), then ay € P,(X) because f{\, d(x, xo)? dag(x) = fp ) Wyla, Ox,)P dU(a).
p

Transport between random measures.

Definition 13.8 (Wasserstein-over-Wasserstein distance). Let 1 < p < +o0 and let X be a Polish metric space. For
A, B € Pp(Py(X)), define

WO, B) == inf / W (a, B)dI(a, ). (13.7)
P TTIeU(U,B) Pp(X)XPp(X) P ‘B ﬁ

For p = 2, Gaussian mixtures provide a particularly explicit example with two levels of geometry. A mixture }; a; N(m;, Z;)
can either be viewed as the collapsed measure on X, or as the component law A = 3, 2;0x(m; x;) Given two component
laws A = 3 aiOn(m; 5, B = X bjOnm;, ), the discrete problem induced by (13.7) uses the component cost C;; =

|mi—n; I2+B(Z;, A j)z. Let P* be an optimal coupling between the weights a and b. Assume first that all component covariances
Y; and A; are positive definite. If A; ; denotes the Brenier linear part (2.16) from XZ; to A}, then each active component pair

is interpolated by m;j; = (1 — t)m; + tn;, Tije = (1 - HId + tA; ) Zi ((1 - £)Id + tAi,j)T, and collapsing these component
geodesics gives @; = Zi,]- PZjN(mij,t, Zij t)-

Proposition 13.9 (Collapsing is non-expansive). Let (X, d) be Polish, let 1 < p < oo, and let A, B € P, (P,(X)). For the collapsed
mixtures defined by (13.6), Wy (au, fs) < W, (U, B).

Proof. FixIT € U, B) and n > 0. A standard measurable-selection theorem for optimal transport on Polish spaces gives a
measurable kernel («, ) — 74 € U(a, B) such that f/\,xx d(x, y)P dmap(x,y) < Wpy(a, B)P + 1. Integrating this kernel against
I1 gives a coupling 7t between @y and . Its cost satisfies fXxX d(x,y)Pdn(x,y) < /PP(X)Z (WZ(a, B)dIl(e, B) + 1. Letting n | 0,

taking the infimum over I1, and then taking the p-th root proves the claim. m]

13.3 Gromov—Wasserstein
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Discrete formulation. Optimal transport needs a ground cost C to compare histograms (a, b), and thus cannot be used directly
if the histograms are not defined on the same underlying space, or if one cannot pre-register these spaces to define a ground
cost.

To address this issue, one can instead use a weaker requirement: two matrices D € R"*" and D’ € R™*™ are available and
represent relationships between the points on which the histograms are defined. A typical scenario is when these matrices are
powers of distance matrices.

Define the quadratic distortion energy

Ep,or(P) = Z A(D;,#, D ,)'PiPrp,  GW((,D),(b,D)) := min Epp(P). (13.8)
T PeU(a,b)
where p > 1 and A is a distance on R, typically A(u, v) = |u —v|.
When D and D’ satisfy the metric axioms on {1, ...,n} and {1, ..., m}, respectively, these weighted sets define finite metric-
measure spaces with measures }}; a;6; and }}; bj6;. Theorem 13.16 therefore applies directly to (13.8): GW satisfies the triangle

inequality and defines a distance modulo measure-preserving isometries.
General setting.

Definition 13.10 (Metric-measure space). A metric-measure space is a triple X = (X, dx, «), where (X, dx) is Polish and « is
a Borel probability measure on X.

The general setting corresponds to computing couplings between metric-measure spaces X = (X,dx,a) and Y = (Y, dy, p),
where the distance and the measure are both part of the data. The required moment condition depends on how their distances
are compared and is therefore included in the next definition.

Definition 13.11 (Gromov—Wasserstein distance). Fix p > 1 and a distance A on [0, +0) such that (r, s) — A(r, s) is lower
semicontinuous for the usual topology. Define the distortion-dependent size Sy ,(X)" = f/\,x . Adx(x,x’), 0)p da(x)da(x’),
and analogously Sx ,(Y). If both sizes are finite, then

GWX, Y = min / Adx(x, ), dy(y, y)P dr(x, y)an(, y). (13.9)
neU(a,p) Jx2xy2

Definition 13.12 (Infinite-order Gromov—Wasserstein distance). For a lower-semicontinuous distance A on [0, +0), the
infinite-order Gromov—Wasserstein distance is

GW(X,Y):= inf esssupA(dx(x,x’),dy(y,y’)). (13.10)
neU(apf) non

Proposition 13.13 (Infinite-order limit of Gromov-Wasserstein). Let X and Y be compact metric-measure spaces, and assume that A
is continuous. Then

GWo(X,Y) = inf sup Aldx(x, '), dy(y, y)). (13.11)
TR () ,) esuppor
Moreover, GW ,(X,Y) is nondecreasing in p and

lim GW, X,Y) = GW (X, Y). (13.12)

Proof. For each coupling 71, continuity of the distortion integrand identifies its essential supremum under 7 ® 7 with its
supremum over supp(m)?, which proves (13.11). Monotonicity follows from monotonicity of probability-space L¥ norms, and
gives alimit L < GW (X, Y).

Let px — oo and let 71y minimize the order-px problem. Compactness of U(a, f) gives, after extraction, p — 7. If
the distortion vanishes on supp(m4)?, the result is immediate. Otherwise, fix (x,y), (x’,y’) € supp(m.) with positive
distortion and a number 0 < r < A(dx(x,x’),dy(y,y’)). By continuity, there are neighborhoods U and V of these points
on whose product the distortion exceeds r. The Portmanteau theorem gives liminfy 7 (U) > 0 and liminf 1, (V) > 0.
Hence, for some ¢ > 0 and all sufficiently large k, GW,, (X,Y) > r(nk(U)nk(V))l/pk > rcl/Pk, Letting first k — oo and

then r increase to the distortion of the selected pair shows that L dominates every distortion on supp(7«)?. Therefore

L> sup((x,y),(x,,y,))esupp(m)Z Aldx(x,x"),dy(y,y")) = GW(X,Y), which proves (13.12). O

Taking X ={1,...,n}, Y ={1,...,m}, @ = };a;6; and p = }; b;6; reduces (13.9) exactly to the discrete problem (13.8), since
every coupling is represented by a matrix P € U(a, b). Thus the construction above is precisely the finite-space, or equivalently
finitely supported, specialization of the metric-measure formulation.

Comparison with Wasserstein and Wasserstein—Procrustes.
Proposition 13.14 (GW, Wasserstein-Procrustes and Wasserstein). Let p > 1, let a, € P, (X) be probability measures on the same
metric space (X, dx), and take A(u,v) = |u — v| in (13.9). Then

Q(W((X, d/\’/a)/ (X/ d(\’/ﬁ)) < Z(Wp(arﬁ)/ (1313)
where W, uses the same ground metric dx. In particular, when X = RY is equipped with the Euclidean distance, write X, = RL -1, @)
and Xg = (R, || - |, B). Then

%ng(xa, Xg) < W, pa([al, [B) < Wp(a, p). (13.14)

For p = 2, the middle term is the Wasserstein—Procrustes distance of Definition 11.31. The factor 1/2 reflects the normalization in (13.9);
it disappears under the alternative convention A(u,v) = |u — v|/2.
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Proof. Fix m € U(a,p), and draw (x,y) and (x’,y’) independently from m. The reverse triangle inequality gives
|[dx(x, x") —dx(y, y')| < dx(x,y)+dx(x’,y’). Taking the L? (1 ® m) norm, applying Minkowski’s inequality, and optimizing
over 7t proves (13.13).

Now specialize to R?. Choosing the identity in Definition 11.29 proves the right inequality in (13.14). Rigid motions preserve
pairwise Euclidean distances, so the GW value is unchanged when a and § are pushed forward by arbitrary g, i1 € E(d).
Applying (13.13) to these aligned measures gives GW(Xa, Xg) < 2 Wy (gya, hyp). Taking the infimum over g, h proves the left
inequality. o

Definition 13.15 (Isometric metric-measure spaces). Two metric-measure spaces X = (X,dx,a) and Y = (Y, dy, B) are
isometric if there exists a bijection ¢ : supp(a) — supp(p) such that pya = g and dy(p(x), p(x’)) = dx(x,x’) for all
x,x" € supp(a).

Theorem 13.16 (Gromov—Wasserstein metric modulo isometries). For compact metric-measure spaces, p = 1 and A(u,v) = |lu — v/,
GW defines a distance up to measure-preserving isometries.

Proof. Compactness of the supports makes the coupling set compact and the distortion functional continuous, so an optimal
coupling exists. If ¢ is a measure-preserving isometry, the graph coupling (Id, ¢)ya has zero distortion; in particular,
GW(X,X) = 0. Symmetry and non-negativity are immediate.

If GW(X,Y) = 0and 7 is an optimal plan, then dx(x, x”) = dy(y, y’) holds m® t-almost everywhere. By continuity, this equality
holds on supp(n)?. dr((x,y), (x',y")) = %d,\f(x, x') + %dy(y, y’). The first projection ¢ : (x, y) — x is measure-preserving. For
((x,y), (x", ") € supp(n)?, dx(W(x,y), (', y")) = dx(x,x") = dy(y,y’) = d=((x, y),(x",y")), s0 1 is an isometry and therefore
injective. To see surjectivity onto supp(a), take x € supp(a). Since P47 = a, there is a sequence (xk, yx) € supp(n) with
xx — x. The equality of distances on supp(7n) makes (yx)r Cauchy, and compactness gives a convergent subsequence with
limit (x, y) € supp(n). The same argument for the second projection shows that the support space is also isometric to Y.

For the triangle inequality, let 7 be an optimal coupling between X and Y, and £ an optimal coupling between Y and
Z =(Z,dz,y). By the gluing lemma, take 0 on X x Y X Z whose (X, Y) and (Y, Z) marginals are 7 and . Let p = (Px,z)40,
and write ¢ = 0 ® ¢ for the product law of two independent triples (x, y, z) and (x’, y’, z’). Then p is feasible between X and Z,
and

1/p
GW(X,Z) < (/ ldx(x, x") —dz(z,z")¥ dc'r)

1/p 1/p
< (/ ldx(x, x") = dy (y, y)I’ d5) + (/ dy(y,y") - dz(z,2")|" d&
=GWXY)+GW(,2),
where the second inequality uses the pointwise triangle inequality followed by Minkowski’s inequality. This proves the
triangle inequality and completes the metric proof. m]

Marginal stability and geodesics.
Proposition 13.17 (Marginal stability and empirical GW rates). Let X = (X, dx, @) and Y = (Y, dy, B) be compact metric-measure

spaces, with A(u,v) = |u — v| and exponent p > 1. For any probability measures & on X and f on Y, set X = (X, dx, &) and
Y = (Y,dy,B). Then, deterministically, ‘Q(W(i, Y) - GWX,Y)| < Z(W;Y(d,a) + 2(Wg(ﬁ~,ﬁ), where (W;,Y and (W‘py denote
Wasserstein distances computed /z\uith dx and dy. If &, and B, are independent empirical measures built from iid samples with laws a and
B, write X, = (X, dx, &n) and Y, = (Y, dy, ‘@n,). If, in addition, X and Y are reqular compact subsets of Euclidean spaces of intrinsic
dimensions dx and dy, and the high-dimensional Wasserstein regime dx,dy > 2p applies, then E ’QW ()’Z,,,Vm) - GW(, Y)| =

O(n‘l/ ax 4 =1/ dy). For p = 1on subsets of [0, 1]d, the rates, including the low-dimensional logarithmic cases, are those of Proposition 10.5.

Proof. The triangle inequality of Theorem 13.16 gives GW (X, Y) = GW(X,Y) < GW(X, X) + GW(Y, Y). Exchanging the two
pairs gives the same bound for the opposite difference, hence the absolute value. The two terms on the right compare
metric-measure spaces with the same underlying metric and only different measures, so Proposition 13.14 bounds them by
2 ’W;((a”(, @) and ZW;‘,/ (B, B). Substituting @ = &, and § = f,, taking expectations and applying the empirical Wasserstein
rates recalled in Section 10.2 gives the stated Euclidean rate. m|

Proposition 13.18 (Gromov—Wasserstein geodesics). Let Xo = (Xo, dx,, o) and X1 = (X1, dx,, a1) be compact metric-measure
spaces, take A(u,v) = |u — v| in (13.9), and let w* be an optimal coupling. Define, on Z = Xo x X1, di((x0,x1), (x(, X)) =
1- t)dxo(xo,xé) + td,\»l(xl,xi), Xi = (Z,d¢, m*). For 0 < t <1, d; is a metric. Att = 0andt =1, one quotients Z by the
zero-distance relation associated with d;. Then t v X; is a constant-speed geodesic: GW (X;, X;) = |t —s| GW (Xo, X1) Vs, t €[0,1].

Proof. Write D = GW(Xo,X1). For s < t, couple X; and X; by the diagonal coupling induced by the identity on Z
and the measure 7*. For two independent points z = (xo, x1) and z’ = (x;, x]) sampled from 7*, di(z,z") - ds(z,2") =
(t = s)(dx, (x1, x1) = dx,(xo, xa)). Using this feasible coupling gives GW(X;, X;) < (t —s)D. The same construction with
the projections from Z to Xp and X; gives GW(Xo, X;) < tD and GW(X;, X1) < (1 —t)D. The triangle inequality for
GW then yields, for 0 < s <t <1, D < GW(Xo, Xs) + GW(Xs, X¢) + GW(Xe, X1) < sD + GW(Xs, X¢) + (1 - t)D, so
GW(Xs,Xt) = (t —s)D. This proves equality. O
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Its generator uses squared Euclidean dissimilarities, normalizes each space by its own maximum squared distance Mx and
My, and displays

dx(xi, x0)? Ay Yoty You)
My My '

Thus r?,, is the local square-loss integrand optimized by GW, whereas the displayed value r; » is its absolute-residual scale.

}’1',1'/ =

Distance-profile lower bound. Local distance distributions provide an inexpensive intrinsic certificate and a useful initialization
principle for the non-convex solver. The construction maps each point to its distance-profile distribution and then pushes
forward the ambient measure, thereby producing a distribution over distributions.

Proposition 13.19 (Mémoli profile lower bound). Let X = (X, dx, a) and Y = (Y, dy, B) be compact metric-measure spaces and take
A(u,v) = |u —v| in (13.9), with the same exponent p > 1. For each x € X and y € Y, define the distance-profile measures on R by
ay = (dx(x,)a, By = (dy(y,-))sp. Let Dx = (x > ay)ya and Dy = (y > By )4, which are probability measures on Pp(R+).
Then W, (Dx, Dv) < GW(X,Y). Here W, is the Wasserstein-over-Wasserstein distance (13.7): its ground space is (Pp(R+), W).

Proof. Fix any m € U(a,p). It induces a coupling (x,y) — (ocx,ﬁy) between Dx and Dy, hence Wp(’Dx,Dy)p <
/Xx.y Wy(ay, By dn(x,y). For fixed (x,y), the map (x',y’) = (dx(x,x"),dy(y,y’)) pushes the same coupling 7 to a
coupling between a, and f,. Therefore W,(ay,f,)l < /Xxy ldx(x,x") —dy(y,y)| dn(x’,y’). Integrating in (x, y) gives
VYP-(EX’ Dy)p < f/\’zxyz ldx(x,x") = dy(y,y)|’ dr(x, y)dn(x’, y’). Taking the infimum over 7 and then the p-th root proves the
claim. N

Combining the two propositions gives the extended Euclidean sandwich

Wy (Dx, Dy) < GW(X,Y) <2 W, g (lal, [B]) <2 Wy(a,p), (13.15)
where X = (R, | - |, @) and Y = (R?, | - |, B). The profile term is an inexpensive intrinsic certificate, while the Wasserstein—
Procrustes term gives an extrinsic certificate after optimal rigid registration.
First-order optimality condition as self-consistent OT. Toisolate the relevant curvature, set Z = XxY and L((x, y), (x',y)) =

A(dx(x,x"),dy(y,y’))". For finite signed measures &, € M(Z) for which the integrals are absolutely convergent, define the
symmetric bilinear form and its associated quadratic form by

BL(&,n) = [/ L(z,z)d&(z)dn(z"),  Qu(E) = BL(E, &). (13.16)
ZZ
Thus (13.9) minimizes Q(n) over m € U(a, B). At a coupling 71, define the linearized ground cost
cr(z) = 2/ L(z, z")dn(z'). (13.17)
Zz

For any 71 € U(a, B) and & = Tt — 1, the exact quadratic expansion is

Qr(m+t&)=QL(n) +t /Z cndé + 2Qu(8). (13.18)

Definition 13.20 (First-order stationary GW coupling). A coupling = € U(a, ) is first-order stationary for GW if it satisfies
the variational inequality

/ crd(T—m) 20 for every 7 € U(a, B). (13.19)
Z

Proposition 13.21 (Frozen-OT characterization of stationarity). A coupling m is first-order stationary in the sense of Definition 13.20
if and only if

T € argminﬁeﬂ(a,ﬁ)Lcﬂdﬁ' (13.20)

In particular, every local minimizer for the narrow topology, and hence every global minimizer, of Qy is an optimal Kantorovich coupling
for its own linearized cost cy.

Proof. The variational inequality (13.19) is exactly the assertion that 7 minimizes the linear functional 7 +— f cndT, proving the

equivalence. If 7 is a local minimizer and 7 is arbitrary, the segment 7t; = (1 — £)7 + 7 remains feasible. The right derivative
at t = 0 in (13.18) must be nonnegative, which gives (13.19). O

Conditional concavity of GW in Euclidean spaces. To make these statements precise, define the space of signed zero-marginal
directions

Tx,y ={& e M(X xY); (Px)s& =0, (Py)s& =0} . (13.21)
For finite spaces, identifying & with an n X m matrix E gives Tx y = {E e R ; B1,, =0, "1, =0}, dim7xy =
m—1)(n -1).
g’ropol(ition )13.22 (Conditional concavity of squared GW). Let X and Y be compact metric spaces, and let « € ML(X) and
B e ML(Y). In (13.9), take p = 2 and A(u,v) = |u — v|. Assume that the two distance kernels dx and dy are either both conditionally
positive definite or both conditionally negative definite in the sense of Definition 7.4. Then

QL&) <0 foreveryé € Tx y. (13.22)
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Proof. The zero marginal conditions make the two pure terms in the squared loss vanish, and therefore Qi (&) =
-2 /f dx(x,x")dy(y, y)dE(x, y)d&(x’, y’). Choose s € {—1,1} so that sdx and sdy are conditionally positive definite. Fix base
points xg € X and yp € Y, and define the centered kernels

dx(x,2') = s (dx (¢, 2') = dx(x, x0) — dix(x0, ') +dx(x0, 0)),

dy(y,y") =s(dy(y,y") = dy(y, yo) = dy(yo, ¥') + dy (o, yo))-
These kernels are positive definite. Since & has zero marginals and s? = 1, every centering term vanishes after integration. Let
®y and Py be Hilbert feature maps for dx and dy. Compactness and continuity make these maps bounded. Writing z = (x, y)
and z’ = (x’, y’), one obtains //Z2 dx(x, x")dy(y, y)dE(z)déE(z") = | /Z Dy (x) ® Py(y)d&(z)|?> > 0. This proves (13.22); the
second-derivative identity above then proves concavity on every feasible segment. m]
Proposition 13.23 (Extreme-point and permutation optimizers in the concave regime). Assume the hypotheses of Proposition 13.22.
Then the squared GW problem has an optimal coupling that is an extreme point of the convex set U(«a, B). If, in addition, o and B are

supported on respectively n and m points, such an optimizer can be chosen with at most n + m — 1 nonzero entries. If n = m and both
measures are uniform, it can be chosen as a permutation coupling P, /n.

Proof. Set K = U(a, B). Because X and Y are compact metric spaces, K is weakly compact, metrizable and convex in the locally
convex space of finite signed measures on X X Y. The kernel L is continuous and bounded, so Q;, is weakly continuous and
admits a minimizer 7, € K. The Choquet representation theorem for metrizable compact convex sets provides a probability
measure v concentrated on the extreme points of K whose barycenter is 1.. Concavity of Q; and minimality of 7, give

QL(1ty) = fK Qr(n)dv(n) > QL(7t4). Both inequalities are therefore equalities. Since QL(1) > QL(7t4) throughout K, equality of

the integral implies that Q(17) = Qr(7«) for v-almost every 1. Because v is concentrated on extreme couplings, at least one
extreme coupling is optimal. This proves directly the instance of the Bauer maximum principle needed here.

For finitely supported measures, the coupling set is a transport polytope. Its marginal operator has rank n +m —1, as computed
in the proof of Proposition 3.7. If an extreme coupling had more than n + m — 1 positive entries, the restriction of this operator
to its support would have a nonzero kernel direction H; for sufficiently small ¢ > 0, both P + tH and P — tH would be distinct
feasible couplings with midpoint P, contradicting extremality. This proves the support bound. In the equal-size uniform case,
Theorem 3.15 identifies the extreme points of the scaled Birkhoff polytope as P, /. m]

Proposition 13.24 (Tangent majorization and frozen-OT replacement). Assume that Q; is concave on U (e, B). Then, for every
n, 7 e U, p),

QL(M) < QL(n) + /Z cd(T — n) = 2B1(n, 7T) — QL(7). (13.23)

1. ifnt e argmin, cq/ (s, 5) / crdn, then QL(n™) < QL(m);

2. if wis a local minimizer of Qr and 7 minimizes its frozen OT problem, then Q((1 — t)m + tn*) = Qu(n)  forevery t € [0,1];
3. if Tty is globally GW-optimal, then every minimizer of the frozen OT problem with cost ¢, is also globally GW-optimal.

Proof. Apply (13.18) at t = 1 with & = T — . Concavity gives Qr(&) < 0, which proves (13.23). For the first conclusion, frozen
optimality gives [ cxd(n* - m) < 0.

Now assume that 7 is a local minimizer. Proposition 13.21 shows that 7t itself minimizes its frozen objective. Hence
every other frozen minimizer n* satisfies f crd(n™ —m) = 0. With £ = n" — nr, the exact expansion (13.18) becomes

QL1+ t&) = Qu(m) + t2QL(&). Local minimality for sufficiently small ¢ > 0 gives Q.(&) > 0, while concavity gives the reverse
inequality. Thus Qr(&) = 0, proving the second conclusion for every t € [0, 1]. If = = 7, is globally optimal, the common value
is the global minimum, which proves the third conclusion. O

Thus freezing one occurrence of the coupling produces a global upper bound, not merely a formal linearization. The second
conclusion is a flat-replacement theorem for a coupling already known to be locally minimizing; it is not a converse to
Proposition 13.21.

GW as cost-regularized robust Wasserstein transport.

Proposition 13.25 (Concave coupling energies as cost-regularized OT). Let X and Y be compact, set Z = X X Y, and let
Q : U(a,p) — RU {—co} be proper, upper semicontinuous and concave. Let Fg be any proper convex weak-* lower-semicontinuous
extension of —Q from U(a, P) to finite signed measures on Z. Such an extension always exists: one possible choice is the canonical

constrained extension
_Q(é)/ 5 € W(OC, ,B)/
+00, otherwise,

can —
e = |
Define the convex conjugate of the chosen extension by

8"(‘3(}1) = sup {/ hdé& - ‘&Q(E)}, h e C(2).
EeM(z) \WZ

Then the convex cost penalty Ro(c) = {yb(—c) satisfies
inf Q(n) =

e B+ % : 13.24
nell(a,f) cECl(l}xy){LC(a B) +Ro(c)} (13.24)

Proof. Fenchel-Moreau gives, for every feasible 7, Q(n) = inf.cc(z) { /Z cdm + ‘&b(—c)}. Taking the infimum in 7 and
exchanging the two infima yields (13.24); the inner infimum in 7 is exactly L.(«, B). O
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After collecting the terms affine in 7t into a fixed cost ¢, one can write

Qr(n) = C(a,p) + L codmt —2||mn||é{z, My = /ZCD(z)dn(z).

Completing the square therefore gives the equivalent learned-cost representation

Qr(n) =C(a,B)+ inf {/Z cdm + %Hc - COH?HZ} . (13.25)

ceco+Hz

Thus, after quotienting out separable costs that integrate to constants on U («, ), the quadratic extension in Proposition 13.25
makes Rg, up to the additive marginal constant, a squared RKHS norm, with value +co outside the admissible affine cost
space.

Proposition 13.26 (Finite-dimensional cost learning for Euclidean GW). Let X ¢ R% and Y c R% be compact, and use p = 2 and
A(u,v) = |u — v| throughout. Retain the notation GW of (13.9) when the within-space functions are symmetric dissimilarities rather
than metrics. For each of the two choices below, set X = (X, dx, &) and Y = (Y, dy, B). There is a constant C(a, B), depending only on
the marginals and on the chosen dissimilarities, such that

GW(X, Y)2 =C(a,p) + ir}f {LCM(oz,ﬁ) + %IIMH%} . (13.26)
MeR%y>dx

The constant C (o, B) is different in the two cases, while the learned cost is as follows.
1. For the inner-product dissimilarities

dX(xl x,) = _<x/ x/>/ dy(]// ]//) = _<]// ]//>/ (1327)
the learned costs form the linear family cp(x, y) = —2(Mx, y).
2. For the squared-distance dissimilarities

dx(x,x') = lx =1, dy(y,v) =Ny -v'I%, (13.28)
translate o and B independently so that both have zero mean, which leaves GW unchanged. The learned costs then form the affine
family cp(x, y) = —41x|*|yI* - 4Mx, y).

Proof. For m € U(a, B), write S = f yx"dn(x,y). For two independent pairs (x,y), (x',y’) ~ 7, ff(x, Wy, y')ydndn =
||Sn||12:. For (13.27), expanding the square therefore gives Qp(m) = C(«, f) — 2||Sn||12:. For fixed 71, completing the square gives

inf {—2<M, Sw)e + %IIMII%} = -2s.f, M =25,

which proves (13.26) in the first case after minimizing over 7.
For centered marginals, direct expansion yields

[ =wPty -y Panan =2 [ ||x||2||y||2dn+z( /X ||x||2da<x>) ( /y IIyIIZdﬁ(y))+4IISnII%-

Substitution into the squared-distance plan objective gives

Qu(m) = C(a, B) — 4 / lxI* Ny I*dn(x, y) - 85zl (13.29)
Finally,
inf {—4<M, Sr)r + %IIMII%} =-8Sxlf, M =4S,
which proves (13.26) in the second case. O

GW between Gaussian measures. Let @ = N(m,, Za) € P2(R%), B=N(mg,Lg) € P, (R%),
Proposition 13.27 (Exact inner-product and Gaussian-constrained squared GW). For the inner-product dissimilarities (13.27), the
unrestricted problem admits a jointly Gaussian minimizer for arbitrary my and mg. If both means vanish, then

D
GWX, Y2 = > (A=) (13.30)
i=1
For the squared-distance dissimilarities (13.28), define the Gaussian-constrained squared distortion
GWE(X,Y)? = inf {Q(n) : m € U(a, B), 7 is jointly Gaussian} . (13.31)
Then
D D \? D
GWS™M(X,Y)? =4 (Z A=Y m) +8 > (A=) (13.32)
i=1 i=1 i=1

Ifdy > dyand X, > 0, a minimizer in (13.31) is induced by a deterministic affine map that aligns the principal covariance directions,
rescales the first d, coordinates and discards the remaining ones.

Proof. For a coupling m, set K, = f (y — mg)(x — my)Tdm(x,y). Its block covariance is positive semidefinite, (IE‘; I;’g ) > 0.
Conversely, every matrix K satisfying this constraint is the cross-covariance of a jointly Gaussian coupling. The expansion in
the proof of Proposition 13.26 shows that the inner-product objective Q; (1) depends on 7 only through the cross-moment

/ yx'dn = mgm, + K. Replacing any coupling by this Gaussian coupling therefore leaves the objective unchanged. This
proves Gaussian optimality, including for nonzero means.
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When the means vanish, the positive-semidefinite block constraint is equivalent to the exact factorization K = leg/ 2RTZ},/ 2

with R € R%*% and |R|op < 1; this remains valid for singular covariances. Von Neumann'’s trace inequality then gives
in(dy ,d, . . . . . .

maxg |K ||12: = ZZT( v) Ain;. Substitution into the inner-product instance of (13.26) yields (13.30).

For a centered jointly Gaussian pair (X, Y) with cross-covariance K, Isserlis” formula gives
Qu(m) = 4(tr Ty —tr2g)? + 8 (tr X2 +try? - 2||1<||§) :

Squared distances are translation invariant, so the same expression applies for arbitrary means. Maximizing |K|? as above
proves (13.32). More explicitly, write £, = U diag(A;)U " and g = V diag(n;)V 7. For arbitrary signs s; € {~1,1}, the map

dy
diag<sj‘mf//\j)j=1 0] U'(x —myg)

pushes « to § and attains the maximizing cross-covariance. This is the claimed principal-component alignment. o

T(x)=mg+V

For the squared-distance dissimilarities (13.28), the unrestricted problem is subtler because (13.29) also contains the mixed
fourth moment f lx |y |>dr, which is not fixed by the cross-moment f yx "dm outside the Gaussian class.

Proposition 13.28 (Failure of Gaussian closure for squared-distance GW). For all sufficiently large integers n, consider a =
N(@©,1) onR, Bn = N(0,1d,) on R", with the squared-distance dissimilarities (13.28), and write X, = (R, dx, a) and Y, =
(R",dy, Bu). No jointly Gaussian coupling is optimal for the unrestricted GW problem between a and B,,. In particular, GW (Xy,, Yy )? <
GWE (K, Y 2.

Proof. For (X,Y) ~ m, equation (13.29) shows that minimizing the GW objective is equivalent to maximizing G(n) =
E[X2|Y]?] + 2|E[Y X]|?. If (X, Y) is jointly Gaussian, write k = E[Y X] € R". Positivity of its block covariance gives |k[* < 1,
while Isserlis’ formula gives E[X?|Y|?] = n + 2| k|>.

We construct a better non-Gaussian coupling. Let Y ~ N(0,1d,), set R = |Y|?, and denote by G j the cumulative distribution
function of a )(]2 variable. Then U = G,(R) is uniform on (0,1) and A = G L(U) has law X%- If ¢ is an independent Rademacher

variable and X = VA, then X ~ N(0,1) and E[YX] = 0. This coupling therefore satisfies G(r1) = E[AR] = fol Gl_l(u)G,jl(u)du.

The central limit theorem gives weak convergence of the standardized x2 variable to a standard Gaussian. Since their
second moments also converge, this convergence holds in ‘W5; the quantile formula of Proposition 2.27 therefore gives

L\/;%_" — & l(u) in L2(0, 1), where @ is the standard Gaussian cumulative distribution function. Since Gl‘l € L%(0,1),
G(n)=n+V2n (c + 0(1)), c = /01 Gl_l(u)CD‘l(u)du > 0. Here c is the covariance of the two strictly increasing, nonconstant
functions G;! and @' of a uniform random variable, so ¢ > 0. Thus G(r) > n + 4 for all sufficiently large 1, which is strictly
better than every jointly Gaussian coupling. O

Monge-GW maps.

Definition 13.29 (Gromov-Monge problem). Fix p > 1 and the discrepancy A used in Definition 13.11. The directed
Gromov-Monge value is
1/p
Q(Wg/[(x, Y) = inf ([/ A(dx(x,x),dy(T(x), T(x'))) da(x)da(x))| (13.33)
T:X—Y measurable X2
Tua=‘5
with value +co when no such measure-preserving map exists.
Its infinite-order extension is
GWMX,Y) = inf esssup A(dx(x, x'), dy(T(x), T(x"))). (13.34)
T:X —n% megsurable a®a
§a=

For 1 < p < g < oo, monotonicity of L? norms and the restriction from couplings to graph couplings give
GWY(X,Y) < GWY(X,Y) < GWN(X,Y),
GW,(X,Y) <GW)'(XY),  GWL(X,Y)<GWUX,Y).

Proposition 13.30 (Finite uniform Gromov-Monge limits). Let X = {x;}!'; and Y = {y; 7:1 carry uniform measures. Then

(13.35)

1/p
(1<
GWH(X,Y) = min | -5 iizzll Aldx(xi, xir), dy Yoy, Vo))" | (13.36)
lim GW)'(X,Y) = GWHE(X,Y) = GW (X, Y). (13.37)
p—>oo

Proof. A measure-preserving map between equal-size uniform spaces is a permutation; this proves (13.36). Since &, is finite,
the minimum commutes with p — co.

For the last equality, let P, minimize G'W,. The scaled matrix nP. is doubly stochastic, so Theorem 3.15 provides a
permutation whose graph is contained in supp(Pw). Its distortion cannot exceed the maximal distortion on supp(Pw)?, and
hence Q‘Wg < GW,,. The reverse inequality is (13.35). O

For the inner-product dissimilarities (13.27), the learned-cost representation yields a Monge optimizer; the stronger transformed-
Brenier description obtained from the twist condition has a precise rank limitation.
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Proposition 13.31 (Monge-GW map for inner-product dissimilarities). Let X C R qnd Y c R be compact, assume dy > d,,
and let « be absolutely continuous with respect to Lebesgue measure. Then the GW problem with dissimilarities (13.27) admits an optimal
coupling of the form (Id, T)ya. In the inner-product instance of (13.26), let M* be an optimal learned matrix. If rank(M*) = d,,, then the
map y +— Vycpr(x, y) is injective for every x; the optimal coupling for this fixed cost is unique and

T(x) = Vo(M*x) (13.38)
for the Brenier potential ¢ transporting (M*)ya to .

Proof. Compactness of the coupling set and coercivity of the quadratic penalty in M give an optimal pair (7*, M*) in the
inner-product instance of (13.26). With M* frozen, ©* solves linear OT for cy;+. The linear-cost Monge-existence theorem
of Dumont, Lacombe and Vialard, also used in the cost-regularized setting in, gives a graph-supported optimizer for every
matrix M* under the stated dimension and absolute-continuity assumptions. Its rank-deficient case combines transport on the
image of M* with measurable transport along its fibers. Replacing * by this optimizer leaves the joint objective unchanged.
If M* has full row rank, then y — Vycp+(x, y) = =2(M*) Ty is injective, so the cost is twisted. Moreover, (M*);a is absolutely

continuous on R%, and minimizing —2(z, y) is equivalent, up to marginal-only terms, to quadratic transport between z = M*x
and y. Brenier’s theorem, Theorem 2.17, therefore gives the unique map z — V¢(z), proving (13.38). This is precisely the
full-rank construction of. m]

If M* is rank deficient, the elementary twist argument fails and uniqueness need not hold; the existence assertion nevertheless
remains valid by the linear-cost analysis cited in the proof. This distinction is essential: a Monge optimizer always exists here
under the hypotheses of Proposition 13.31, but a literal full-rank Brenier characterization does not always apply.

Entropic regularization and biconvex alternating minimization. Assume in this paragraph that X and Y are compact metric
spaces, that L in (13.16) is continuous, and set m = @ ® . With the relative entropy of Definition 8.9, define

0, =0,
Re(m) = {e KL(ntjm), &> 0.
Definition 13.32 (Entropic GW and its biconvex relaxation). For ¢ > 0, set
Fe(n) = Qu(n) + Re(m), GW.(X,Y) = I%}%Hﬁ) Fe(m), (13.39)
nel(a,
. 1 1 : i
F(1t, &) = Br(m, &) + =Re(n) + =R:(£), GW. (X, YV = min FP(r, ). (13.40)
2 2 m,é€U(a,p)

Diagonal consistency also gives the lower bound

GW i X, YV < GW. (X, Y)P. (13.41)
Block optimality explains both the usefulness and the limitation of the relaxation. If (74, £x) minimizes (13.40), then each
component minimizes an OT problem with the other component frozen. Indeed, for the linearized cost c¢ defined in (13.17),
one has By (n, &) = % / cgdm and therefore

Tly € argmin {/ cg dm +R£(n)} ,
neU(a,p)

and symmetrically for .. Thus the relaxation replaces the quadratic problem by two OT problems, but their ground costs are
themselves unknown.
In the unregularized discrete case, these block problems are linear programs. If @ and g are both uniform on 7 points, at least
one global minimizer of the lifted problem has the form (P, /n, P /n).
Proposition 13.33 (Tightness of the biconvex GW relaxation). Assume that Qy, is concave on U (e, B). Since Qy is quadratic, this is
equivalent to

Qu(n—&) <0  foreverym, &€ Ua,p). (13.42)
Then (13.41) is an equality for every ¢ > 0. Moreover, every minimizing pair (T« &x) satisfies Fo(my) = Fe(éx) =
GW. (X, Y)P, QL(1tx —&x) = 0. If € > 0, then 1t4 = &x. The same conclusion holds for € = 0 when the inequality in (13.42) is strict
for every nonzero feasible difference.

Proof. Symmetry and bilinearity give the polarization identity

Foi(n, &) = %Te(n) + %7'2(5) - %QL(R - &). (13.43)

Under (13.42), the right-hand side is at least G'W .(X, Y)?. Conversely, diagonal pairs recover ¥, proving equality of the
optimal values. Equality in the preceding bounds gives the two asserted identities. Strict negativity immediately forces
Tt = Ex. Suppose now that ¢ > 0. The two diagonal objective values are finite, so both relative entropies are finite. If 7, # &y,
then Qr (11« — &x) = 0 makes the quadratic term affine on their joining segment, while strict convexity of relative entropy makes
its value at the midpoint strictly smaller than the average of its endpoint values. The midpoint would therefore have a smaller
diagonal objective, a contradiction. O

Starting from (1?0, £©)) € U(a, B)?, exact alternating minimization of the general-measure relaxation reads

7D ¢ argmin {/ cewdm + Re(n)} , (13.44)
nel(a,p)

£+ ¢ argmin {/ Cresndé + Rg(é)} . (13.45)
EeU(a,p)
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For discrete measures, let H denote the discrete Shannon—Boltzmann entropy of Definition 8.1. Given P € U(a, b), define its
contracted GW cost by

n
C(P);j = Z ZA (Dii, D} ;) Py (13.46)
i’=1j'=1
The KL identity on U(a, b) shows that, after removing the fixed additive constant ¢(H(a) + H(b)), the discrete biconvex problem
is

Cc(P --(HP)+H 13.47
i (C(P), Q) = 5 (H(P) + HQ), (1347)
and the original lifted optimal value is obtained by adding this constant back. There is no factor 1/2 in front of the bilinear
term under the convention (13.46): C(P) is half of the full linearized cost in (13.17). Restricting (13.47) to the diagonal P = Q

recovers the usual entropic GW problem

min Ep p(P) — eH(P). (13.48)
PeU(a,b)

For an unstructured distortion kernel, evaluating one entry of (13.46) requires nm terms. Forming all nm entries therefore costs

O(n?m?) dense arithmetic operations; explicitly storing the kernel would likewise require O(n?m?) memory. The squared loss
admits a substantially cheaper contraction without forming this four-index tensor.

Proposition 13.34 (Fast contracted cost for squared GW). Assume that A(D; ir, D;. j,)p = (Diir — D;. j,)z. Then, for every P € U(a,b),

C(P) = D%%a1,, +1,(D'®*b)T -2DPD’". (13.49)
Its ambient Frobenius gradient satisfies VEp v (P) = 2C(P).

Proof. Expanding the square in (13.46) gives
CP)ij = Z D?, P jr + Z(D},].,)ZP,»/,]» -2 Z D; D, Pi .
i’,j’ i’,/" i’,]"

The marginal identities P1,, = aand PT1,, = b turn the first two sums into (D®%a); and (D’®?b) i, while the last sum is (DPD’T);, j-
This proves (13.49). The underlying four-index kernel is symmetric, so differentiating Ep pr (P) = (C(P), P) gives the factor two

in the gradient. Finally, computing DP and then (DP)D’" costs respectively O(n*m) and O(nm?) operations; the marginal
terms are cheaper. o

Since the lifted functional is symmetric in its two blocks, interleaving QO P QW p@, .

Fused GW: adding features. In machine-learning applications, points in the two spaces often carry features in a common
metric space (Z, dz,) through embeddings px : X — Z, oy:Y > Z,

Definition 13.35 (Fused Gromov-Wasserstein problem). Under the notation of (13.16), assume that the two distortion-
dependent sizes of Definition 13.11 are finite. Let cx,y : X X Y — R be a lower-semicontinuous cross-space cost satisfying

/ cx y(x, y)da(x)dB(y) < +co,and let 0 < A < 1. The fused GW value is

FGW/\,p(X, Y; Cx,y)p = min (1 —/\)/ CX“ydﬂ +/\QL(7T). (13.50)
neU(a,p) XxY

At A = 1, the feature term is omitted, including for couplings on which its integral is infinite.

The objective is lower semicontinuous on the weakly compact coupling set, while a ® § is a finite-valued competitor; hence

the minimum is attained. The first term compares features by ordinary Kantorovich transport, while the second compares

intrinsic geometry.

For discrete measures, setting M; ; = cx,y(x;, y;) reduces (13.50) to Pn{}(inb) (1-A)M, P) + AEp,(P), The algorithms above
eU(a,

extend by the same linearization principle. With the coupling regularizer R, defined before (13.39), the regularized fused
objective is
Foo(n) = (1-2) cx,ydm + AQL(1) + Re(m).

XxY
Its first variation is an ordinary OT objective with ground cost

FGW(x y) =0 -A)exy(x,y)+2A / L((x, y), («, y’))dn(x’, y). (13.51)

XxY
Equivalently, diagonal consistency gives the symmetric biconvex lift

i 1-A 1 1
TFAGW’b (1, &) = —/ cx,yd(m+ &)+ ABL(m, &) + R:(1) + R:(E).
“ 2 Jxxy 2 2
Multiplying a block objective by two shows that, with £ fixed, its m-update is precisely

argmin {/ FGde +Re (n)}
neU(a,B) XxY

Hausdorff and Gromov-Hausdorff viewpoints.

Definition 13.36 (Hausdorff distance). If A, B are nonempty compact subsets of a metric space (Z, dz), their Hausdorff
distance is

dZ(A B) := max {sup mfdz(a b),sup inf dz(a, b)}
acA b beB €A
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Definition 13.37 (Gromov—Hausdorff distance). For compact metric spaces (X, dx) and (¥, dy), their Gromov-Hausdorff
distance is dgu(X,Y) = infz d}ZI((p(X ), U(Y)). Here the infimum ranges over metric spaces (Z, dz) and isometric
embeddings ¢ : X — Zand ¢ : Y — Z.

One has dcu(X, Y) = 0 exactly when X and Y are isometric. Hence dgp is a genuine metric on isometry classes of compact
metric spaces.
A correspondence is a set R ¢ X X Y whose two coordinate projections are surjective, and its distortion is dis(R) :=
SUP () (x,y)er 14 (%, X7) = dy(y, y')| . Writing R(X, Y) for the set of correspondences, compact metric spaces satisfy the
classical identity
2dcu(X,Y) = inf dis(R). (13.52)
ReR(X,Y)

Proposition 13.38 (Gromov-Hausdorff as an infinite-order intrinsic matching). Let X and Y be compact metric spaces and let «, B
have full support. Then

2dcu(X, Y) < GW (X, Y). (13.53)
Moreover, removing the prescribed weights recovers Gromov—Hausdorff exactly:
2dcu(X,Y) = inf GW (X, dx,a),(Y,dy,B)). (13.54)

aeML(X), supp(a)=X
BeML(Y), supp(B)=Y

Proof. The support of any © € U (a, B) is compact. The support of each marginal is the closure of the corresponding coordinate
projection of supp(m). These projections are compact, hence already closed; because @ and  have full support, they are
therefore equal to X and Y. Thus supp(n) is a correspondence, and (13.52) gives (13.53).

For (13.54), the preceding lower bound applies to every pair of full-support weights. Conversely, choose a correspondence R
with distortion arbitrarily close to the right-hand side of (13.52). Replacing R by its closure preserves both the correspondence
property and its distortion, so R may be assumed compact. It then carries a probability 7= with support exactly R. Let a and
be its marginals. They have full support, while (13.11) gives GW (X, Y) < dis(R). Taking the infimum over R proves the
identity. O

Thus Gromov-Hausdorff is the mass-free, hard-support counterpart of GW: it minimizes worst-case distortion over corre-
spondences between the two supports. By contrast, finite-p GW fixes the masses and averages distortion under a coupling;
optimizing these masses and taking p = oo recovers 2dgy through (13.54).

13.4 Quantum Optimal Transport

Finite-dimensional states and couplings.
Definition 13.39 (Hermitian and density matrices). Let H, be the real vector space of n X n Hermitian matrices, H} =
{A€eH,; A=0}, Hi'={Ae H} ; tr(A) = 1} . Here A > 0 means that A is positive semidefinite, namely z*Az > 0 for
every z € C", or equivalently that all eigenvalues of A are nonnegative. Elements of H; " are density matrices.

For A € H, and B € Hy;,, the tensor product A ® B is the linear operator determined by
(A®B)(x®y)=(Ax)® (By),  A®B=[A;(B]_,, (A® B)i jy,(k,0) = Ai kBje- (13.55)

Definition 13.40 (Joint quantum states and partial traces). A joint quantum state between C" and C™ is a density matrix

T e H;: acting on C" ® C™. Its marginals are the partial traces Trp(T) € H;"' and Tra(T) € H;;! defined, for all F € H, and
G € H,, by

tr(F Trg T) = tr((F ® Id,,,)T), tr(G Tra T) = tr((Id,, ® G)T), (13.56)
and they play the role of the two marginals of a classical coupling.

In product bases (e;)!"_, and (f; }“:1, the operator T can equivalently be viewed as the four-index tensor Tj; ) (x,¢) = {(ei ® fj, T(ex ®

f¢)). The full and partial traces then read

n m m n
tr(T) = Z Z T ), (i) [Trg Tix = Z Ti )k, ) [TraTlj,e = Z T ), ii,0)- (13.57)
i=1 j=1 j=1 i=1

Definition 13.41 (Finite-dimensional quantum OT). Let A € H}, B € H}/' and let C € H,,, be a Hermitian cost observable.
The quantum OT value is the semidefinite program

QOT:(A, B) = Tml_i'{l {tr(CT) ; Trp(T) = A, Tra(T) = B} . (13.58)

1

Dual formulation.
Proposition 13.42 (Quantum Kantorovich duality). For A € H;"' and B € H};', the dual of (13.58) is

QOTc(A,B)= sup {tr(FA)+tr(GB): F®Id, +1d, ® G < C}. (13.59)
FeH,,, GeH,,

There is no duality gap. If A and B are positive definite, the supremum is attained. For singular marginals, the primal reduces to the tensor
product of their supports; on this reduced space the corresponding dual maximum is attained, while the full-space formula above is always
valid as a supremum.
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Proof. Introduce Hermitian Lagrange multipliers F and G for the two marginal constraints. The Lagrangian is
tr(CT) + tr(F(A = Trg T)) + tr(G(B = Tra T)) = tr(FA) + tr(GB) + tr(C - F® Id,, — Id,, ® G)T),

where (13.56) was used in the last equality. Minimizing over T > 0 gives a finite lower bound if and only if C—F®Id,;, —1d,,®G > 0,
in which case the infimum in T is 0. When A, B > 0, the coupling A ® B is strictly feasible, so Slater’s theorem gives equality of
primal and dual values and dual attainment.

For singular marginals, let P4 and Pg be their support projections. If T is feasible, then tr (((Id,1 —-Py)®Id,;, )T) =1tr((Id, —Pa)A) =
0. Positivity implies that T vanishes on (supp A)* ® C"; the analogous argument for B yields T = (P4 ® Pg)T(Pa ® Pg). Thus
the primal is exactly the problem obtained by compressing A, B and C to supp A ® supp B. The reduced marginals are positive
definite, so Slater applies there. Equivalently, the unreduced dual values approach the reduced maximum after assigning
sufficiently negative potentials on the orthogonal complements. This proves the stated supremum formula without a gap. O

Quantum-to-classical OT connection.

Definition 13.43 (Antisymmetric lift of a ground cost). Assume m = n, and let Co = (Co,; ;) € R be symmetric, with
Co,i,i = 0and Co,;; > 0 for i # j. In the product basis (e; ® ej)?].zl, define
_ ei®ej—e®e; i P
i CQ[Co] =2 Z Coyijsi;(57,)" (13.60)
1<i<j<n
For A,B € H}' and a,b € %, define the associated quantum and diagonal classical costs by
WE (A, B) = QOTcoc, (A, B),  We(a,b) = WS (diag(a), diag(b)). (13.61)
Entrywise,
[CRUColli, 00 = Co,i,j (8:,k07,6 = 51,68, )- (13.62)

Thus the n% x n? observable is sparse: it has only 2n(n — 1) nonzero entries, rather than order n*. For each unordered pair
{i, j} it contains the block Co; ; ( 1 ') on span{e; ® ¢j, ¢j ® ¢;}, and it vanishes on the diagonal vectors ¢; ® e;.

Proposition 13.44 (Ground-cost quantum semidistance). The matrix C2[Co] is positive semidefinite and its kernel is the symmetric
tensor subspace of C" ® C". for all A, B € H;'",

WE(A,B) >0,  WI(AB=WIB,A), WEAB)=0 A=B
These properties do not, by themselves, include the triangle inequality.

Proof. The vectors (s; ].)i< j form an orthonormal basis of the antisymmetric tensor subspace. Since every coefficient in (13.60) is

positive, the asserted positivity and kernel follow. The tensor-factor swap preserves the cost observable and exchanges the two
partial traces, which proves symmetry of the value.

If A =B =}, A,u,u;, then the symmetric purification 4 = 3, VA, Uy ® u, has partial traces A and zero cost. Conversely,
let a feasible T have zero cost. The positive matrix (C2[Co])"/2T(CQ[Cp])!/? then has zero trace, hence is zero. It follows that

(CQICo))/2TY2 = 0, s0 RanT ¢ ker CQ[Cp], the symmetric tensor subspace. Decompose T into rank-one projectors onto
symmetric vectors. Under the identification C" ® C" =~ C"*", each such vector is a symmetric matrix X; the two partial traces

of its rank-one projector are X X* and XX, which coincide. Summing these identities gives A = B. O
Proposition 13.45 (Convex classical restriction). For a,b € L, the diagonal restriction in (13.61) is

1 . 2
WE @ b) = min D CoiilyfPij = yPii) (13.63)

1<i<j<n

The square roots mean that this is not a quadratic program in P. It is nevertheless convex and admits the exact second-order cone formulation

min Z Coii(Pii+P:ii—2z ). 13.64
PeU(a,b), ;>0 4 i (Pij + P i) ( )
5 1<i<j<n
Z[,iSPi,ij,,‘

For unit vectors u,v € C", the value between the associated rank-one states is
(Wgo(uu*,vv*) = Z Co,i jluivj - ujvilz. (13.65)

1<i<j<n
(W&(éi, 0j) = (Wgo(eie;, e]-e;) = Co,i,j- When Co;,j = 1 for i # j, formula (13.65) reduces to (Wc%(uu*, vv*) =1 - |u*v|?

Proof. Let T be feasible between diag(a) and diag(b), and set P; ; = Tj; ;) (;,j)- The diagonal entries form a coupling P € U(a, b).
Since the cost only involves the two-dimensional principal blocks indexed by (i, j) and (f, i), positivity gives RT; j) ;i) < y/Pi,iPj,i
and hence tr(CQ[Cy]T) > Di< i Co,i,j (Pi,j +Pji—-2 Pi,ij,l-). Conversely, for any such P, retain the diagonal entries P; ; and set
T j), i) = Ti,i,)) = VPi,iPj,i, with all other off-diagonal entries zero. The resulting matrix is a direct sum of positive rank-one
2 x 2 blocks and nonnegative 1 x 1 blocks, has the prescribed partial traces, and attains equality. This proves (13.63).

The function (u,v) — (Vi — V0)? = u + v — 24/uv is jointly convex on R2. Equivalently, the hypograph constraint z> < uv,
z > 0, is a rotated second-order cone, and the minimum in (13.64) saturates it.
A bipartite state with pure first marginal uu” is supported on span{u} ® C"; if its second marginal is also pure, equal

to vv*, the only feasible coupling is (u ® v)(u ® v)*. Therefore (13.60) gives (Wg)(uu*, 0v*) = 23 Co,i,jl(s;j)*(u ®v)* =
Dic ' Co,i jluivj — ujv; 2. Taking u = e; and v = ¢; proves the Dirac identity. For unit off-diagonal costs, the last assertion follows
from the complex Lagrange identity 3',.; [u;0; — ujvi[* = |u|*|o|* — [u*v[*. o
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Definition 13.46 (Classical square-root transport). Let X be a Polish space, let a, f € P(X), and let c : X X X — [0, +0)
be measurable and symmetric. For € U(a, B), let 1T be the image of m by (x, y) — (y, x). If A is any finite nonnegative
measure dominating 7w and 7", set

2
wm ") =g [ ety (\/ j—}(x,y>—\/%<x,y>) dA(x, ), (13.66)

where the integral may equal +co, and define
cl c g T
= f . 13.67
We(a,p) ne{gl(a’ﬁ) e(mt, ") (13.67)

The definition is independent of A because its pointwise integrand is positively 1-homogeneous in the two densities. The same
perspective formula shows that 7 — %.(w, ©7) is convex. With @p(r) = (v/r — 1)? as in Section 7.3,

H.(n,m") = %D@H(cn | cre™). (13.68)

Proposition 13.47 (Wasserstein comparison and topology). Let (X, d) be a compact metric space and 1 < p < +oo. Then (Wdc,}
is symmetric, nonnegative and vanishes exactly when its two arguments agree, and W;ﬁ (a,B) < Wpy(a, ). Moreover, for sequences

(ar)k, Br)k € P(X), (W;;(ozk,ﬁk) — 0 & Wy(ag,px) — 0 for one, and hence every, 1 < q < +oo. For p = 2, one has the
sharper two-sided comparison

%"Wl(a, B2 < Wikia, ) < Wala, ) (13.69)

Proof. Fix m € U(a, ), take the symmetric dominating measure A = 1+ 7", and write r = drt/dA and s = dn" /dA. Symmetry
ofd gives Zy(n, ") = f d(x, y)Pr(x, y)dA —/ d(x, y)Pyr(x, y)s(x, y)dA < / d(x, y)P dm. Taking the infimum over 7 proves the
upper bound. Since d” is bounded and continuous, the maps 7t +— d? 7 and 7w +— dPn" are weakly continuous. Equation (13.68)
and Proposition 7.11 therefore show that the action is weakly lower semicontinuous. Compactness of the coupling set gives a
minimizer. If its value is zero, then r = s away from the diagonal, while every measure supported on the diagonal is invariant
under transposition. Hence m = ", so its two marginals agree. Conversely, the diagonal coupling has zero cost when a = .
Symmetry follows by transposing couplings.

If Wy(ak, fx) — O for one finite g > 1, compactness and Corollary 7.3 give W ,(ax, fx) — 0, so the upper bound implies
(VVdC; (ak, Bx) — 0. Conversely, suppose that the latter values tend to zero. By compactness, any subsequence admits a further
subsequence such that ay — @, fr — B, and optimal couplings 7i; — 7. Lower semicontinuity gives # (7, ") = 0, hence
a = p. Thus every subsequential limit has coinciding marginals. Compactness and Corollary 7.3 then give W, (ax, fx) — 0 for
every finite g > 1.

For every 1-Lipschitz function f, antisymmetry of 7 — 7" gives [ fd(a —B) = 3 [(f(x) = f(¥))(VF — Vs)(\F + Vs)dA. Cauchy—
Schwarz, |f(x) — f(y)| < d(x,y), and (V7 + v5)*> < 2(r + s) yield |ffd(01 - B)| < 2% 2(r, 7). Kantorovich-Rubinstein
duality (6.24) and then the infimum over n give the lower bound. O

Entropic regularization and Bregman iterations.

Definition 13.48 (von Neumann quantum entropy). For a density matrix or positive semidefinite matrix T, the shifted von
Neumann entropy functional used here is

H(T) = tr(T(log T —1d)), VH(T) =logT,

with the convention 0log 0 = 0 on eigenvalues. This is the convex negative quantum entropy; on trace-one states it differs
from the physical entropy — tr(T log T) by a sign and an additive constant.

For ¢ > 0 define QOT(A,B) = r]l:lil(;l {tr(CT) + eH(T) : Trg(T) = A, Tra(T) = B} . (13.70)
>

Proposition 13.49 (Entropic quantum OT duality). Assume A > 0, B > 0and & > 0. Then (13.70) has a unique positive minimizer.
Its dual is

Feld,+1d,® G-C
£ — . m n
QOT(A,B) = FEHrnr}aGéHm {tr(FA) +tr(GB) — ¢ tr exp( - )} . (13.71)
At optimality, primal and dual variables are linked by the Gibbs formula
TE(F,G)=exp(F®Idm+Ij”®G_C), (13.72)

with Trp(T,) = A and Tru(T,) = B.

Proof. The feasible set is compact and nonempty, and it contains the positive definite point A ® B. The trace entropy is strictly
convex on positive semidefinite matrices, hence the regularized primal has a unique minimizer. This minimizer is positive
definite: if it had a non-trivial kernel, moving toward A ® B would have entropy directional derivative —co at the boundary
while changing the linear cost only at finite rate. Slater’s condition justifies the Lagrange dual computation. The Fenchel
identity supy,, tr(YT) — eH(T) = ¢ trexp(Y/¢) is the matrix analogue of the scalar exponential conjugacy. Applying it to
the Lagrangian of (13.70), with Y = F ® Id,, + Id, ® G — C, gives (13.71). The stationarity condition of this Fenchel identity
gives (13.72); differentiating the dual objective with respect to F and G yields the two marginal equations. m]

Writing K = exp(—C/¢), the objective in (13.70) differs by a constant from ¢ times the quantum KL divergence
Du(T|K) = tr(T(log T —logK) - T + K).
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The exact quantum analogue of Sinkhorn is an implicit alternating Bregman projection scheme onto the affine marginal sets
Ma={T = 0:Trg(T) = A}, Mp ={T > 0:Tra(T) = B}.

Proposition 13.50 (Exact Bregman projections). Assume A, B > 0 and let K = exp(—C/¢€). The minimizer of (13.70) is equivalently
the minimizer of Dy (T|K) over Ma N Mpg. Moreover, if a current positive definite matrix has Gibbs form T,(F, G), then its Bregman
projection onto My has the form T,(F*, G), where F* is chosen so that Trg T,(F*, G) = A. The projection onto Mp is analogous. Thus,
when each one-block marginal equation is solved exactly, alternating Bregman projections are equivalent to alternating block maximization
of the dual (13.71).

Proof. Since log K = —C/¢, the identity tr(CT) + ¢H(T) = ¢eDy(T|K) — ¢ tr(K) holds, so the primal minimizer is the constrained
Bregman projection of K up to an additive constant. For the projection of a positive definite matrix S onto M, the affine set
contains the positive definite point A ® Id,, /m; the entropy derivative log T —log S is singular at the boundary, so the projection
lies in the interior of the positive cone. Its Lagrangian first variation is log T —log S — A ® Id,,, = 0 for a Hermitian multiplier A.
Hence T = exp(log S + A®1d,,). If S = T,(F, G), this is again of the form T, (F + ¢A, G). The multiplier is fixed by the marginal
equation Trg(T) = A. The same argument applies to Mp. Finally, the first-order optimality condition for maximizing (13.71)
over one block is exactly the corresponding marginal equation, so the Bregman and block-dual views coincide. m]

In the non-commutative case, however, the exact block equations Trg T.(F, G) = A, Tra T.(F,G) =B

Gurvits scaling and quantum Sinkhorn. It replaces the true Gibbs coupling (13.72) by the symmetric factorization
V4 V4
T.(F,G) = exp(z—g) exp(-C/¢) exp(z—g) =UeV)KU®V), Z=F®Ild, +1d, ® G, (13.73)

where U = exp(F/(2¢)), V = exp(G/(2¢)) and K = exp(—C/¢). For two matrices M, N, their commutator is [M, N] =
MN - NM.

To make the Choi identification unambiguous, use the product bases fixed above and associate with K the positive linear map
K : H,, — H, and its Hilbert-Schmidt adjoint K* : H, — H,, through

K(X) = Trp(K(Id, ® X)), K*(Y) = Tra(K(Y ® Id,)). (13.74)
Equivalently, [K(X)];x = 2. i K p, 0 Xe s [K*(Y)]je = 2i k Kii,jy, (k) Yi,i- With this convention, the marginal equations

for the symmetric coupling are exactly U K(V2) U = A, V K*(U?)V = B. They can be enforced by the explicit congruence
normalizations

Ry = 7((V2), U — R;l/z(RyzARyz)l/zR‘_,l/Q,

_ 1/2 —
Su=K*U?), V5,25 7Bs?) s
These inverse square roots are well-defined when K > 0 and U, V, A, B > 0. This is Gurvits/operator scaling with prescribed

targets.

(13.75)

13.5 Dynamic Time Warping
Discrete variational problem. Letx = (x;)!_; and y = (y]‘)]’.”:1 be two sequences in a feature space Z, and set C; ; = c(x;, y;)

for a nonnegative cost ¢ : Z X Z — Ry. A warping path is a sequence w = ((ig, ]'g))gﬁzl that starts at (1,1), ends at (n, m), and
whose increments (ip+1 — i¢, je+1 — je) belong to {(1,0), (0,1), (1,1)}.
Definition 13.51 (Dynamic time warping). The DTW value associated with the feature cost c is

DTW(x,y) := min
weQ)

n,m 4= W€y m

L
Z c(xi,, ¥je) = min (A, C). (13.76)
=1

Dynamic programming.
Proposition 13.52 (DTW dynamic-programming recurrence). Set Doo = 0, Do = Do,j = +o0 fori,j > 0, and, for 1 <i < n,
1 <j < m,define

D;;=Ci;+min{D;1,D;;1,Dj1,-1}. (13.77)
Then D, ,, = DTW,(x, y). Storing one minimizing predecessor at every cell and backtracking from (n, m) recovers an optimal path. The
computation takes O(nm) time and O(nm) memory; if only the value is required, two rows give O(min{n, m}) memory.

Proof. Every admissible path reaching (i, j) enters it from exactly one of (i —1,), (i,j — 1) or (i — 1,j — 1). Removing the last
cell therefore leaves an admissible path to one of these predecessors, while appending (i, j) to any predecessor path gives an
admissible path to (7, j). Minimizing over the three mutually exhaustive last steps proves (13.77) by induction on i + j. The
complexity follows because each of the nm cells performs constant work. ]

Continuous time warping.

Definition 13.53 (Continuous dynamic time warping). Let I'; contain pairs (¢, ¢’) of absolutely continuous, nondecreasing
surjections of [0, 1] onto itself. Define

1
CDTW,(x,y) = ((p,itil)fefT/o. c(x(p(s)), y(1(s))) (¢(s) + ¢(s))ds. (13.78)
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Soft-DTW and the Sinkhorn analogy. Fix ¢ > 0. The hard minimum in (13.77) is nonsmooth when several paths tie.
Soft-DTW replaces it with the log-sum-exp soft minimum,

q
softming(ry,...,74) = —slog(z e_”(/‘f) , (13.79)
k=1
and defines Dg,o =0, Df,o = DS,]. = +oo for i, j > 0, together with
Df,j =Ci;+ softming(Df_L]., Df’j_l, Df_lr]._l), sDTW,,(x,y) = D}, - (13.80)

Equivalently, it is the free energy of all monotone paths,

sDTW, «(x,y) = —¢log Z exp(—M) . (13.81)
W€y m €
The Gibbs variational identity gives
sDTW. «(x, ) = qei?g,,‘,m) {; Jo(Aw, C) — eH(q)} . (13.82)
Its unique minimizer is the Gibbs law
eXP(_<Aw, C>/é)
P = E, = VcsDT . 13.
s(a)) Za}’ exp(_<Aw,, C)/e)' e cS Wc,e(xr ]/) ( 3 83)
Moreover,
DTIW,(x,y) — €log |Qy | < sDTW, .(x,y) < DTW.(x, y), (13.84)

because the partition sum is bounded below by its largest term and above by |Q,, ;,;| times that term. Hence sDTW, . — DTW,
as ¢ | 0; at zero temperature one may define SDTW, ¢ := DTW,. by this one-sided extension, while the formulas above remain
restricted to € > 0. Differentiating the finite log-partition function gives

E;. =Ey-p, [Aw] (13.85)
Thus (E); ; is the probability that a Gibbs path visits cell (i, j). The matrix E. is a diffuse expected alignment and converges,
when the hard optimum is unique, to its path-incidence matrix.
In direct analogy with the Sinkhorn divergence of Section 8.9, the soft-DTW divergence is
1 1

SDTWC,E(X, y) = SDTWC,E('XI y) ) 2

sDTW, .(x, x) — =sDTW, (v, y). (13.86)

14 Dynamic Optimal Transport

14.1 Evolutions over the Space of Measures
Lagrangian and Eulerian descriptions. At the particle level, this advection is governed by

dx(t)

a vr(x(t)), (14.1)

In the Eulerian description, the same motion is written directly on the evolving measure: the particle ODE becomes the PDE
d

% +div(vsar) = 0. (14.2)

For general measures, and in particular for empirical measures, it is understood in the distributional sense: for every
¢ € CH((0,1) x RY),

1
/ / (Grp(t, x) + (ve(x), Vxp(t, x))) da(x)dt = 0. (14.3)
0 JRd

This equation is obtained from (14.2) by integration by parts. Hence, for smooth positive densities, the classical and weak
formulations are equivalent; the weak formulation is useful because it still makes sense for discrete measures whose particles
evolve according to (14.1).

Definition 14.1 (Admissible continuity-equation evolution). Let Q = R?, or let Q R be a bounded Lipschitz domain. A
narrowly continuous curve (a)se[o,1] in P(Q) and a jointly Borel velocity field v : (t, x) — v;(x) are admissible between g

and a; if /01/5 lo(x)|>da;(x)dt < +o0 and, for every @ € C1([0,1] X Q), with compact spatial support when Q = R,

1
‘/0 /g)(&,(p + (vt, Vi) da,dt + /Q(p(0,~)da0 - '/Q(p(l,-)dm =0. (14.4)

On a bounded domain, allowing test functions that do not vanish on dQ encodes the zero-normal-flux condition (a;v;)-n = 0
weakly.

Proposition 14.2 (Lagrangian flows solve the continuity equation). Let (T;);c[o1] be a C* family of diffeomorphisms of RY and
define a; = (Ti)yao. Assume that the derivatives below are integrable with respect to ag, and define the Eulerian velocity field by

v1(Ti(y)) = 3t Ti(y). Then (¢, v:) solves the continuity equation in the weak sense (14.3). In particular, if ag = % 2. 0x,(0) is empirical,
then ay = % 2.i Ox;(¢) is empirical as well, with particle velocities x;(t) = v (x;(t)).

Proof. Let ¢ € CL((0,1) x R). Since a; = (Ti)yao, % / @(t, x)da(x) = % / @(t, Ti(y))dao(y). The chain rule gives
& [ ot et = [ @ TN + Vaple, T, AT daatv)
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Using the definition of v; and the push-forward relation, this equals

/ (Grp(t, x) + (Vxp(t, x), vi(x))) das(x).

Integrating in time and using the boundary values of ¢ gives (14.3). ]

From measure evolutions to vector fields. For a given evolution (a;);, there are typically infinitely many velocity fields v;
satisfying

Btat + diV(O(tU[) =0. (145)
The linear space of vector fields that leave a measure « invariant is H, = {v € L%(a;R%) ; div(av) = 0in distributions} .

Dacorogna-Moser inversion. With a fixed convention for the inverse Laplacian, this gives formally
1
U = —p—VA_l(atp[), (146)
t

If o; = p; dx are smooth positive densities with the same total mass on a bounded connected domain Q, set a; = (1—t)ag+tag =
pr dx, pt = (1 =1t)po + tp1. Choose a time-independent flux w satisfying divw = po — p1, w-n =0 ondQ, for
instance w = —V¢ with A@ = p; — pp and Neumann boundary condition. Then v; = % satisfies d;p; + div(p;vs) = 0.
The flow J;T; = v; o T;, Ty = Id, therefore transports podx onto p;dx, and T; solves the prescribed-Jacobian problem
p1(Ti(x)) det(VTi(x)) = po(x).

Least-square inversion and gradient structure. A more robust choice, used implicitly in flow matching, optimal transport
and Wasserstein gradient flows, is to select among all admissible velocities the one with smallest kinetic energy:

1
min % / / los(x)|* das(x)dt  subjectto  dra; + div(a;v;) = 0. (14.7)
v 0 JRd

Proposition 14.3 (Least-square velocities are gradients). Assume that a; = p; dx is a smooth positive density curve, that d;p; has
zero integral, and that boundary terms vanish. The minimizer of (14.7), if it exists, is a gradient field vy = Ve, where @, unique up to an
additive constant on each connected component, solves the weighted Poisson equation

- le(PtV(Pt) = 8tpt, 0y = —VA;}(&tat), Aat(P = le(O(tV(p) (148)

Proof. Introduce a Lagrange multiplier ¢; for the continuity equation. The constrained problem has the formal saddle
formulation

1
rr?n qu)ix /0 [% /Rd lo: (X))? deve (x) + ./Rd @ (x)(div(ao;)(x) + dpay(x))dx | dt.

Integrating by parts in the divergence term gives, for each t,

1
/ (§||Ut||2 —(Veoy, Ut>) da; + / @t dray.

The pointwise minimizer in v; is therefore v; = V¢;. Substituting this into the constraint dipr + div(piv;) = 0 gives the
weighted Poisson equation in (14.8). The inverse notation is just a shorthand for solving this equation on zero-mean right-hand
sides, modulo additive constants. O

14.2 Benamou-Brenier Dynamic Formulation of OT
Benamou-Brenier formulation.

Definition 14.4 (Benamou-Brenier action). For an admissible pair (a;, v;), define Acty(a, v) = fol /R o or(0) P day (x)dt.

Theorem 14.5 (Benamou-Brenier). For probability measures oy, a1 € P2(RY),

1
Wl(ag,a1) = in / / o ()2 daxs (x)di, (14.9)
(ar,01) Jo JRA

where the infimum is over (ay, vy) solving dray + V- (ayvy) = 0 with ap=¢ = g and ap=1 = a1. If ag has a density and T is the optimal
Monge map Tyao = a1, a minimizing curve is

ar = (1= t)Id + tT)gay, v (1= t)x +tT(x)) = T(x) —x for ap-a.e. x and a.e. t € (0,1). (14.10)

Proof. For the inequality “dynamic < static”, assume first that a Monge map T exists and define (a;, v;) by (14.10). Since the
Lagrangian velocity T(x) — x is independent of ¢, /01 f lv¢|? dadt = f IT(x) — x|> dag(x), so the dynamic cost is no larger than
the static Monge cost. Without a Monge map, the same construction is made with an optimal coupling 7: sample (X,Y) ~ n
and move along the straight path yx y(t) = (1 — £)X + tY. This path measure has action f lx — y|>dm(x, y); projecting path

velocities onto their conditional mean at time ¢t gives an admissible Eulerian velocity with no larger action, so the dynamic
value is no larger than the Kantorovich value.

Conversely, for a smooth deterministic path, take the flow T; defined by Tt =vioT;and Ty = Id. Then a; = (Ti)yao and
(T1)yxo = a1. Jensen’s inequality gives |Ti(x) — x| < /01 lo:(T; (x))|2dt. After integration with respect to ap, the Monge cost
is bounded above by the dynamic action. For general finite-energy solutions of the continuity equation, the superposition
principle lifts the curve to a probability measure on absolutely continuous paths; applying Jensen’s inequality pathwise gives a

coupling of the endpoints whose quadratic cost is no larger than the action. Thus the Kantorovich value is bounded above by
the dynamic value. O
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Convex momentum-based reformulation. Although (14.9) is not jointly convex in (a;, v;), it becomes convex after replacing
velocities by momenta. Given a velocity v € L%(a; R?), define the momentum w = av, w(A) = /A v(x)da(x),

Definition 14.6 (Quadratic perspective action).

Iml*/a, a>0,

J(a,m) := 40, a=0and m =0, (a,m) € [0, +00) X R%. (14.11)
+00, a=0andm # 0,
If A dominates @ and |w|, define
da dw
J(a, w) = /](a(x), a(x)) dA(x). (14.12)

In particular,
J(a,w) < +00 &= @ =va withv € L2(a;R?), (o, w) = / lo|? da.

The Benamou-Brenier problem can now be written with the linear continuity equation in the pair (o, w;):

1
’W%(ao,al) = inf / J(ay, wy) dt. (14.13)
dra+div wy=0 0
ar=0=ap, At=1=0a1

In the absolutely continuous case a; = p; dx and w¢ = m; dx, this becomes

1 1 2
. . me(Xx
inf / / J(pe(x), my(x)) dx dt = inf / IO dt,
9 py+div m;=0 0 R4 J¢ pr+div m; =0 0 R4 pt(X)
pr=odx=ag, pr=1dx=ay pi=0dx=ayp, pr=1dx=a1

Dual Hamilton—-Jacobi formulation. The momentum formulation also has a useful dual. It turns the least-action problem
into a Hamilton—Jacobi subsolution inequality for a scalar potential, with equality on the part of space-time actually visited by
the optimal curve.

Proposition 14.7 (Dual Benamou-Brenier problem). Assume, for simplicity, that the densities are smooth, compactly supported, and
that boundary terms vanish. Then the convex dynamic value (14.13) has the dual formulation

1
(Wg(oco, @1) = sup {/ p1dag —/ podag ; s + L—L||V(p,g||2 < 0} , (14.14)
1% R4 R4

where the supremum is over smooth test potentials ¢ : [0,1] x R? — R. In the general metric-measure statement, the same formula is
understood after relaxation: ¢ is a Hamilton—Jacobi subsolution, for instance in the viscosity sense, and finite-dimensional discretizations
follow directly from Fenchel-Rockafellar duality. If (p, m) and @ are smooth primal and dual optimizers, then

1
m=5V, g+ 7 IVeulP =0 on {pi > 0). (14.15)

Equivalently, the optimal Eulerian velocity is v, = m;[py = Ve, /2.
Proof. Let (p, m) satisfy the continuity equation and let ¢ be smooth. Multiplying the constraint by ¢ and integrating by parts

gives
1
/(P1d061—/ §00da0=/ / (pt Frpr + (my, Vepy)) dxdt.
Rd R 0 JRA

If it + [V |2/4 < 0, Young’s inequality yields, pointwise, p dip + (m, V) < —%IIV(pll2 + (m, Vo) < J(p, m), with the
perspective convention (14.11). Hence the dual objective of every feasible ¢ is no larger than the action of every feasible primal
pair.

Conversely, introduce ¢ as a Lagrange multiplier for d;p + divm = 0. After integration by parts, and up to the fixed endpoint
contribution in (14.14), the pointwise minimization over (p, m) contains J(p, m)—p dip — (m, Vo). For fixed p > 0, its minimum
over m is attained at m = pV¢/2 and equals —p(d;p + |V@|?/4). The recession cases in (14.11) give the same conclusion
when p = 0. Thus the infimum over p > 0 is finite exactly when the Hamilton—Jacobi inequality holds, in which case the
pointwise infimum is 0. Fenchel-Rockafellar duality then gives no duality gap. Equality in the two pointwise inequalities
gives (14.15). O

If y is any smooth curve with y(0) = x and y(1) = y, then %(pt(y(t)) = drpr(y (1)) + (Vor(y(t), (1)) < [7()]?, where the last

inequality uses d;p+| V¢ |?/4 < 0and Young’s inequality. Integrating and minimizing over curves gives ¢1(y)—@o(x) < [|x—y|>.
Thus (—¢o, ¢1) is a feasible static Kantorovich dual pair for the quadratic cost. At optimality the inequality is saturated on the
endpoint pairs connected by the primal characteristics, which is the Eulerian version of complementary slackness.

Proximal splitting. The convex momentum formulation also explains the original Benamou—Brenier solver. Suppressing
discretization indices, write U = (p, m), where m is the density of the momentum measure. Using the perspective (14.11), set

1
FlU)= / /d](Pt(X), my(x))dx dt, C={(p,m); dip+divm =0, podx = ag, p1dx = a1},
0 JR

The convex Benamou-Brenier problem is therefore min;; ¥ (U) + G(U). On the resulting Hilbert space of unknowns, or
formally for an L2-type product structure, the two proximal operators are

- .1 - - . 1 -
prox 4(U) = argmin;; §||U - UIIﬁ +tF (U), prox, g (U) = argming; §||U - Ullﬁ.
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For the standard product metric, the first map is local in (¢, x): it is the proximal operator of the convex perspective |. The
second map is the orthogonal projection onto the affine set defined by the divergence equation and endpoint constraints.
Douglas—Rachford then alternates these two simple operations:

un = proxT(F(Z(f)),

u'“ = prox, g, UM - z0)
T 7

Z(E+1) _ (0, [+ _ g+

Path-space formulation. Let S = C([0, 1];R?) be the space of continuous paths endowed with the uniform topology. For

t € [0, 1] define the evaluation map ¢; : S — R, e:(y) = y(t). The Benamou-Brenier cost admits the equivalent formulation
1
Wilao,a0 = inf { [ 1o amo) s o = ao, (e = al} .

Furthermore, for a.e. t, denoting é;(y) = y(t) on absolutely continuous paths, the conditional law of the velocity is deterministic:
(er, é)yM*(dx, dg) = a(dx)dy:(x)(dq), where v} is the optimal velocity field in the Benamou-Brenier formulation. Hence M

concentrates on straight-line geodesics and, for a.e. t, assigns exactly one direction at a;-a.e. spatial point.

14.3 Path-Space Schrodinger Problem

From least-action paths to random bridges. Throughout this section, both endpoint measures live on the same Polish state
space X; this is the setting relevant to dynamic transport and Brownian bridges, whereas the static coupling problem (8.13)
can also compare measures on different spaces. Fix a compatible complete bounded metric dx and equip Q = C([0, 1]; X) with
the uniform metric.

Definition 14.8 (Path-space least action). Let A : QO — [0, +00] be a lower-semicontinuous path action. Define

PTa(a,B) = Mér;{g) {/Q A(w)dM(w) ; (e0)yM = a, (e1)yM = ﬁ}. (14.16)

For the quadratic Wasserstein geometry on R?, one takes

1
Alw) = ‘/0 lé¢|?dt, if w is absolutely continuous,

+00, otherwise.

The endpoint cost induced by the action is
calx,y) = al)relsf) {A(w) ; eo(w) = x, er(w) =y} . (14.17)

Proposition 14.9 (Endpoint reduction of path-space transport). Assume that, for every 6 > O, there is a universally measurable
map (x,y) — a):;’y with endpoints (x, y) and ﬂ(wg’y) < calx, y) + 6 whenever ca(x,y) < +oco. Then (14.16) has the same value as
the Kantorovich problem inf eqy(a,p) fXX v calx, y)dn(x, y). Moreover, if T is an optimal endpoint coupling and an exact universally

measurable minimizing selection (x,y) v w™¥ exists *-almost everywhere, then M* = [\ 8% dre*(x, y) is an optimal path law.

Proof. Let M be any feasible path law and set 7t = (eo, e1)3M. Then 7 € U(a, f) and, by the definition of c 4, /Q Alw) dM(w) >
/Xx y ca(x, y)dn(x, y). This proves that the path-space value is at least the Kantorovich value. Conversely, given a coupling
n and a measurable selection (x,y) — w™¥ with action arbitrarily close to cz(x,y), the mixture of Dirac path laws
M= f Owrw dm(x, y) has endpoints a and g and action equal, up to the selected approximation error, to f ca dmt. Optimizing

over 1 and letting the approximation error vanish proves equality. If exact minimizing paths are selected for an optimal 7t*,
the displayed M* is optimal. o

Entropic path-space problem. Let R® € P(Q) be a reference path law, for instance a Brownian or Langevin dynamics at noise
level €. The corresponding entropy projection defines the dynamic Schrédinger problem.
Definition 14.10 (Schrodinger bridge).

SB.(a, p) = Mg}f@ {e KL(M|R®) ; (e0)yM = a, (e1)sM = B} . (14.18)

Stochastic-control interpretation. For Brownian references, the entropy projection has a direct control meaning. To fix

constants, suppose that R¢ is the law of dX; = Ve dB;, Xo ~ a, Under the standard finite-entropy assumptions, a path law
M with the same initial marginal and M < R? can be represented, in the weak sense, by an adapted drift u; of finite energy,

dX; = u; dt + e dBy, Xo ~ a. Girsanov’s formula then gives

, 1 1 1 1
KL(MIR) = 3-En /O lulPdt,  eKLOMIR) = 2En /0 Jue |2 di.

If the reference initial law is not «, an additional term &KL(a|(R®)g) appears, but it is fixed by the
endpoint constraint. Hence, up to this fixed endpoint cost, the Schrédinger bridge can be read as
inf, {%E /01 lu>dt ; dX¢ = up dt +VedB;, Xo~a, Xi ~ ﬁ} , If h; denotes the positive space-time harmonic Schrédinger

factor associated with the terminal constraint, then the optimal feedback drift has the Doob-transform form u(x) = £V log h;(x).
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Viscous Benamou—Brenier formulations. Formally, for smooth positive densities the controlled Fokker—Planck equation
is dipr + div(psvy) = %Apt, one minimizes, among curves joining the prescribed endpoint densities, the kinetic action

fol f ot (x)?pr(x)dxdt. Equivalently, one can absorb the diffusion into the velocity by writing u; = v; — $Vlog py, dipt +
div(psu;) = 0. Expanding v; = u; + §Vlog p; and using the continuity equation for (p;, u;) gives

ri Y o’
[ [ awteasa= [ [ (ks Sivios | asa
/p110gp1dx—/pologpodx].

Since the entropy term depends only on the prescribed endpoints, the same minimizers are obtained from the modified

Benamou-Brenier action )
1 a?
[ (3R + Siviog o) iast
0

Thus the Schrodinger bridge is a least-action interpolation with both transport kinetic energy and a Fisher-information penalty.
If one instead writes the viscous equation with diffusion coefficient cAp;, the same formula is obtained after replacing o above
by 20, so the Fisher coefficient becomes 2 /2.

We write

Lo
2

Ré(dw) = / RO (dw) RS, (dx,dy), RS, = (eo, e1)sR,

where R**Y is the reference bridge conditioned on endpoints (x,y). Similarly, for any feasible M, write M(dw) =
fo'y(da))n(dx,dy), 7 = (e, e1)yM.

Proposition 14.11 (Endpoint reduction of the Schrédinger problem). Assume that the reqular conditional laws above exist and that
the relative-entropy chain rule applies, with value +oco when absolute continuity fails. Then

SBe(a, ) = inf eKL(n|R],). 14.19

)= nf cKL(IRG,) (14.19)
For a fixed endpoint coupling m with finite KL(nt|R{ ,), the minimizing path law is the mixture of reference bridges

M™ = / R&*Y dn(x, y). (14.20)

Proof. If M has finite relative entropy with respect to R¢, then 7t = (eo, e1)3M is necessarily absolutely continuous with respect
to Rj ;- The chain rule for relative entropy gives

KL(M|R®) = KL(n|R§ ;) +/

’ Xx
The second term is nonnegative and vanishes exactly when M*¥ = R**¥ for m-almost every (x, y). Thus, once an endpoint
coupling 7 with finite KL(7t|Rj , ) is fixed, the best path law is (14.20), and the remaining minimization is precisely (14.19). If

no such endpoint coupling exists, both sides are +oo. m]

KL(M™¥|R*¥) dni(x, y). (14.21)
X

Brownian bridges and Sinkhorn couplings. For X = R?, take R¢ to be a Brownian reference dynamics. With the convention
dX; = Ve dB; used above, its unit-time transition density is

2
pelx,y) = @ne) " exp(—%) -

Thus multiplying the endpoint entropy by ¢ produces the static cost |x — y|?/2; the convention e~1¥¥ I*/¢ used for quadratic
Sinkhorn is recovered by replacing the Brownian noise variance by ¢/2. More generally, suppose that for two reference
probability measures @, f the endpoint prior has the Gibbs form, with 0 < Z, < 400,

(—C(x’ Y )) a(dv)(dy),

€
and assume a < @ and < f. Then, whenever the terms are finite, the relative-entropy chain rule gives, for every € U(a, B),

' 1
Ro1(dx, dy) = 7 exp

e

EKL(anS,l) = / c(x,y)dn(x, y) + e KL(rt|a ® B) + e KL(a|@) + ¢ KL(B|B) + ¢ log Z,.

The last three terms are independent of 7. For Brownian motion started from a, one has R{ , (dx, dy) = a(dx)p.(x, y)dy. If
B = b dy, the same calculation reads

eKL(n|Ry ;) = %‘/||x—y||2dn+€KL(n|a®[3)+€/logbdﬁ+%log(?.ne),

under the present noise convention. Thus the required domination is § < dy (and @ < (R?) if the Brownian reference has
another initial law); no absolute-continuity relation between a and § is involved. The optimal static coupling 7t} is the endpoint

law of the most likely controlled noisy dynamics, while the associated path law is M} = f Re*Y dmt(x, y).

14.4 Generalized Dynamic Wasserstein Distances

The quadratic Benamou-Brenier formula is only one instance of a broader fixed-mass dynamic language. An arbitrary action
first defines only a path value; metric properties require the symmetry, homogeneity and closure hypotheses isolated below.
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Path actions. In the mass-preserving Euclidean setting, the basic input is an instantaneous action A(a, w), where « is the
current measure and w is an admissible velocity representative. Its endpoint geometry is defined dynamically.

Definition 14.12 (Generalized dynamic action value). Let A be a nonnegative extended-valued action on measure—velocity
pairs. Define

1
EA((XO, (Xl) = inf {/ A(oct,vt)dt 5 8tat + diV((XtUt) = 0, =0 = XQ, At=1 = 0(1} 0 (1422)
0

a,0t

Equivalently, one may quotient by velocity fields that induce the same first-order variation of the measure. The value (14.22)
need not be symmetric or separate measures, and its square root need not satisfy the triangle inequality.

Quadratic, or Riemannian, tangent actions. If the polarization of A is represented by a positive self-adjoint operator
Qu : L*(a;R?) — L?(a;RY),

Ala;w, z) = (Qaw, Z>L2(a) ’ Ala, w) = (Qaw, w)LZ(oz) ’
and if the quadratic form is nondegenerate after quotienting velocities that induce the same measure variation, then the
associated quadratic path value is

1

D2 (ag, 1) = Ea(ag, a1) = inf V¢, 0 dt. 14.23

Q( 0 1) A( 0 1) Btmﬁ-dliv(atvr)_o‘/o <Qat : t>L2(m) ( )
Ap=0=0a0, X=1=0q1

When, in addition, the dynamic problem is sequentially closed and attains finite infima as in Proposition 14.14, Dg is an
extended distance. The usual ‘W, geometry corresponds to Q, = Id in this simplified notation.

Local velocity actions. A velocity action is specified by a pointwise integrand A : [0, +00)xR4 — [0, +0o0], (a,w) — A(a,w),
where a € R, is a density value and w € R? is a velocity value, and defines
Ala, w) = / A (j—i(x),w(x)) dA(x). (14.24)

For a fixed reference A, this covers density-dependent mobilities and congestion constraints. If, in addition, A is positively
1-homogeneous in its first variable, A(na, w) = nA(a, w) for > 0, then the same formula is intrinsic: replacing A by another
dominating measure gives the same value. The usual Benamou—Brenier action is the model case

Asa,w) = alwl?,  Ala,w) = / wlda. (14.25)

Homogeneous momentum actions. When the local description is written with the same reference A, so that « = aA and
w = mA, the pointwise momentum perspective is

A(a,m/a), a>0,

Ja(a,m) =10, a=0andm =0, (14.26)
+00, a=0andm #0,
and the measure action relative to A is
da dw
JA,/\(‘X/ (U) = / ]A(a/ a) d/\/ (1427)
_ Im?

For Ay(a, w) = a|w|?, one recovers the quadratic perspective J(a, m) = 1=,
Proposition 14.13 (Concave mobilities give convex momentum actions). Let I C [0, +o0) be a convex interval, let 6 : I — [0, +00)
be concave, and let L : R — [0, +00] be convex with L(0) = 0. Define, on the set where 0(a) > 0,

Jo,L(a, m) = G(a)L(%) , Agr(a,w) = Jgr(a,aw) = G(a)L(%) , (14.28)

and extend Jg 1. to the boundary by lower semicontinuity. Then Jg 1 is convex in (a, m). In particular, this single construction contains

LI by taking L(u) = Jul?.

Aa,w) = aLl(w) by taking 6(a) = a, and the concave-mobility quadratic action Aa, w) = )

Proof. The perspective P(s, m) = sL(m/s) of a convex function is convex on s > 0. Since L(0) = 0, it is also nonincreasing
in the scalar s for fixed m: if s > 57 > 0, then L(m/sy) = L((s1/52)(m/s1)) < (s1/s2)L(m/s1), hence P(sp, m) < P(s1, m). Let
ag = (1= C)ag + Cay and m¢ = (1 — {)mg + Cmy. By concavity of 0, O(ac) > (1 — 0)0(ap) + CO(a1). Using the monotonicity in s,
and then the convexity of P, gives

Jo,L(ac, m¢) = P(6(ac), mc) < P((1 = C)B(ao) + CO(ar), mc) < (1 = C)Jo,r(ao, mo) + CJo,r(a1, m1).
The boundary cases follow by the chosen lower-semicontinuous extension. m]

Proposition 14.14 (Homogeneous dynamic actions define distances). Fix a reference measure A, omitted from the notation
only in the intrinsic case where Ja,) does not depend on A. Assume that the momentum perspective |4 defined in (14.26) is lower
semicontinuous, convex in (a, m), even in m, and satisfies Ja(a,0) = 0 on its effective density domain. Assume moreover that, for
somer > 1, Ja(a,Em) = |&|"Jala, m)  forall admissible a, all m, and all & € R, and that, for each admissible a, Ja(a, m) = 0 if
and only if m = 0. Equivalently, the evenness, homogeneity and nondegeneracy assumptions translate, away from zero density, into
Ala,—w) = A(a,w), Ala, Ew) = |&]"Aa, w), Ala,w)=0= w=0 (a > 0 admissible). For a mass M > 0, define the
effective state space

S%A ={a=al: a(X)=M,]Ja(a(x),0) =0 A-a.e.}.

Optimal Transport / Compact Notes 105



For endpoints in S, define

AA’
1/r

1
DA,A((Xo,al) = inf JA,/\((Xt,a)t)dt
8;0u+d1v wt=0 0

Ap=0=ag, at=1=01

Assume finally that the relaxed dynamic problem is sequentially closed and attains its infimum whenever the value is finite. Then Dy is
an extended distance on S! v and a genuine distance on each finite-action component: it is symmetric, satisfies the triangle inequality, and
Da,a(ao, @1) = 0only when ao = a1. In the intrinsic case, the reference can be omitted and the same conclusion holds on the corresponding
effective fixed-mass state space; we write D 4.

Proof. The constant curve a; = ag, wy = 0, gives Da (a0, ap) = 0. Conversely, if Da 1 (ap, a1) = 0, attainment provides a relaxed

zero-action minimizer, which satisfies /01 Ja(ar, wp)dt = 0. Since J4,4 > 0, this implies w; = 0 for a.e. t. The continuity
equation then gives d;a; = 0 in the sense of distributions, so @y = a;.

Symmetry follows by time reversal. If (a;, w;);e[o,1] connects ag to aq, then a; = a4, @; = —w1—t connects a1 to ay,
satisfies the same continuity equation, and has the same action because J4 is even in m.

Let (a!, @!) connect ag to @y with action Ej, and let (@, w?) connect a; to ap with action E,. For 7 € (0, 1), concatenate the two
curves after the time changes s = t/7 and s = (t — 7)/(1 — 1)

1 1.1
a,, , T w 0
(ar, wt) = ( é/T t/T)
&oymy A= DO jag) T
The rescaled curve is admissible from a to a>. By r-homogeneity in the momentum variable, its action is T "E1 + (1 - 1) "Es.

Writing X = E; Y and Y = E, " the optimal allocation is 7 = X /(X + Y), with the evident limiting convention if X + Y = 0, and
gives

7

//\//\

T
1.

//\//\

inf {Tl "Er+(1-1)!" VE2} (X+Y).

7€(0,1)
Hence Da i(ap, a2) < E 1/ "+ El/ ! Taking E; and E, arbitrarily close to the two optimal action values yields D (@, a@2) <
Da,a(ao, @1) + Da (g, az) w1th the usual extended-real convention when one of the distances is infinite. O

Concave-mobility actions.

Definition 14.15 (Concave-mobility dynamic distance). Let I C [0, +c0) be a closed convex interval and let 6 : I — [0, +o0)
be continuous and concave, with 8 > 0 on the relative interior of I. Define the closed momentum perspective

lm|?/6(a), acl, 6(a)>0,

Jo(a,m) =10, ae€l, 6(a)=0, m=0,
+00, otherwise.
The corresponding velocity action is Ag(a, w) = Jg(a, aw), Ag(a,w) = % when 6(a) > 0. For a fixed reference

measure A and a mass M > 0, set
Sg/fA ={a=arl:a(X)=M, a(x) el A-ae.}, Wo 1 (a0, a1) i= Dagy,a(ag, a1).

If o = aA, the induced squared tangent action is Ag \(a, w) = /Ag(a(x), w(x))dA(x) = BLEt(;Ex lw(x)|?dA(x), where the
integrand uses the closed convention in Definition 14.15; the action is +c0 if & < A or a(x) ¢ I on a set of positive A-measure.
Equivalently, on the set where 9(a(x)) > 0, Ag 1 (o, w) = Q?a(x ] lw(x)|? der(x). Hence this is a local Riemannian case, in the

sense of (14.23), whenever the multiplier a(x)/6(a(x)) is finite and positive. The associated tensor is the multiplication operator

a(x)
(Qo,1,0w)(x) = 0(a(x))

defined a-a.e. on the set where 6(a) > 0. Except for linear mobilities 8(a) = ca, and in particular the normalized case 6(a) = a
which recovers ‘W, the pointwise velocity action Ag(a, w) is not positively 1-homogeneous in the density variable a.
Proposition 14.16 (Concave-mobility dynamic distances). For a fixed reference measure A, and under the standard compactness

hypotheses ensuring existence of relaxed minimizers, Wg » = Da, 1 is an extended distance on Sg’IA and a genuine metric on each
finite-action component.

w(x), a=al, (14.29)

Proof. Proposition 14.13, applied with L(u) = |u|?, gives convexity on the positive-mobility region. Continuity of 6, the
explicit zero-mobility convention, and the barrier outside the closed interval I give its lower-semicontinuous extension Jg. It is
even in m, satisfies Jp(a,0) = 0 on I, and obeys Jg(a, Em) = |£|*]g(a, m). Moreover Jg(a, m) = 0 if and only if m = 0, with the
boundary convention used in its definition. For the fixed reference A, the hypotheses of Proposition 14.14 therefore hold with
r = 2; the existence assumption is supplied by the compactness hypothesis in the statement. That proposition gives symmetry,
separation and the triangle inequality for D, 1, hence for Wg ;. m|

Dynamic spectral Wasserstein distances.

Definition 14.17 (Dynamic spectral Wasserstein distance). Let ¥ be a monotone spectral gauge on S%. Define
A (a,v) = y(/ v(x)v(x)Tda(x)) ) (14.30)

The associated distance is W2

3,dyn(@0, @1) = Ea (a0, a1). (14.31)
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In density-momentum variables, this corresponds to the measure action

s ()8 o).

3,(p,m) = y(/ ”“’“p)(—”;()’c)dx).
llm ]

In that case the velocity and momentum densities are Ajn(a, w) = ca lw]?, Jin(a, m) = c*=—-,
Proposition 14.18 (Static/dynamic equality for spectral Wasserstein). Let y be a monotone spectral gauge and let ap, aq € P2(R?).
Then W? . (ag, a1) = (W)Z/ (a0, a1). The common value defines a distance on P, (RY); the triangle inequality is established by the robust

7. dyn
representation in Proposition 11.39.

or, when a = pdx and w = mdx,

Proof. We first prove W)% dyn S "Wf, Let m € U(ao, 1) and let (X,Y) ~ m. Set Z; = (1 - t)X +tY and a; = (Z;)y7t. Define
the Eulerian velocity as the conditional mean v;(z) := E[Y — X | Z; = z]. Then (a;, v;) solves the continuity equation. If
My = f(x —y)(x—y)dn(x,y), Ci = f v¢(z)v(z) "da(z), conditional Jensen gives C; < M. Indeed, for every direction
ueRd

u'Cou =E[E[(u, Y - X) | Zs]*] <E[((u, Y = X))*] = u" Mqu.
By the Loewner monotonicity of y, /01 y(Cp)dt < y(My). Taking the infimum over 7t gives the first inequality.
Conversely, let (a;, v¢) be an admissible finite-action competitor. Since y is a finite positive gauge on the finite-dimensional

cone S%, it is equivalent to the trace on this cone; hence finite spectral action implies the usual finite kinetic energy needed for
the superposition principle. Thus there exists a probability law 1 on absolutely continuous paths w. such that (e;)yn = a; and

wt = vi(wy) for a.e. t. Let = (eg, e1)yn be the induced endpoint coupling. With C; = f vtvfdat, Jensen’s inequality along

each path gives
1 1 1
(w1 — wo)w1 — wp)" = (/ cbtdt) (/ a')tdt) 5/ @@, dt.
0 0 0

After integration over 1, M, < f01 Cidt. Monotonicity of y, followed by convexity, yields

1 1
V(Mn)<y(/0 Ctdt)</0 »(Cpdt.

Since 7t is admissible for the static problem, ‘W f,(ozo, a1) is bounded by the action of the dynamic competitor. Taking the
infimum over all competitors gives the reverse inequality.

The crucial assumption is the monotonicity of y: both parts of the proof produce Loewner-order comparisons between
covariance matrices, and these comparisons imply inequalities between actions only for monotone gauges. m|

T

Kernelized Benamou—-Brenier distances.

Definition 14.19 (Kernelized Benamou—Brenier distance). Let k be a Borel measurable positive definite kernel on R? with
d ._ 2 . vd 2
scalar RKHS Hy. Set H,' = H X - - - x H, ||U||(Hg = Dot ||w||7{k.

Ak((X, U) = "v”;{ijl (sz(()((), al) = EAk(aOr al)r (1432)

where the infimum is restricted to strongly measurable v € L([0, 1]; 7’{,? ) satisfying the continuity equation.

Proposition 14.20 (Kernelized dynamic distance). Assume that the kernel has uniformly bounded diagonal, K% = sup,.pa k(x, x) <
+c0. Then the quantity Wi defined by (14.32) is an extended distance on probability measures. More precisely, it is symmetric, satisfies
the triangle inequality, and Wi (ao, a1) = 0 implies ag = . It can take the value +oo between different finite-action components.

Proof. The Borel assumption makes every RKHS function measurable: kernel sections are Borel, their finite linear span is Borel,
and the bounded evaluation estimate below turns RKHS-norm convergence into uniform convergence. The constant curve
gives zero self-distance. To prove separation without assuming existence of a minimizing curve, use the RKHS evaluation

bound |v(x)| < xk ||v||(H:. For every ¢ € C}(R?) and every admissible curve of action E, the weak continuity equation and
1
< [ [ oo daoar
0

'/ ¢ d(a1 — ag)
1 1/2
<xdvplo [ IByat) = ool VE.

Taking the infimum over admissible curves shows that Wi (ao, a1) = 0 forces equality of the integrals of every compactly
supported smooth test function, hence ap = a;.

Symmetry follows by time reversal and by replacing v; with —v1_;. For the triangle inequality, concatenate an almost optimal
curve from ag to a1 of action E; with one from a4 to a» of action E;. Compressing the first curve into a time interval of length
7 multiplies its action by 1/t, and compressing the second into length 1 — 7 multiplies its action by 1/(1 — 7). Optimizing over

T € (0,1) gives (VE1 + VE2)?, and taking infima yields the triangle inequality. o

Cauchy-Schwarz give

One should read W} as an extended distance on finite-action components, not as a replacement for ‘W, on all of P, (RY).
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14.5 Nonlocal Wasserstein Distances
Definition 14.21 (Logarithmic mean).

%, a,b>0anda #Db,
0(a,b) = a(,)g 0% — (14.33)
0, ab =0,

fora,b > 0.

For a,b > 0, it satisfies 6(a, b)(loga —logb) = a — b; at vacuum, this relation is understood only as a limiting identity. This
edge-wise chain rule identifies entropy-driven flows with the underlying reversible Markov or jump dynamics.

Continuum jump kernels. Let (X, d) be a Polish metric space, let m be a Radon reference measure, and let K(x, ) be a
nonnegative Borel kernel, possibly of infinite total mass. Assume that the pair measures introduced below are locally finite on
the off-diagonal pair space G := {(x,y) € X% : x # y} for the states under consideration. Define the jump measure J by

/ D(x, y)J(dx,dy) = / (/ D(x, y)K(x,dy) | m(dx). (14.34)
G X A\JX\{x}
For a probability measure a, introduce the two oriented edge measures

al(dx,dy) = K(x, dy)a(dx), a?(dx,dy) = K(y, dx)a(dy). (14.35)

If v is a signed Radon measure on G and ¢ dominates a!, a2, and |v|, write r; = da'/dc, r» = da?/dc, and g = dv/dc. The
logarithmic mean is positively 1-homogeneous, so the closed perspective below is independent of the choice of c.

Definition 14.22 (Continuum nonlocal Wasserstein distance). Define the relaxed pair action by

|q1?

—, O(r1, 0,
Ax(a,v) = 1 0(r1,12) e
K2 Jg 00, 6(r1,72) =0, 4 =0,

+00, 9(7‘1,7‘2) =0, q# 0,

An admissible pair consists of a narrowly continuous curve (a;);¢o,1] and a Borel family of antisymmetric signed flux

de. (14.36)

measures (v;); such that /01 /g(l A d(x,y))d|v¢|(x,y)dt < +oo and, for every test function ¢ that is C! in time, bounded
Lipschitz in space, and compactly supported in space when needed,

1 1
//&t(ptdatdt+1/ /?(ptdvtdtz/(mdal—/(podao. (14.37)
o Jx 2J)o Jg X X

The induced action distance is

1
ng(ao,al) = inf / Ax(ay,vy)dt. (14.38)
0

(at,vt

For the density specialization, let « = pm and

v(dx, dy) = o(x, 1)0(p(x), p(y))d(dx, dy), (14.39)
where v is antisymmetric. Then a' = p(x)J, a* = p(y)J, and Ak(a,v) = % fg lo(x, y)[20(p(x), p(y))J(dx, dy). Thus the earlier
density—velocity formula is recovered, but a minimizing relaxed curve need not remain absolutely continuous with respect to
m.
Proposition 14.23 (Metric properties of nonlocal transport). Let X = R?. Assume that K and m satisfy Assumption 1.1 of: besides
reversibility, the weighted kernels (1 A |x — y|*)K(x, dy) depend continuously on x against bounded continuous tests and are uniformly
integrable both near the diagonal and at infinity. Then Wy is an extended distance on P(R?). Every finite-distance component is complete
and geodesic, the infimum in (14.38) is attained whenever it is finite, and a minimizer can be parametrized at constant speed.

Proof. The density in (14.36) is a convex lower-semicontinuous perspective and is 1-homogeneous in (71, 72, q). Hence the
action is well defined independently of ¢. The logarithmic mean satisfies Assumption 2.1 of. Proposition 3.4 there supplies
compactness and closure of the measure—flux continuity equation, Proposition 4.3 supplies attainment and constant-speed
parametrization, and Theorem 4.4 proves definiteness, completeness and the geodesic property. Symmetry follows by time
reversal (a;,vt) — (a1-t, —v1-+). Concatenating two curves and allocating time in proportion to the square roots of their
actions gives the triangle inequality, exactly as in Proposition 14.14. The consequences for entropy dynamics and fractional
PDE examples are developed in Section 15.6. o

For a fixed jump kernel, this geometry is genuinely nonlocal and does not coincide with ordinary ‘W,. A local metric is recovered
in a small-jump limit only if the kernel can transport through vacuum. Suppose that M() = fR . 1z1*n(z) dz € (0, +0), and,
for some ¢, 79 > 0 and s € (0, 2),

n(z) > c|z) whenever 0 < |z| < ro. (14.40)
and define Ke(x,dy) = n:(y — x)dy, ne(z) = e7n(z/e). (14.41)
Radiality implies symmetry and isotropy, and a change of variables gives

M
/ ly = xIPKe(x, dy) = e*Ma(n), /(y —x)(y - x)TKe(x, dy) = € Zd(n)ld.

(14.42)
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To obtain a nontrivial local limit, one simultaneously accelerates the jump rate by ¢ and sets Ke = 52 _K,, f (y -

€2Ma (1)
x)(y — x)TK¢(x,dy) = 2Id. Theorem 1.3 of therefore gives, for endpoints supported in a fixed compact set,
M
W = 2;”) Wy, — W

If B is invertible and 1p(z) = | det B|~'1(B~'z), define
2d

y- T
Kp, e(x, dy) =& T]B( )d}/, Kg, = SzMz(T])KBS

The change of variables x = BE, y = B(, together with the 1-homogeneity of the logarithmic mean, then gives
Wg, (@0, 1) = (WES(B?“O/ Bglal) — (Wz(Bglao, Bglal)-

Discrete Wasserstein distances on Markov chains. We write J; ; := 7;K; j = 71;K; ; The transported object is a mass histogram

Y, = {aeRﬁ:Zaizl}.
i
Relative densities only enter as auxiliary variables with respect to the invariant law: p;(a) = 7, a; = nipi(a). The
logarithmic mean 0 defined in (14.33) is the mobility selected so that the entropy calculus later recovers exactly the Markov
evolution; see Proposition 15.41. For positive a, b, the identity 0(a, b)(loga —logb) = a — b, extended to boundary states
by approximation, converts entropy gradients into density differences along graph edges. For a potential ¢ € R”, set
Vi (i, ) = ¢j = i.

Definition 14.24 (Discrete Markov-chain Wasserstein distance).

(Kop)i = Z Kij0(pi, p))Wi = ¥j),  (La)i = mi( Koy (14.43)
j
Its associated tangent action is

Ac(a, ) = 3 3 3,000 (@), @) (T, )P (1444

i

1
W2(ao, 1) = inf / A(an 9 dt,  dr+ Loy =0, (14.45)

at, Pt Jo

with endpoint conditions a;—g = ag and a;=1 = a;.

14.6 Dynamic Unbalanced Wasserstein Distances
Balance equation and tangent variables. A representative quadratic balance equation is

9tpt+V my = S¢, //(lmtll t)d dt,

Definition 14.25 (Dynamic Wasserstein—Fisher-Rao distance).

Reaction-transport action.

For x > 0, define Acla,w,8) = a(|w|* + x*g?), (14.46)
(Im)?* + x*r?)/a, a >0,
and Jela,m,r) =40, (a,m,r)=1(0,0,0), (14.47)
+00, a=0, (m,r)+(0,0).
If A dominates ¢, |w|, and ||, set
Je(a, ,0) = / ] (d—“ do d—a) da. (14.48)
T "ldA" dA’ dA
The induced dynamic Wasserstein—Fisher—Rao distance is
1
WFR%((XO, (X1) = inf / JK(OCt, wt, Gt)dt. (1449)
ora+V-wi=0; 0

Ap=0=a0, dt=1=0q1

Static and dynamic viewpoints. The dynamic balance-equation formula is not a separate object from static unbalanced OT: it

is the least-action representation of the same cone distance. To make the normalization explicit, define on the cone €[R?] the
squared cost

Ax((x, 1), (y, s))2 = 4x? [r? + 52 = 2rs cos( "xZ_Ky" A g)} . (14.50)
The radii encode masses through the weighted projection P; defined in Section 11.1. Accordingly, set
CWi(ag, ay) = inf /AK((x,r),(y,s))zdy(x,r,y,s). (14.51)
YEML(ERTP)

Pay1=ao, Pay2=ay
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For x = 1/2, this is exactly the normalization of the Hellinger—Kantorovich cone cost used in Section 11.1.
Thus Definition 14.25 gives both the reaction-transport action and the induced dynamic WFR metric.
Proposition 14.26 (Static/dynamic equivalence for unbalanced OT). For nonnegative finite measures ag, a1 on RY, the dynamic

value (14.49) equals the static cone value (14.51). Hence WFR,, = CWi/ 2 is the geodesic distance generated by the balance-equation
least-action problem.

Proof. The cone construction turns variation of mass into radial motion and spatial transport into angular motion on €[R4].
The normalization can be checked on a smooth cone path. If its base position is x;, its cone radius is ¢, and the projected mass

is a; = r?, then its relative growth rate is g; = i;/a; = 27;/r;. The infinitesimal energy induced by (14.50) is therefore
42+ 2l = a (|0 + g2

which is precisely the velocity action (14.46).

The converse passage from an arbitrary Eulerian triple to a cone-valued dynamic plan is the substantive step. For x = 1/2,
Theorems 4.3, 4.5 and 4.6 of provide respectively the dynamic-plan representation and the two action comparisons, and the
proof of their Theorem 3.6 identifies the resulting distance with the cone metric. In their notation, the vector field is the

chapter’s velocity w, while the scalar field & satisfies ¢ = 4&; hence their density |w|? + 4&2 is exactly |w|? + % ¢2. These
theorems prove both inequalities for arbitrary finite measures, not only for smooth cone paths.

For general «, rescale the base metric by (2x)~! and the cone distance by 2. The same dynamic-plan theorem then gives the cone

cost (14.50) and the action |w|? + x?>g?%. This proves equality of the two infima. The corresponding complete-separable-space
formulation and relaxation are developed in; related normalizations appear in. o

14.7 Variational Mean Field Games

From individual control to a population equilibrium. Given a candidate population density (p;);c[o,1], @ representative
deterministic agent starting from x € Q chooses an admissible path y : [0, 1] — Q by minimizing

1
it [ (3108 + gl ar - wora). (1452
0

y(0)=x

A Benamou-Brenier planning problem. The consistency condition is usually coupled to an individual Hamilton-Jacobi—
Bellman equation. A global variational reduction is available when the local coupling is a first variation. Let G : [0, +o0) —
[0, +00] be proper, closed and convex with G(0) = 0; in the differentiable case, assume

g(r)=G'(r), (14.53)

Definition 14.27 (Variational mean-field-game planning problem).

nf { / A ( oo + G(pt(x») axat+ [ \P(x)pl(x)dx} (1459
subject to dipt + div(psvs) =0, pi=0 dx = ay, (ptvr) - n =00n Q. (14.55)

Unlike in (14.9), the final measure is not prescribed. The terminal potential W selects desirable final states softly, while the
integral of G(p;) penalizes crowded intermediate configurations.

Convex momentum formulation. To obtain the weakly lower-semicontinuous congestion functional, write the Lebesgue
decomposition @ = pdx + a® and set
— G
Cola) = / Glp(x)dx +G=a*@,  G*:= lim $ (14.56)
Q r—+00
For superlinear congestion, G* = +oo and finite energy forces @ < dx; the recession term is needed for closedness when G has
only linear growth. Using the measure perspective action (14.12), the same problem becomes the generalized Benamou-Brenier

formula )
. 1 Btat + div w; =0, di=0 = Q,
(alfr,lafu) {./0 (EJ(at,cut) + C’G(at)) dt + ‘/Q‘If da1} , @ -n=0 ondQ. (14.57)
Equivalently, in density-momentum variables, the running integrand is

IImt ||

—](Pt/ m) + G(pt) = +G(ps), (14.58)

Optimality system and game interpretation.
Proposition 14.28 (Potential MFG system). Assume that an optimizer of (14.57) has a smooth positive density p, that G is differentiable,
and set g = G’. Then there is a value function u such that

1 2 _ _
{_3”" TolVulP=8lp),w=m =V pVun = 00n0Q. (14.59)
dip — div(pVu) =0, pe=0 dx = ay,

Proof Use —u as the multiplier for d;p + divm = 0. After integration by parts, the space-time Lagrangian density is
IImII

+ G(p) + p dru + m - Vu. Stationarity in m gives m = —pVu. Stationarity in p, followed by this substitution, gives the first

equatlon in (14.59). The free terminal density contributes (W — u1)p;. Since admissible terminal variations preserve total mass,
stationarity first gives u; — W equal to a spatial constant. The multiplier u is defined up to an additive constant, which we
choose so that 11 = W. Primal feasibility gives the second equation. m]
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Hard congestion through a bottleneck. A global hard crowd-capacity constraint is obtained from
0, 0<r<xk,
Gi(r) = o (r) = {

+00, otherwise.
In order to make the cap active while retaining a prescribed terminal preference, one may replace the linear terminal term
in (14.57) by the convex penalty

(14.60)

Lo =2 [ 1o = puto s, (1461)

where py is a desired terminal density.

The role of endpoint relaxation depends on the geometry. If two fixed endpoint densities on R satisfy a spatially constant cap,
their ordinary ‘W, geodesic satisfies the same cap by Proposition 15.14, so the cap does not alter that geodesic.

15 Wasserstein Gradient Flows

15.1 Minimizing Movements and Wasserstein Gradients

Definition 15.1 (JKO minimizing movement). Given t > 0 and a© define recursively

a"V ¢ argmin {l Woa®, a)? + f(a)} . (15.1)
aePyRY) (2T

Euclidean gradient flows. If we restrict (15.1) to finite dimensions and assume a; = 0,(;) and a = 0, (single Dirac measures),
this matches the implicit Euler scheme:

x(t + 1) € argmin {%Hx —x(O)* + h(x)} ,

where h(x) = f(6x). When h is differentiable and the minimizer is unique, the solution is characterized by the implicit Euler
formula x(t + 7) = (Id + ©Vh) ™! (x(t)). In contrast, the explicit Euler scheme is: x(t + 7) = (Id — tVh)(x(t)) = x(t) — tVh(x(t)). If,
for instance, Vh is globally Lipschitz, then for sufficiently small T both schemes are well posed and their interpolants converge
locally uniformly as T — 0 to the unique solution of

x(t) = =Vh(x(t)). (15.2)
Vertical derivatives (first- and higher-order variations).

Definition 15.2 (First variation). Assume that f(a) < +0c0. A measurable function 6 f(«) is a first variation of f at «a if, for
every B € P(RY) such that 6 f(«) is integrable with respect to | — a| and the mixture ay remains in the domain of f for

small § > 0, f(as) = f(a) + 9 [,[6f(@)]()d(B - a)x) +0o(8) (810

It represents the directional linear form D f (a)[n] := fRd [6f(a)](x)dn(x)

Definition 15.3 (Higher-order vertical derivatives). Set D’f = f. The functional f admits vertical derivatives through order
r if there are symmetric multilinear forms D/ f(a) : Mo(X)) — R, 1 < j < r, such that, along every mixture segment
in P(X) and for fixed 11, ...,nj-1 € Mo(X), %Df’lf(as)[m, e il = fo(as)[ﬁ - a,n1,...,Mnj-1]. At the endpoints,
derivatives are understood one-sided.

When these multilinear forms have integral kernels, the notation D/ f(a)[n1, . . ., nil = fo %(a, X1, .., x))dni(xr) - - dnj(x;)

A canonical representative relative to the base measure « is obtained by centering each variable, /X %((1, x1,...,xj)da(x;) =
0 (1<i<y),
Horizontal derivative (Wasserstein gradient).

Definition 15.4 (Wasserstein gradient). Assume that f admits a smooth first variation 6 f(a). Here smoothness means

that V6 f(@) € L*(a;RY), that the transport chain rule holds along the admissible continuity-equation curves, and that the

boundary conditions justify integration by parts. In the smooth formal calculus on P,(R?), the Wasserstein gradient of f at
a is the gradient vector field W f(a) = V.6 f(a).

The associated formal gradient flow is the continuity equation
3C¥t

T + div(-W f(ar)ay) = 0. (15.3)

Proposition 15.5 (Formal Wasserstein gradient). Assume that f admits a smooth first variation 6 f () and that o has a smooth positive
density. Let v be a sufficiently regular velocity field, compactly supported or satisfying a no-flux boundary condition. For perturbations

generated by (Id + tv)ya, the differential of f is diTszof((Id +10)ya) = /(V(Sf(oz)(x), v(x))da(x). Hence, for the Riemannian metric
||U||i2(a) = / lvl*>da, the Wasserstein gradient is the vector field W f (a) = VO f(a).

Proof. The push-forward expansion gives, in the sense of distributions, (Id + 7v)ya = a — T div(av) + o(7). Using the definition
of the first variation, f((Id + tv)ya) = f(a) — 1 / Of (a)div(av)dx + o(7). An integration by parts, with either compact support

or vanishing boundary flux, gives — / Of (a)div(av)dx = / (Véf(a), v)da. By definition of the Riesz representative for the
L?(a) metric, this representative is VO f(a). O
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From the JKO step to the velocity field. A first-order expansion of the JKO step explains why (15.3) uses the vector field
W f(a). This is a formal local argument: assume that a; is absolutely continuous and that, for the nearby competitors
selected by the JKO step, the optimal map from a; can be written as Id + tv. For these optimal displacement representatives,

(Wg (ar, Id+10)ga¢) = T2 "v”é(at)' The local JKO objective therefore reads min, 7 |v "iZ(a,) + f ((Id+7v)3a¢), The two expansions

(Id + to)ya; = a; — tdiv(vay) + o(7),

f(Ad + to)yar) = flar) +7 / (Vi f(ar)(x), v(x))dai(x) + o(7)

give the first-order problem
min f(a0) + ¢ [ [%nv(x)uz + (W f(@)(x), 0(x)) | dar(x) +o(x).

Metric derivative and curves of maximal slope.
Definition 15.6 (Metric derivative and absolutely continuous curve). For 1 < p < +o0, acurve x : [0, T] — (X, d) belongs to
ACP([0,T]; X) if some g € LP(0, T) satisfies d(xs, x¢) < /s ! ¢(r)dr. Absolutely continuous means AC!. Its metric derivative

is | %] := limy, W for a.e. t.

Definition 15.7 (Metric slope and curve of maximal slope). For lower-semicontinuous f : X — (—o0, +0], define

. (F) = F @)
9F1(x) 1= 4 TSP )
+00, f(x) = +oo.

, f(x) < +oo,

It is a strong upper gradient if | f(y;) — f(ys)| < /S ! |df|(y,)|yr|dr along every absolutely continuous y. When this property
holds, a curve x € AC%([0, T]; X) with f(xp) < +c0 is a curve of maximal slope for f if f o x has an absolutely continuous
representative and f(x;) + %/St |, )?dr + %fst [0f(x,)dr < f(xs), 0<s <t

Discrete evolutions. If f admits a first variation whose spatial gradient is well defined at empirical measures, the characteristic
form of (15.3) preserves the number and weights of the atoms. For equal weights, write a; = 1 3:6,,4). The particles
X(t) := (xi(t))i evolve according to the coupled ODEs

xi(t) = _nvxiF(X(t))r (154)

where F(X) := f (% Y.; 0x;) and the factor n comes from the empirical Wasserstein metric % >l

Shannon neg-entropy.

Definition 15.8 (Score function). For o = p dx with differentiable positive density p, its score is Vlog p. Relative to f, its
relative score is V log(da/dB) whenever this logarithmic density has a weak gradient.

Interaction energies. In a similar spirit, to obtain nonlinear evolutions without requiring the measure to have density, one can
consider

f(a) ::ﬂk(x,y)da(x)da(y). (15.5)

For a symmetric kernel k: 6 f(a)(x) = 2f k(x,y)da(y), WVf(a)x) = 2/ Vik(x, y)da(y). For ag = %Zi Ox;, the flow (15.3)
implies particles (x;(t)); obey: x;(t) = —% 2 Vk(xi(t), xj(t)). If k is positive definite, or more generally conditionally positive
definite on signed measures of zero total mass as for the energy-distance kernel k(x, y) = —|x — y|, and one minimizes the
squared kernel discrepancy to a teacher distribution g, then

la = Bl; = ﬂkdada - 2/(/ k(x,y)dﬁ(y)) da(x) + constant.

Thus MMD-type training energies are exactly an interaction energy plus a linear potential; the teacher distribution
appears through the potential x +— -2 f k(x,y)dp(y). The corresponding empirical Wasserstein gradient flow is
xi(t) = =2 3, Vek(xi(t), (1) + 2 [ Vik(xi(t), y)dB(y).

Stochastic particles and McKean—-Vlasov limits. If the drift does not depend on the empirical measure, each particle
evolves independently according to dX; = b(X;)dt + V20dB;, and the one-particle law a; = p;dx directly satisfies the
linear Fokker-Planck equation d;p; = —div(bp;) + 02Ap;. The mean-field case is different: the drift is recomputed from the
current empirical distribution of all particles, dX['(t) = b(X'(t), a})dt + V20dB;(t), ay = % 2y Oxx(r)- For finite n, the
empirical law ay' is itself random. Under suitable Lipschitz, growth and chaotic-initialization assumptions, propagation of

chaos states that finitely many particles become asymptotically independent as n — oo, all with the same deterministic law
prdx; equivalently, the empirical measure a} converges in probability to this law. The limiting density solves the nonlinear

Fokker-Planck, or McKean-Vlasov, equation d;p; = — div (b(x, pt) pt) + azApt. When the interaction drift has variational form
b(x,p) = —V%(x), this PDE is the Wasserstein gradient flow of the entropy-regularized energy &(p) + o2 / plog p dx. For

a prescribed target f = pgdx, take b = 6>V log pg. The SDE, the Fokker—Planck equation, and the deterministic continuity
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equation with score velocity are then three representations of the same gradient flow:

dipt = o* div(leog %) , vy = 0*(Vlog pg — Vlog pt). (15.6)
B

Gradient flows under density constraints.
foma (pdx) = / h(x)p(x)dx + (- (pdx), Komax = {pdx € P2(Q) ; 0 < p < pmax a.e.}, (15.7)
Q

where Q € R? is a convex domain and K, is assumed nonempty; if Q2 has finite volume, this requires pmax|Q| > 1. The
indicator term has no classical first variation; it contributes the normal cone to K, . in the Wasserstein first-order condition.
The JKO step becomes

a™V € argmin 1 "W%(a(‘/), a)+ / hda. (15.8)
€K prmax 27 Q
With no-flux boundary condition p;V(h + p;) - n = 0 on JdQ, the constrained gradient flow is the complementarity system
atpt =div (PtV(h + Pt))/ 0 < pr < Pmaxs pr 20, pt(pmax - Pt) =0. (15.9)
The pressure vanishes in the unsaturated region and acts only where p; = pmax, pushing mass away from congested zones so
that the density cap remains satisfied.
Multi-species gradient flows. Several applications involve several densities living on the same physical space: chemical

species, color channels, cell populations or competing phases. Let Q c R? be the physical domain and assume that the
component masses m = (1, ..., mp) are positive and fixed. A convenient notation is

Prm(QRY) = {a = (ar,...,ap); ai € Mo(Q), ai(Q) = m;, / I 2da(x) < +oo}. (15.10)
Q
Since the components are finite measures rather than necessarily probabilities, set
p o
2 2 i 1
= j —,— . 15.11
Wil ) Z‘m (Wz(mi, m,») (15.11)
The corresponding JKO step is
1
aD e argmin Z—(Vl/%’@(a“),a) + f(a). (15.12)
aePy m(QR) <
For smooth densities and first variations ¢; = 6 f/6p;, this yields
0
dipi = div (piVe;), Qi = 6_;{-' i=1,...,p. (15.13)
1
Given a fixed reference measure = b dx with density b = pg >0 and total mass }; m;, set
4
Cs = {a € Pom(Y; Rz); Z a; = [3} (15.14)
i=1
The constrained JKO step is
alt*h ¢ argmin 1 "VV% ®(au}), a)+ f(a). (15.15)
a€eCy 27 ’

In the smooth-density regime, the formal constrained flow has a common pressure A;:

P
drpi = div (piV(pi — At)), div(bVA;) = div (Z PiV(Pi) . (15.16)
i=1

For the separable Shannon entropy f(a) = X ; fQ pilog p;dx, this becomes
drpi = Api — div(p;VAy), div(bVA;) = Ab. (15.17)

These equations are understood with periodic or no-flux boundary conditions. When b is constant on a connected domain,
the pressure can be chosen constant and the system reduces to independent heat equations which nevertheless preserve the
pointwise sum ; p; = b.

15.2 Geodesic Convexity and Convergence

Geodesics and convexity. A constant-speed ‘W, geodesic between ap and «; is obtained, as in Definition 4.9, from any
optimal coupling * € U (ao, 1) by the McCann interpolation a; = ((1 —)Po + tP1)y*, t € [0,1], where Py(x, y) = x and
P1(x,y) = y. If the optimal plan is induced by a Brenier map T, this reduces to ((1 — t)Id + tT)yap.

Definition 15.9 (Geodesic convexity). A functional f on P»(R?) is geodesically convex if for every ‘W5 geodesic (a);,
flar) < (1 —-1)f(ap) +tf(ar). It is A-geodesically convex if the right-hand side is improved by —%t(l —t) ‘W%(ozo, aq).

Proposition 15.10 (Geodesic convexity of linear and quadratic energies). 1. If h is convex, then the linear energy a f hda is

geodesically convex; if h is A-strongly convex, it is A-geodesically convex. Conversely, if this linear energy is geodesically convex for all
Dirac endpoints, then h is convex.

2. More generally, let k > 2 and let Hy : (RH)* — R U {+oo} be convex. Then the polynomial energy a +>
f(Rd)k Hi(x1, ..., xp)da(xy) - - da(xg) is geodesically convex whenever the integral is well defined. If Hy is A-strongly convex
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on the product space, this energy is kA-geodesically convex. In particular, the quadratic interaction a +— 1 // W(x,y)da(x)da(y) is
geodesically convex when W is convex on R* x R, and it is A-geodesically convex when W is A-strongly convex there.

Proof. Let 7 be an optimal coupling between ag and a1, and set X; = (1 — )Xo + tX; under (X, X1) ~ 7. Convexity of h gives

h(X¢) < (1—-t)h(Xo) + th(X7), and strong convexity gives the additional term —%t(l —1)|Xo — X1|?. Integrating proves the first
claim. Necessity follows by testing on Dirac masses: the geodesic between 6, and 6y, is 0(1-)x+ty, S0 geodesic convexity of

f hda gives the usual convexity inequality for .

For the polynomial statement, take k independent copies (X!, Xf )];:1 of the same optimal coupling and define X! = (1 —t)Xg +tXf .
Convexity of Hy on the product space gives Hy(X}, ..., XF) < (1 — )H(X}, ..., X§) + tHe(X], ..., XF). Integrating over
the product coupling proves the claim. If Hj is A-strongly convex, the additional term is —%t(l —t) Z’lle Elng — Xf I =
- k%t(l -HW %(ag, @1), which proves the stated constant. For the quadratic interaction, the prefactor 1/2 cancels the factor
k = 2, leaving the constant A. O

Proposition 15.11 (One-dimensional interactions and energy-distance MMD). Let ¢ : R, — R be continuous with at most
quadratic growth, and define on P2(R) Ly(a) = %/f ¢(|x = y|)da(x)da(y). Then 1, is geodesically convex for W on P»(R) if and
only if ¢ is convex on Ry. Fix also p € P>(R). For the conditionally positive kernel k(x,y) = —|x — y| from Definition 7.4, the squared
MMD of Definition 7.5, equivalently the squared energy distance, Eg(a) = MMDi(a,,B) = /f —|x — y| d(a = B)(x)d(a — B)(y), is
geodesically convex as a function of a.

Proof. Let Qp, Q1 be the quantile functions of ag, a1, and let Q; = (1 — £)Qp + tQ; be the quantile function of the one-
dimensional W, geodesic a;. For r > s, monotonicity gives Q;(r) — Qi(s) > 0 for i = 0,1, and hence Q;(r) — Q;(s) =
(1 =#)(Qo(r) = Qo(s)) + t(Q1(r) — Qi(s)). Using the symmetry of the double integral and the quantile parametrization, one can
write Iy, () = fol for @(Q:(r) — Q¢(s)) ds dr. Convexity of ¢ on R, gives the desired convexity after integration.

Conversely, test geodesic convexity on two-point measures a; = (8¢ + 8,,), with a; > 0. Their monotone geodesic is

ay = %(60 + O(1-t)ag+ta;)- Since Ty (at) = %(p(O) + %(p((l — t)ag + tay), and the identical }T(p(O) terms cancel from the geodesic-
convexity inequality, one obtains the ordinary convexity inequality for ¢ on R;.
For the energy distance, the function ¢(r) = —r is affine on Ry, so the self-interaction — f/ |x — y|da(x)da(y) is affine along

one-dimensional Wasserstein geodesics even though z +— —|z| is not convex on R. Write Qg for the quantile function of g.
Expanding the MMD and dropping the term depending only on j3 gives

1 p1 1 p1
Sﬁ(a)zzfofo |Qa(r)—Qﬁ(s)|drds—/O./O |Qa(r) — Qu(s)| dr ds + constant.

Here the constant is independent of a. The positive cross-distance term is convex in Q,, since the absolute value is

convex and Qy is affine in ¢. The self-distance term is affine along quantile geodesics because fol /01 |Qt(r) — Qt(s)|drds =
2/01 /Or(Qt(r) - Q1(s))ds dr. Thus a — &Eg(a) is geodesically convex. O

It should not be read as a general MMD statement: for a typical positive definite kernel k, the decomposition MMDi(a, B) =
f/ kdada — 2// k dadp + constant

Theorem 15.12 (McCann displacement convexity for internal energies). Let g : [0,+00) — R U {400} be proper, lower-
semicontinuous and convex, with g(0) = 0, set g4, = lim, 100 @ € RU {+o0}, and define Y(r) = rdg(r‘d), r>0.Ifyis
convex and nonincreasing on (0, +00), then the relaxed internal energy ﬂg(a) = fRd g(p(x))dx + gloat(RY), a=pdx+at,is

geodesically convex on its effective domain in P2(RY). If, in addition,

d
- q =
g (r)<Cr ]‘()rsomeqe(d+2,1),

then it never takes the value —oco and is lower semicontinuous for ‘W, convergence. On a bounded convex domain, lower semicontinuity
holds without this tail condition. The convention is +o0 - 0 = 0; when g}, = +oo, finite energy forces a* = 0.

Proof. It is enough to establish the inequality first for smooth positive compactly supported densities. Let T = Vg be
the Brenier map from ag = podx to a1 = pidx, set T = (1 — t)Id + T, and denote J;(x) = det ((1 — t)Id + tVT(x)). The
interpolation satisfies a; = (T;)yao and p;(Ti(x))]i(x) = po(x). By concavity of det!/? on positive semidefinite matrices,
Ji(x)V4 > (1 - t) + t det(VT(x))"/?. Introduce s¢(x) = (J;(x)/po(x))/4. Since p1(T(x))det VT(x) = po(x), this gives s;(x) >
(1 = t)po(x)™4 + tp1(T(x))"1/4. Using the change of variables y = T;(x), one obtains fg(pt(y)) dy = / po(x) P(se(x)) dx.
Because 1 is nonincreasing and convex, ¥ (s(x)) < (1 — £)¢(po(x) %) + ty(p1(T(x))~V/4). Multiplying by po and integrating
gives Tlg(m) <(1- t)ag (o) + tT(g(cm). The recession term is the measure relaxation that accounts for concentration of mass,
and approximation gives geodesic convexity on the effective domain. For lower semicontinuity, the positive part follows from
the standard convex-integral relaxation. On R?, the displayed bound on g~, together with g > d/(d + 2), makes the negative
parts uniformly integrable on sets with bounded second moment; on bounded domains, tightness supplies this control directly.
This yields the stated W;-lower-semicontinuity; see. O
Proposition 15.13 (Geodesic convexity of power divergences). For m > 0, define

" —mr+m-1

Pm(r) = m(m —1)
rlogr —r+1, m=1.

, m#1,
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Then the following geodesic-convexity statements hold.

1. If Q c R is a bounded convex domain, p = pgdx is uniform on Q, and m > 1 —1/d, then a — D, («|B) is geodesically convex on
P(CY).

2. Ifp=2Z"teVdx on R?, V is convex, and m > 1, then a — D, (a|B) is geodesically convex on (P2(R?), W»).

3. In the KL case m =1, if V is A-strongly convex, then a — KL(a|B) = Dy, («|B) is A-geodesically convex.

The divergence uses the recession convention of Definition 7.10. Thus singular mass has infinite cost for m > 1, whereas for 0 < m < 1 its

cost is at(Q)/(1 — m).

Proof. For the flat reference case, write a = pdx and let pg = b 1o, where b = 1/|Q|. Up to affine terms in p, which only add

constants on probability measures, the integrand b ¢,,(p/b) has non-affine part b= p™ /(m(m — 1)) for m # 1, and plog p for
m = 1. For m = 1, McCann’s criterion gives {(r) = —d logr. For m # 1, the transformed non-affine part is, up to the irrelevant

_ d(1-m)
factor b1, i, (r) = n’:l(m Dk

exactly when d(1 —m) < 1,i.e. m > 1 —1/d. The affine density term and the recession contribution combine with this relaxed
internal energy to give precisely Definition 7.10. This proves the first claim by Theorem 15.12.

Assume next that m > 1 and V is convex. Up to constants, D, (a|B) = m%;—ljl) f p(x)"e™=DV() dx. Let T = V¢ be the Brenier

map from ag = podx to a1, set Ty = (1 —t)Id + T, and write J;(x) = det((1 — t)Id + tVT(x)). Along the geodesic a; = (T} )3,
/ premVdy = / po(x)" exp((m = 1)(V(T;(x)) — log J¢(x))) dx

For each x, the function f — V(T;(x)) is convex, and ¢t — —log J;(x) is convex because log det is concave on positive definite
matrices. Since m — 1 > 0, the exponential of their sum is convex in t. Integrating gives geodesic convexity. The nonsmooth
case follows by approximation.

Finally, for m = 1, KL(a|B) = / plogpdx + f Vda +log Z. The entropy term is 0-geodesically convex by Theorem 15.12. The

linear potential term is A-geodesically convex when V' is A-strongly convex, by Proposition 15.10. Taking A = 0 also covers the
m =1 case in the second claim. o

If m > 1, this function is convex and nonincreasing. If 0 < m < 1, it is convex and nonincreasing

Geodesically convex constraints.
Proposition 15.14 (Geodesic convexity of density caps). Assume that Q@ C R? is convex and let pmax > 0. The set K, in (15.7) is
geodesically convex in P(Q): if ag, a1 € Kp,..., then the constant-speed W geodesic (at);e(o,1] between them also belongs to K,

max/ 'max *

Proof. Assume first that the endpoints have smooth positive densities a; = p;dx with p; < pmax, and let T = V¢ be the
Brenier map from ap to a;. Since Q is convex, T; = (1 —t)Id + tT maps Q into Q. The interpolation is a; = (T;)yao and
pr(Ti(x)) = W&?NT(W. The concavity of det'/? on positive semidefinite matrices and the identity p1(T(x)) det VT (x) = po(x)

give py(Ti(x)) ™V > (1-t)po(x) /4 +tp1(T(x))H? > pmla/xd Hence p; < pmax forall . The general case follows by approximation
and lower semicontinuity of the L™ bound, as in McCann s displacement-convexity theory. o

Dissipation and finite metric length. For the classical gradient flow of a smooth function # : RY = R, % = —Vh(x;), the chain
rule gives $/1(x;) = —|Vh(x)|?> = —[#:]%. Thus, for 0 < s < t, Cauchy’s inequality gives

t ¢ 1/2
/ ||xr||dr<\/t—s( / ||5cy||2dr) = VE—s (h(xs) = h(xp) "%, (15.18)

Proposition 15.15 (Finite metric length from dissipation). Let (a;),e[0,r] be an absolutely continuous curve in (P>(RY), W).
Assume that, for all 0 < s <t < T, it satisfies the exact energy-dissipation identity f(a;) — f(a;) = / |a,|3w2dr. Then

12

Lengthay, ((a))refs 1) / iy b, dr < VE=s (Fas) - f(an) (15.19)

In the smooth Wasserstein gradient-flow setting with velocity v, = =W f (), the dissipation identity reads equivalently f(a;) — f(at) =
fs ' |, |3W2dr = fs ! f lo, (x)|2da,(x)dr. If one assumes only the metric energy-dissipation inequality for a curve of maximal slope, then

the same length estimate holds with the right-hand side multiplied by V2.

/|ar|wzdr t—s(/ |ar|wdr)

The exact energy-dissipation identity substitutes the last integral by f(as) — f(a:), which proves (15.19). In the metric theory

Proof. Cauchy’s inequality gives
1/2

of curves of maximal slope, the energy-dissipation inequality gives instead 5 fs |ay|ngdr < f(as) — f(at), and the same

argument yields the additional factor V2. m]

If mr < f(ay) for0 < r < T, then for 0 < s <t < T, Wa(as, ;) < Lengthyy, ((a))refs 1) < Vf(ap) — mr Vt — s, with an

additional factor V2 under the energy-dissipation inequality. Thus an energy-dissipating trajectory is 1/2-Hélder continuous
as a curve in Wasserstein space on every time interval where the energy remains bounded from below.
Proposition 15.16 (Energy decay for convex Wasserstein flows). Assume formally that f is geodesically convex, admits a smooth first

variation, and has a minimizer a*. Let (a;)y be a smooth solution of the Wasserstein gradient flow oy oy +div(a,v¢) = = -V f(ay).
Then 01tf(cvt) = / ||Wf(cvt)(x)||2 da¢(x) < 0. If T; is the optimal map from a; to a*, then f(a;) — f(a*) < dt 2 (WQ(at, a*), and
ao a*)

consequently f(a;) — f(a*) <
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Proof. The chain rule and Proposition 15.5 give %f(at) = f(Wf(at)(x), vi(x)) dat(x) = — f IW £ (a;)(x)]% devs (x). Geodesic
convexity along the geodesic ((1—s)Id +sT;)ya; gives f(a*) - f(a;) > f(Wf(at)(x), Ti(x) — x) day(x). Since v; = =W f(a;), this
reads f(a;) — f(a*) < /(vt(x), Ti(x) — x) da(x). %% ‘W%(at, a*) = /(x — Ti(x), v¢(x)) das(x), which proves the differential
inequality. Integrating it from O to f and using the monotonicity of s — f(a;) gives

t
t(f(ar) — f(a®)) < /0 (f(as) = f(a™))ds < %W%(ao,a*).

Convergence: the Wasserstein-PL viewpoint. The relevant quantity is the squared Wasserstein slope |df[*(a) :=
JIVf(@)x)]* da(x)
Definition 15.17 (Wasserstein-Polyak-L.ojasiewicz inequality). Let f, = inf,cp,rd) f(a) > —00. The functional f satisfies
the Wasserstein—-PL inequality with constant x > 0 if

10f17(r) > 2x(f(a) — fx) (15.20)
for every « in the domain of f. In the smooth Otto notation this reads f IWf(@)?da > 2x(f(a) — fx).

Theorem 15.18 (Wasserstein—PL convergence). Assume that fy > —oo, that f satisfies the Wasserstein—PL inequality (15.20) with
constant xk > 0, and that (a;)s»o is a global Wasserstein gradient flow satisfying the full energy-dissipation identity

d

af(oq) = —|&)? = —-|of[*(a;)  forae t > 0. (15.21)
Set E(t) == f(at) — fx. Then, for 0 < s <t, E(t) < e 2(t=5)E(s), and the length of the flow segment satisfies Length,,, ((r)regs i) <
\/% (VE(s) — VE(t)). If, in addition, f is lower semicontinuous for ‘W r-convergence, then a; converges in ‘W to a minimizer

Qoo € Argmin f, and Wo(a;, deo) < \/%\/E(t) < \/%\/E(O e~*t. In particular, disty, (at, Argmin f) < \/%\/E(O e ",

Proof. The energy estimate is immediate from (15.21) and (15.20): E’(t) = —|df|*(at) < =2k E(t) for almost every t. Gronwall’s
lemma gives E(t) < e 2<(=9)E(s).

The distance estimate uses the same two identities in a slightly different way. On the set where E(r) > 0, the PL inequality
gives |df|(a;) > 4/2kE(r). Using the full dissipation identity and |d,| = [df](a;),

Lengthyy, ((@)refe) = / )] dr = / 19F1(ay) dr
_ /t|af|2<ar) /f 9fPa) |
s |af|(ar) \/2_1{ E(r
- L [TEO g 2 (e - vEw).
V2K Js \/W

If E vanishes on a subinterval, then the flow is stationary there by (15.21), so the same estimate follows by applying the
argument on the part where E > 0. Since Wasserstein distance is bounded by metric length, the same upper bound controls
(WQ(aS ’ at)'

Letting t — +co, the energy estimate gives E(f) — 0, and the length estimate shows that the tail of (a;); is Cauchy.
Since (P2(R?), W») is complete, there is a limit ac. Lower semicontinuity yields f(aw) < liminf;_e0 f(a;) = fi, hence

e € Argmin f. Sending the endpoint of the length estimate to +co with s = t fixed gives Wj(a;, @) < \/g VE(t). The
distance-to-the-set bound follows because ¢« is one minimizer.

Geodesic strong convexity.
Proposition 15.19 (Strong geodesic convexity implies Wasserstein—PL). Assume that f is A-geodesically convex with A > 0, that f,

is attained at some a*, and that the Wasserstein slope is finite at a. Then |9f|*(a) > 2A(f (@) — fx). Thus positive Wasserstein strong
convexity implies the Wasserstein—PL inequality with the same constant.

Proof. Fix @ and a minimizer a*. Set g = f(a) — fx, r = Wila, a®), a = |df|(a). If r = 0, then @ = a* and
there is nothing to prove. Otherwise let (as)se[o,1] be a constant—speed geodesic from « to a*. By A-geodesic convexity,
flas) < (A =s)f(a)+sfu— —s(l —s)r2. Therefore f(a)— f(as) > sg +5 5(1 —s)r?. Dividing by W»(a, a;) = sr and letting s | 0
in the definition of the descending metric slope yields a > £ + 7. Equwalently, ¢ < ar — Ar?/2. Maximizing the right-hand
side over r > 0 gives ¢ < a%/(21), which is the desired PL 1nequahty O

Wasserstein Kurdyka-Lojasiewicz inequalities.
Definition 15.20 (Wasserstein Kurdyka-t.ojasiewicz inequality). Let fi = inf f,let E(a) = f(a) — f«, and fixc > 0, 6 € [0, 1).
We say that f satisfies a power Wasserstein—KL inequality on a set U c P(RY) if |df (@) > cE(a)?, aeU, 0<
E(a) < +o0. Equivalently, the desingularizing function (s) = satlsfles Y'(E(a@))|df () > 1. The Wasserstein—-PL

inequality (15.20) is the special case 6 = 1/2 with ¢ = V2x. The reglme 0 > 1/2 gives sublinear rates, while 6 = 1/2 is
exactly the exponential PL regime.
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Theorem 15.21 (Sublinear convergence under Wasserstein—-KL). Let (at):»0 be a Wasserstein gradient flow of f satisfying the full

energy-dissipation identity (15.21). Assume that f, > —oo, that E(t) = f(a;) — fx is finite, and that the trajectory stays in a region where
the Wasserstein—KL inequality of Definition 15.20 holds with 6 € (1/2,1). If E(0) > 0, then

~1/(20-1)

aﬂ<(ﬂmkw+8ae-nq .

E(t)1_0

o If f is lower semicontinuous on (Po(R?), Ws), then a; converges to some

Moreover, for every t > 0, Length,,, ((as)sst) <
Qoo € Argmin f and

E(t)!-° ~(1-0)/(26-1)
0 < = .
Wilat, a) 1-0) O(t )

Proof. If E reaches zero at some time, then the flow is already at a global minimizer. Indeed, the integrated energy-
dissipation identity forces both |d;| and |df|(a;) to vanish afterwards. We therefore argue on intervals where E > 0. For
ae. t, —E'(t) = |9f|*(a;) = |d;|*>. The Wasserstein—-KL inequality yields E’(f) < —c?E(t)?°. Since 1 -20 < 0, %E(t)l‘w =
(1 -20)E(t)72E'(t) > ¢*(260 - 1), and integration from 0 to ¢ gives the announced polynomial bound.

For the length estimate, use again |d;| = |df|(a;). For T > ¢,

T (TP 1T “6
/t |a5|ds—/t —Iafl(ozs) ds < C/t. E’(s)E(s) " ds

B E(t)l—e _ E(T)1—9 - E(t)l—e
- c(1-06) S c(1-0)
Letting T — +co shows that the tail has finite length. Hence (a;); is Cauchy in (P2(RY), W5), which is complete, and converges

to some aoo. Since the energy bound gives E(t) — 0, lower semicontinuity gives f(@w) = fx. The distance to @« is bounded by
the remaining tail length, which proves the last estimate. m|

Proposition 15.22 (Powers of PL energies are KL). Let ¢ > 0 satisfy inf ¢ = 0 and the Wasserstein—PL inequality |9g|*(a) > 2xg ()
on a region where g > 0. Fix r > 1 and set f(a) = g(@)". Whenever the metric-slope chain rule |d(g")|(a) = rg(a) '|dg|(«) holds, f
satisfies the Wasserstein—KL inequality |0 f|(a) > rV2x (@)=Y, Thus f has KL exponent @ = 1 —1/(2r). For r = 1 this is PL; for
r > 1, Theorem 15.21 gives f(a;) = O(t™"/"~V) along the f-gradient flow, under its hypotheses.

Proof. By the chain rule and the PL inequality for g, |df| = rg"~!|dg| > rV2k ¢'~'/2 = rV2k f1-/?"). The exponent and rate
follow by substituting 6 = 1 — 1/(2r) into Theorem 15.21. O

Convexity and curvature. The same language is not restricted to subsets of RY. If (X,d, m) is a geodesic metric-measure
space, W geodesics can be defined by transporting each pair of endpoints along metric geodesics, or more intrinsically by
dynamical optimal plans on path space, as discussed in Section 4.1. Given a reference measure m, the entropy relative to 1 is

1 if @ =
Ent(a) = ‘/Xp ogpdm, ifa=pm,

+00, otherwise.

Theorem 15.23 (Ricci curvature and entropy convexity). Let (M, g) be a smooth compact connected Riemannian manifold without
boundary, and let m = vol,. For A € R, the lower Ricci bound Ricg > Ag holds if and only if Ent,, is A-geodesically convex on
(P2(M), Wa).

15.3 Functional Inequalities via Optimal Transport

Optimal transport proves inequalities by turning comparison into geometry. One transports a density by a monotone or
Brenier map, interpolates along the resulting rays, and converts concavity of a Jacobian determinant or convexity of an energy
into an integral estimate.

Brunn-Minkowski and isoperimetry.

Proposition 15.24 (Brunn-Minkowski and Euclidean isoperimetry). Let A, B C R? be bounded Borel sets with positive Lebesgue
measure. Fort € [0,1],set (1—t)A+tB = {(1-t)x+ty : x € A, y € B}. Then Vol((1-t)A+tB)"/4 > (1—t)Vol(A)"/4+t Vol(B)'/4.
Per(A) > d a);/ dVol(A)(d‘l)/ 4 The constant is sharp, with equality for Euclidean balls.

Proof. We first give the argument for regular sets, the general Borel case following by approximation from inside and
outside. Let a and f be the uniform probability measures on A and B, and let T = V¢ be the Brenier map with Tya = g.
The interpolating map T; = (1 — ¢)Id + tT sends a to a measure a; supported in (1 — t)A + tB. At points where T is
differentiable, det DT; = det((1 — ¢)Id + tDT). Since DT is symmetric positive semidefinite and det'/? is concave on the

positive semidefinite cone, det(DT;)V4 > (1 —t) + t det(DT)"4. The change-of-variables identity for the uniform measures
gives det(DT) = Vol(B)/Vol(A) almost everywhere. If p; denotes the density of a;, a second application of the same formula

gives py(T;(x)) 1% = Vol(A)"/? det(DT;(x))"/? > ¢;, where ¢; = (1 — t)Vol(A)/4 + tVol(B)/4. Thus p; < ¢;? almost everywhere.
Since a; has total mass one and is supported in (1 — £)A + ¢B, this gives Vol((1 — t)A + ¢B) > cf, which is the displayed
Brunn-Minkowski inequality.

For isoperimetry, use the homogeneity of Brunn-Minkowski and apply it to A and ¢B;j. Writing A + €B; for the parallel set
gives Vol(A + eB1)"/? > Vol(A)V/4 + ew;/d. Using Vol(A + ¢B1) = Vol(A) + ¢ Per(A) + o(¢) and differentiating at ¢ = 0 yields
the claimed perimeter bound. Balls attain equality, so the constant is optimal. ]
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Prékopa-Leindler.
Proposition 15.25 (Prékopa-Leindler inequality). Let u,v,w : RY — [0, +0co) be integrable, and let t € [0,1]. Assume that
w((1-t)x +ty) > u(x)"o(y)  forall x,y € RY. Then

Lo (Lol (L)

Proof. The endpoint cases are immediate, so fix t € (0,1). Set U = / uandV = f v. If U =0o0rV =0, the conclusion is trivial;
hence assume U,V > 0. Leta = (1/U)dx and B = (v/V)dx, and let T be the Brenier map from a to 8. PutT; = (1-¢)Id+¢T. On
a smooth positive regularization, T; is the gradient of a strictly convex function and is therefore one-to-one almost everywhere.

The area formula gives f w > f w(T;(x)) det(DT;(x))dx. For each eigenvalue s > 0 of DT, weighted arithmetic-geometric
mean gives (1 —t) + ts > s'. Hence det((1 — #)Id + tDT) > det(DT)". / w > / u(x)""'o(T(x))" det(DT(x))'dx. Since Tya = B,

the Monge-Ampeére identity gives det(DT(x)) = % almost everywhere. Substitution yields
t
1%
/ w > (—) / u(x)dx = U-tve.
u
Approximation removes the smoothness and positivity assumptions. O

Logarithmic Sobolev inequalities.

Definition 15.26 (Relative Fisher information and logarithmic Sobolev inequality). Let § € P(R?) have a positive density.
For a probability measure a = hf3, define

(alp) = 4 f [VVAIRdp = / IV log bl da, (15.22)

whenever Vi has a weak gradient and the integral is finite, and set 7 (a|B) = +co otherwise, including when a <« . The
measure f3 satisfies a logarithmic Sobolev inequality with constant A > 0 if

KL(«|B) < %I (alB) for every probability measure a. (15.23)

Proposition 15.27 (Curvature implies logarithmic Sobolev). Let f = Z~ e~V dx be a smooth probability measure on RY. If V2V > Ald
for some A > 0, then B satisfies (15.23) with constant A.

Proof. Apply the HWI inequality of Proposition 15.33. Under the curvature assumption, for every absolutely continuous «,
KL(|B) < Wala, B\ I (a|B) - %W%(oc,ﬁ). For fixed s = /7 («|8), maximize the right-hand side over r = ‘W»(a, ) > 0. The
elementary inequality s — Ar?/2 < s2/(21) gives (15.23). Approximation yields the standard nonsmooth statement. This is

the Otto-Villani transport route from the Bakry-Emery curvature bound to logarithmic Sobolev; the original I'; calculus gives
the same criterion directly. |

Proposition 15.28 (Logarithmic Sobolev inequality implies entropy decay). Let f = e~V dx/Z be a smooth probability measure on
R? satisfying the logarithmic Sobolev inequality (15.23) with constant A > 0. Let a; solve the Wasserstein gradient flow of f(a) = KL(a|B),
namely drps =V - (0:VV) + Apy, a; = prdx. If KL(a|B) < +oo, then KL(a;|B) < e 2M KL(av|B). Moreover, if ag, f € P2(RY),

then Wa(ay, B) < A/3 KL(ao|B) e .

Proof. The first variation of f is log(p/pg), up to an additive constant. Along the smooth Wasserstein gradient flow,
% KL(at|B) = - f [Vlog %’ I>da; = —I'(a¢|B). The logarithmic Sobolev inequality bounds the Fisher information below by

2AKL(a¢|B). Hence % KL(a¢|B) < —2A KL(a¢|B), and Gronwall’s lemma gives the entropy estimate. The Wasserstein estimate
follows from the length estimate in the Wasserstein-PL theorem: apply Theorem 15.18 to f = KL(-|g), whose unique minimizer
is B, and use the logarithmic Sobolev inequality as the corresponding Wasserstein-PL inequality. m]

Gaussian logarithmic Sobolev inequality.
Proposition 15.29 (Gaussian logarithmic Sobolev inequality). Let y,; be the standard Gaussian measure on R%. If p > 0 is smooth,

has sufficient decay, and f pdys =1, then Ent,, (p) = / plogpdys < %f w dya.

Proof. Let &« = pyg, and let T = V¢ be the Brenier map with Tya = y;. Write T(x) = x + &(x). The Monge-Ampeére
equation reads p(x)e‘"""z/2 = ¢ IT@IP/2 det(DT(x)). Thus log p(x) = —(x, &(x)) — %"5(35)"2 + log det(Id + D&(x)). Since DT
is positive semidefinite, logdet(Id + D&) < tr(D&) = divE. Multiplying by p and integrating with respect to y4 gives
Enty,(p) < / p(div E—(x, 5))dyd—% f pl&I? dy4. Gaussian integration by parts givesf p(divE—(x, &))dys = —/(Vp, &) dyq.
Completing the square pointwise, —(Vp, &) — $p|&|? < %w. This proves the inequality. The general Sobolev-class statement
follows by approximation. O

For a translation tilt
1
palx) = exp(<a, x) - §||a||2), aer,
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2
A direct computation gives f palogpadys = %||a||2, % f "V,%:" dy,; = %||a||2. Thus equality is attained along translations,

and the sharp logarithmic Sobolev constant of the standard Gaussian is A = 1. Proposition 15.28 then gives the classical
exponential convergence of the Ornstein-Uhlenbeck flow.

Poincaré as a linearized Wasserstein—-PL inequality. For |¢| small enough, set B, = (1 + €£)B, Bo = B. Define the
second-order energy and dissipation forms of f at § in the direction £ by

ooy i 2 (Be) = F(B)) Foev o 19fIP(Be)
BOEmT e BOEm T
Proposition 15.30 (Linearizing a Wasserstein—PL inequality). Let  be a minimizer of an energy f, and assume that f satisfies

10f*(ar) = 2x(f(a) = f(B)) in a neighborhood of B. Let & be a smooth bounded perturbation with f EdB =0,andset B = (1 + &&)B. If
H/;(E) and Dg(é) exist, then « Hé(é) < Djﬁ((é).

Proof. Apply the PL inequality to B: |9f1*(Be) > 2x(f(B:) — f(B)). Divide by ¢* and let ¢ — 0. The definitions of Hjﬁ( and Djﬁ(
give the claim. m|

For f(a) = KL(c|B), Proposition 15.30 says precisely that logarithmic Sobolev linearizes to Poincaré. Indeed, for h, =1 + €&,

2
KLplp) = 5 [ o) T0uplp)= e [ IVl dp+o(ed)

Proposition 15.31 (Poincaré from logarithmic Sobolev). Let 8 be a smooth probability measure on R. Assume that p satisfies the
logarithmic Sobolev inequality with constant A > 0,

d
KLGIS) < 55 Tl T(lp) = [ IV1og G5 do.

Then, for every smooth & with f Edp=047 / &2 dp < f IVE|? dp. In particular, if dp = Z7Ye=Vdx and V2V = AId, so that Bis
A-strongly log-concave, then the conclusion holds by the Bakry—Emery criterion.

Proof. For he =1+ €&, with |¢| small enough, one has . = k. and KL(B|f) = / heloghe df = %2 f &2 dg + 0(&?), because
f £dp = 0. The Fisher information expands as

I(ﬁslﬁ):/|IVI0gh£"2hed,B= 62/ IVEL? dB + o(e?).

Inserting these expansions in the logarithmic Sobolev inequality and letting ¢ — 0 gives the Poincaré inequality. The last
assertion is the usual Bakry-Emery implication from A-convexity of V' to the logarithmic Sobolev inequality. o

If dB = pgdx = Z 'eVdx, the Poincaré inequality is equivalently a spectral gap for the p-weighted Laplacian Lg& =
AE - (VV,VE) = p?V (ppVE). Indeed Ly is symmetric in L%(8) and / IVEI2dB = (&, —Lg&)12(p). For a mean-zero density

perturbation I, define
Vit = intf [ 1ol a = =5V - o).

Talagrand’s transport-entropy inequality. The distance estimate in Theorem 15.18 already reveals the general principle:
when KL(-|) satisfies logarithmic Sobolev with constant A, the entropy flow yields the transport-entropy bound W3(a, f) <
2KL(a|B)/A.

Proposition 15.32 (Gaussian T; inequality). For every a € Po(R%), % w %(a, va) < KL(a|yq), with the convention that the right-hand
side is +0o when a ¥« y,.

Proof. If KL(«|y4) = +00, the claim is immediate. Assume first that & = py; with p smooth and positive. Let T = V¢ be the
Brenier map with Tyyy = a, and write T(x) = x + £(x). The change of variables gives p(T(x))e‘”T(’“)Hz/2 det(DT(x)) = eIz,
Hence log p(T(x)) = (x, &(x)) + %llé(x)ll2 —log det(Id + D&(x)). Using again logdet(Id + D¢&) < div € and integrating with
respect to y4, KL(a|yq) > % / 11 dyq + f ({x, &) —div &) dy,. The last integral vanishes by Gaussian integration by parts.
Since T is optimal, f 11> dys = W%()/d, a), which proves the claim. Approximation gives the general case. Equality holds for
translations a = N(a, Id), so the constant is sharp. O

The HWI bridge.
Proposition 15.33 (Otto-Villani HWI inequality). Let p = pgdx = e~V dx/Z be a smooth probability measure in P»(R?), and assume
that V2V > AId for some A € R. For a € P»(RY), define the relative Fisher information by I (a|B) = f |Vlog 2—2 I?> da, when o = ppdx

and the expression is finite, and set I (a|B) = +oo otherwise. Then KL(a|f) < Wal(a, B)\/ I (a|B) — %"H/g(oz,ﬁ).

Proof. If I(a|B) = +oo, there is nothing to prove. Assume first that p, is smooth and positive. Let T be the Brenier map
from a to f, set v = T —1d, and let a; = ((1 - t)Id + tT)ya. By Theorem 15.12 and Proposition 15.10, f(n) = KL(n|p) is
A-geodesically convex. Thus the one-dimensional function e(t) = f(a;) satisfies e(1) > e(0) + ¢’(0) + %(Wg(a,ﬁ). Since
e(1) = f(B) = 0, it remains to compute the initial derivative. The continuity equation for the geodesic gives dia; + V - (a;v;) =0
and vg = v. Hence ¢’(0) = /(Vlog g—g, v) da. Therefore KL(a|B) < — /(V log é, T -1d)da - %"W%(a,ﬁ). Cauchy-Schwarz
and f IT - 1d|?de = W5(a, B) give the announced bound. The general case follows by standard approximation and lower
semicontinuity of entropy, Fisher information, and W5. m]
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When A > 0, the HWI inequality is a bridge from curvature to PL. It is not itself a PL inequality because it still contains the
distance term W>(a, B). Optimizing the right-hand side, or simply using Young’s inequality rs — Ar?/2 < s2/(2), gives the
logarithmic Sobolev estimate KL(«|f) < %I (alp).

15.4 Training Two-Layer MLPs as Wasserstein Flows

Wasserstein training of two-layer MLPs. A neuron is a particle x = (1,v) € R? x R, where u is the inner weight and
v is the outer vector weight. For a scalar nonlinearity o, define the vector-valued feature ¥)(x,z) = v o({u, z)) € R?. The
width-n network and its mean-field version are Gx(z) = % Y Y(xi, 2), Ga(z) = f Y(x, z)da(x), a = %Zi Ox,. Let
C be a probability distribution on data-label pairs (z, y) € R? x R?. The population risk is f(a) = / U(Gy(2),y)dC(z,y), The
corresponding particle flow is

1

which is the gradient flow of F(X) = f(ax) for this Wasserstein particle metric, equivalently Euclidean gradient descent with
the time scale multiplied by 7. It gives a particle discretization of (15.3).
Assume that ¢ is differentiable in its first variable. The first variation is

of (a)(x) = /(Vlf(Ga(z), y), ¥(x,2))dl(z,y), (15.24)

and the Wasserstein gradient in parameter space is W f(a)(x) = V6 f(a)(x) = /[ngb(x, 2)]"V14(Ga(2), y)dl(z, y). For the
squared Euclidean loss £(s, y) = ||s — y|?, the energy is the sum of a quadratic interaction and a linear potential:

f(a):%ﬂk(x,x’)da(x)doz(x’)+/g(x)da(x)+%‘/ ||y||2dC(z,y), (15.25)

% =-nVyF(X), FX)=f

with
kx, ) = / W, 2), P, 2Nz ), gx) = / (, v(x, 2)dl, v). (15.26)
Thus 6f(a)(x) = [ k(x, x')da(x’) + g(x), Vf(a)(x) = [ Vik(x,x)da(x’) + Vi g(x).

Classical convexity and stationarity. Consider an energy of the form f(a) = % / k(x, x")da(x)da(x’) + f V(x)da(x) + C,
Assume that the quadratic part is convex in the classical sense, namely convex for the affine structure of measures:
Q1 - ) +sp) < (1 -)Q(a) +sQ(B),  Q(a) = 1 [ kdada.

Proposition 15.34 (Affine convexity and stationary positive densities). Let Q c R? be connected and open, let f = Q + f Vda+C
be as above on P>(Q), and assume that Q is classically convex. Suppose that o € ACIZOC([O, +00); Po(Q)) is an energy-dissipation solution
of the Wasserstein gradient flow of f, with f(ag) < +o0, and converges in Wy to ®eo = poodx, where po > 0 almost everywhere on Q,

and that inf;sg f(a;) > —co. Assume that § f(ae) € CH(Q), that the first-variation formula and the affine subgradient inequality hold
along every finite-energy segment from o, and that the squared Wasserstein slope is lower semicontinuous along the convergence, in the
sense that

/ IV f(aeo)|*dac < liminf/ IV f(ar,)|*day,
Q = Ja
whenever t, — co. Then Ao is a global minimizer of f.

Proof. The energy-dissipation inequality and the lower bound on f along the convergent trajectory imply
fow /Q IVSf(ar)|?dasdt < +oo. Hence there exists t, — oo for which the inner integral tends to zero. The assumed
lower semicontinuity gives /Q IV f(aeo)|?dac = 0. Because pe > 0 almost everywhere and V6 f (@) is continuous, this
gradient vanishes throughout Q. Connectedness then implies that ¢ f (@) is constant. /Q 0f(@e0)d(B — o) = 0. Classical

convexity of f in the affine variable o gives the subgradient inequality f(8) > f(ac) + f O0f(@e0)d(B — @) = f(@eo). The same
conclusion is immediate when f(f) = +0c0, so no competitor in $»(€2) has smaller energy. Strict positivity is essential to this
argument: without it, stationarity controls the first variation only on the support explored by the limiting measure. For
square-loss two-layer mean-field models, (15.25) is exactly of this quadratic-plus-linear form, and positive semidefiniteness of
the induced kernel k is the classical convexity assumption. m]

Proposition 15.35 (Formal global optimality for two-homogeneous mean-field flows). Assume that the feature is positively
two-homogeneous in the neuron variable, P(Ax, z) = A*P(x, z) (A > 0), and that f(a) = J(G,) with | convex and differentiable as a
functional of the predictor. Let o be a smooth stationary point of the Wasserstein flow, so that V.6 f (a)(x) = 0 on supp(ar). Assume also
full directional support: for every unit direction w, the support of a intersects the ray {Aw : A > 0}. Then « is a global minimizer of f
over the mean-field model class.

Proof. Choose the first-variation representative h,(x) = 6 f(a)(x) = DJ(G,) [x,b(x, )] When the predictor space is L?(C) and

DJ(G,) has a Riesz representative, this derivative-dual pairing can equivalently be written as the L2(C) inner product with that
representative. The abstract notation above is all that is needed here. Additive constants in first variations do not affect the
Wasserstein gradient or first-order inequalities between probability measures; this normalization is useful because it inherits
the homogeneity of ¢. By two-homogeneity of 1, one has h,(Ax) = A%h,(x), A > 0. Taking x = 0 and any A # 1 in this
identity gives h,(0) = 0. We first record that stationarity forces h, to vanish on supp(a). Indeed, if x = rw € supp(a) with

r>0and |w| =1, then0 = (Vh,(rw), w) = %ha(sw) = 2rha(w), 50 ha(w) = 0, and hence h,(x) = r?h,(w) = 0. The case
S=r

x = 0 has already been covered, so h, = 0 on supp(«) and f heda =0.
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Suppose that a competitor 8 satisfies f(f) < f(a). Since Gg — G, = f Y(x,-)d(B — a)(x), convexity of | gives f(B) — f(a) >
/ ha(x)d(B — a)(x). The left-hand side is negative, while / hyda =0, so f hadB < 0. Since h,(0) = 0, this strict negativity
must occur away from the origin: there exists a nonzero point x = rw with v > 0, |w| = 1, and h,(x) < 0. Equivalently

ha(w) = ha(x)/r* < 0. By full directional support, there is r, > 0 such that r,w € supp(a). At this support point,
(Vha(rew), @) = 2ryhe(w) < 0, which contradicts the stationarity condition Vi, = 0 on supp(a). Thus no competitor has
smaller risk.

The rigorous Chizat-Bach theorem replaces the full directional support assumption by propagation and overparameterization
hypotheses ensuring that any negative first-variation direction is represented by the evolving support. The same radial-
derivative contradiction, applied after this support-propagation step, then rules out non-optimal stationary limits. m]

15.5 Generalized Dynamic Wasserstein Flows

Generalized Wasserstein flows.

Definition 15.36 (Generalized action minimizing movement). Let d be a metric or extended metric generated by the action A
through the path value in Definition 14.12; for a quadratic action, d? = Ep. Given a® € P (Rd )and 7 > 0, define

1

a“V ¢ argmin {—dz(a(f), o)+ f(a)} : (15.27)
aeP(ri) (2T

For each step size, let @.(t) = &) on ((¢ — 1)7, £7]. Any limit of @, along a sequence 74 | 0, in a topology strong enough to

identify the initial condition, is called a generalized minimizing movement of f for A. When such a limit is identified with a

curve of maximal slope for the action metric, it is called the corresponding generalized action gradient flow.

Compactness, coercivity and lower semicontinuity adapted to d can yield subsequential convergence of the interpolants in
(15.27) to the minimizing movement just defined. A nonmetric discrepancy may still be inserted in the same variational update,
but this metric theory does not then apply automatically. In the local mass-preserving metrics considered below, a smooth
limiting curve is again represented by a continuity equation of the type introduced in (14.2) and used for Wasserstein flows in
(15.3),

8tat + diV(OétUm) =0, (1528)
The metric ingredient needed below is the squared-speed action A(a, w) introduced in Section 14.4. Its path value is defined
in (14.22); when the metric hypotheses of Proposition 14.14 hold, the appropriate root generates the distance used by JKO.
Others are built from a homogeneous local density but then squared at the metric level: for W, the local densities are

Ap(a,w) = a|w|P and J,(a, m) = |m|P/a? -1, while the action paired with the JKO penalty is the squared Finsler speed

2/p
Ay(a,w) = (/ ||w||pda) .
[m]?

In the ‘W, case, all objects reduce to the familiar Benamou-Brenier ones: Ay(a,w) = aw|?, Jo(a,m) = ==, Ea =
W3,

Definition 15.37 (Penalized minimization oracle). Let A(a, -) be the local squared-speed action at a. For a cotangent field u
for which the pairing below is finite, usually u = W f(a), the penalized minimization oracle associated with this action is

PMOag (1) € argmin {/(u(x), w(x))da(x) + %A(a,w)} , (15.29)

where the minimization is over admissible finite-action velocity representatives for the chosen geometry. In Hilbertian
examples u € L?(a;R?); for ‘W), the natural dual space is L7(a; R?), with g = p/(p - 1).

For an energy f, the formal small-step expansion of (15.27), when the distance is generated by the squared-speed action A and
the JKO displacement admits an admissible finite-action tangent representative, selects the PMO direction

Uy = PMOa o (W f(a)). (15.30)
Equivalently, the formal evolution is
dray + div(a; PMOa 4, (W f(ay))) = 0. (15.31)
Along smooth solutions of (15.31), whenever the minimizer is attained and w +— A(a, w) is 2-homogeneous, one obtains the
dissipation identity
d
af(at) = (Vf(ar),vt),, = —Alar, o), vt = PMOg o, (Wf(ay)).
For Wy, Ala, w) = / |w|?da and PMOap 4 (1) = —u. Hence (15.31) reduces to the standard Wasserstein gradient-flow equation
dray = div(a;Vf(ay)),
In the restricted Riemannian case of (14.23), where
A(O{, w) = <Qawr w>L2(a) 7
the PMO becomes the linear preconditioning rule
PMOp (1) = -Q7'u, v, =-Q1'Vf(a). (15.32)

2/p
Ap(a,w) = (/ ||w||”d0c) .

Writing g = p/(p — 1) and U = |u|p4(a), its PMO is the duality-map formula
PMOg, o(1)(x) = = U TJu(x)| 7 ?u(x), (15.33)
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The examples below are organized by the same dictionary. Concave-mobility flows use Ag 1(a, v) from Section 14.4; spectral
flows use A, (a, v) from (14.30); kernelized Benamou-Brenier flows use Ax(a,v) = |v II;{ . with a restricted RKHS tangent space.
k

General mobility flows. Let A be Lebesgue measure, write a = pA, and let u = V(6 f/06p). For the velocity action Ag ;, the
PMO introduced in Definition 15.37 is the pointwise minimizer of f (u, wy pdx + % / %p) |lw|?p dx, so, wherever p > 0 and

0(p) >0,

PMOA(-),,\,pA(u) ==

?u. (15.34)

For a smooth density p; and an energy f, the formal gradient flow associated with the pointwise momentum action
Jo(a,m) =|m[*/0(a)is

dipr = V- (G(m)V%(pz)) : (15.35)
If f(p) = f U(p(x))dx + f V(x)p(x)dx, then (15.35) becomes
dip =V-(0(p)(U"(p)Vp +VV)).

Dynamic spectral Wasserstein flows. Specializing Definition 15.37 to the spectral action A, the descent direction associated
with a field ¢ € L*(a;R?) is simply PMOa,,a(g). The field g should be read as the Wasserstein gradient ¢ = Wf(a) = Vo f(a).
Proposition 15.38 (Polar formula for the spectral direction). Let S,(g) = / 2(x)g(x)Tda(x). Assume that the inverse-trace problem
admits a positive definite minimizer
A}, € argmin tr (Aflsa(g)) .
AeB,nst,

Then PMOq, ,a(8)(x) = =(A}) ' g(x) (15.36)
is the spectral PMO direction. If the minimizer lies on the boundary of B,, the same formula is understood by a limiting argument along
positive definite minimizers, or equivalently by replacing the inverse by the corresponding inverse on the range of S,(g).

Proof. Using the polar formula y(M) = sup . 8, tr(AM), the PMO objective (15.29) with A = A, can be written as

sup {/(g, v)da + 1/UTAUd(Jz}.
AeB, 2

For a fixed A > 0, the quadratic lower bound f(g, v)da+% / vT Avda is minimized by v = —~A~!g, with value —% tr(A71S,(g))-
Let 0, = —(A%) g and My = [v.(x)ox(x)Tda(x) = (A%)71Sa(g)(A})!. Since A% minimizes A — tr(A™1S4(g)) over the
convex polar set, its first-order optimality condition gives tr(AM,) < tr(A3M,)  forall A € 8B,. Thus A} is active
in the polar representation of y(M,), and y(M,) = tr(AXM,) = tr((A%)"!S,(g)). For any v, the polar formula gives
f(g, v)da + %Ay(a,v) > /(g, v)da + %/UTAZZ)da, and the right-hand side is minimized at v4. The activity identity
above shows that equality holds at v, hence vy is the spectral PMO direction. The boundary case follows by approximation
with positive definite matrices in the polar set. o

For the trace gauge, 8, = {A; 0 < A < Id} and the minimizer is A} = Id. For the operator gauge y(M) = Amax(M), one has
B, ={A20; tr(A) < 1};if Sa(g) > 0, then

A* = _Sa@'2 PMOa, +()(x) = —tr(Sa(£)"?) Sa(g) ™2 g(x)
T (Sa(g)V?)’ - ’ ’ '

Proposition 14.18 identifies the static spectral distance ‘W), with the length distance generated by A, . The infinitesimal descent
direction is therefore defined directly by the general PMO problem (15.29) specialized to this action. This action-based statement

avoids an important overinterpretation: static/dynamic equality alone does not imply ‘W f,(oz, (Id + t0)a) = %A, (@, v) + 0(7?)
Proposition 15.39 (Formal normalized spectral gradient flow). Assume that f has a smooth first variation and that the spectral PMO
is attained along a smooth curve. The formal gradient flow generated by the dynamic spectral action A,, solves

drave + div(at PMO, 0, (W f(m))) - 0. (15.37)

Equivalently, if A} solves the inverse-trace problem for S; = / W f(ap)(x)W f(ap)(x)Tdai(x), then the velocity is vi(x) =
—(Af)‘1Wf(at)(x). Moreover, along smooth solutions, %f(at) = —A,(at,vt). If the minimizing movements (15.27) for d = W,
converge to a smooth curve with this minimal-action metric derivative, that limit satisfies the same equation.

Proof. The action-based steepest-descent rule (15.30) gives vy = PMOa,4,(W f(at)). Proposition 15.38 gives the explicit inverse-
trace formula. Finally, the variation formula gives % flay) = f (Wf(ay), veyda. Since v; minimizes a 2-homogeneous penalized

objective, the one-dimensional rescaling s — sv; has derivative zero at s = 1, hence / (Vf(as), vi)da; + Ay (as, v:) = 0, which
proves the dissipation identity. O

15.6 Nonlocal Wasserstein Flows
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Nonlocal Wasserstein flows and fractional PDEs.
Proposition 15.40 (Entropy gradient flow for reversible jump kernels). Let X = R?, let m = £, and let K(x,dy) = v(dy — x) be
translation invariant. Assume the metric hypotheses of Proposition 14.23 and the heat-kernel and moment conditions of Assumptions 5.5-5.6

in. Then the Markov semigroup generated by the closure of Li(x) = / (V(y) — ¢(x))K(x, dy) is the gradient flow, for the distance Wx
defined in (14.38), of the relative entropy Enty (o) = f plogpdm, a = pm. Equivalently, in weak form, the entropy flow is
é?tpt = L‘Dt (1538)

For singular kernels, L is understood through the closure of its Dirichlet form; for symmetric stable kernels, this agrees with the
principal-value formula displayed below.

Proof idea. For positive arguments, the key identity is the logarithmic-mean relation 0(a, b)(loga —logb) = a — b; boundary
states follow by positive approximation. The first variation of Ent,, is log p + 1. With the sign convention of (14.37), the steepest
descent velocity is v(x,y) = —=V(log p + 1)(x, y) = log p(x) — log p(y). Hence 0(p(x), p(y))v(x,y) = p(x) — p(y). Substituting
this in (14.37) and using the symmetry of J gives % f ppdm = / p(x) /(p(y) — p(x))K(x,dy) m(dx), which is the weak form
of d;p = Lp. This calculation identifies the formal descent equation. Under the stated heat-kernel and moment assumptions,
Theorem 5.11 of proves the corresponding evolution variational inequality, and hence the rigorous metric gradient-flow

statement. O
On X = R4, let Ks(x,dy) = cd,slx_dy%, 0 < s < 2. The associated generator is, up to the normalizing constant,
Lap(x) = p.v. [ (¥(y) - P(x)) ledy'lsm dy = —(=A)*’?1(x), Hence the Wk -gradient flow of the entropy is

dipr = —(=A)"py. (15.39)

More generally, when a target-dependent jump kernel Ky satisfies detailed balance with a desired invariant measure g = pgm,
the same construction can be applied to 7; = da;/dp. The gradient flow of KL(a|p) is then d;r; = Lgr;.

Discrete Wasserstein flows on Markov chains. For masses a; = m;p;, or equivalently relative densities p; = a;/7; with respect
to the invariant law 7, the entropy relative to 7 is Ent(p) := }}; 7t;p; log pi. Applying the general minimizing movement (15.27)

E+1)_ (0
b = K log p V) +0(1) = Kpt*V +0(1).

T
Here (Kp); = %; Ki,j(pj — pi). Under smoothness and strict positivity, P = p® + O(1), so the last expression also equals
Kp¥ + O(7).

Proposition 15.41 (Entropy gradient flow of a reversible Markov chain). Let K be reversible with invariant law 7. The gradient flow
of Enty, for the metric Wk is the forward equation of the Markov chain,

pi(t) = Z Kij(pj(t) = pi(t)). (15.40)
j

withd = Wy and f = Enty, the small-7 first-order optimality condition gives

Equivalently, for the masses a;(t) = m;pi(t), this is a;(t) = X;(a;(t)Kj,i — ai(t)Ki ).

Proof. The first variation of the entropy, with respect to the weighted pairing }’; 7;&;¢;, islog p; +1. Constants do not contribute
to K, hence the metric gradient-flow equation is p = =K, log p. For positive densities, using 6(a, b)(loga —logb) = a — b, one
obtains, componentwise, p; = — 3; K j0(pi, pj)(log pi —log pj) = 2.; Ki,j(pj — pi), which is the density form of the Kolmogorov
forward equation. Boundary initial states follow by positive approximation, or by the instantaneous positivity of an irreducible
finite chain. Multiplying by n; and using detailed balance gives the equation for the probability masses. m]

15.7 Dynamic Unbalanced OT and WEFR Flows

The generalized dynamic Wasserstein flows of Section 15.5 are primarily mass-preserving: their tangent vectors are generated
by continuity equations and are therefore velocity fields advecting the measure. Unbalanced transport changes the state space
from probabilities to positive finite measures, where descent may both move and create or remove mass.

Definition 15.42 (WFR minimizing movement). Let f : M,(RY) — R U {+co} be an energy on positive finite measures
and let WER, be the Wasserstein-Fisher—Rao distance with growth scale x > 0, defined by the dynamic balance-equation
formulation (14.49) and its static equivalence in Proposition 14.26. The unbalanced JKO step is

1
2D ¢ argmin —WFRﬁ(a("),a) + f(a). (15.41)
ae M (RY) =T

The continuous-time limit, when it exists, is called the WFR,. gradient flow of f.

Formally, a smooth curve a; = p;dx has tangent vectors of the form d;p; + div(p:v;) = gt pt,
Proposition 15.43 (Formal WFR gradient-flow PDE). Assume that f has a smooth first variation @¢ = 6 f () and that oy = pydx is
smooth and positive. The formal WFR, gradient flow of f is

. 1
drpr = div(ps V) — 2PiPr (15.42)

Along such a smooth solution,

d 1

i) =~ / (uv@tuz " ;cp?) pr dx <0. (15.43)
Proof. For an infinitesimal tangent pair (v, g), the density variation is { = — div(pv) + gp. The first variation of f is / pl=

/(V(p, v)ypdx + f pgp dx, after integration by parts. For the inner product ((v, §), (3, 8)), = /(v, 7ypdx + 2 f ggpdx, the
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Riesz representative is (V¢, ¢ /x?). Steepest descent therefore uses (v, g) = (-V, —¢p/x?), which gives (15.42). Substituting
this pair in the first-variation formula gives

d 1
== [ (199 + L2 peax,
which is (15.43). O

15.8 Conditional Wasserstein Training of Infinite ResNets

Finite-depth finite-width ResNets. With L layers, step size T = 1/L, widths n,, and parameters 6, ; € ©, a finite ResNet is the
composition of the residual updates

1 <
21 =2+ G (20),  Gru(2) = — > 9(612), ==z,  r=0,...,L-1 (15.44)
"=l

The associated population loss, with n = (no,...,nr-1), is fL.((0r,i)r,i) = f F(zg(z),y)dC(z,y). Equivalently, each layer
carries an empirical neuron law a, = nl, DIPR T Gy, (2) = f® (0, z)da,(0). Thus a finite ResNet is already a discrete
conditional measure on depth and neuron space, al"(ds,d0) = % Zf;& s, (ds)a,(d0), sy =r/L,

Finite-depth mean-field limit. Each empirical law «, is replaced by a probability measure in ,(®), and each residual block
becomes a mean-field residual block z,41 = z, + TGy, (zr), zZ0 = 2, Gq,(2) = f® ¥ (0, z)da,(0). The loss becomes a
functional of the finite family of layer measures, fi(ao,...,a1-1) = / { (zz‘(z), y)dl(z, v).

Continuous-depth conditional geometry. The state is therefore a conditional probability law a(ds,df) = as(d6)ds, or,
equivalently, a probability measure on [0, 1] X ® whose first marginal is Lebesgue measure. The general conditional Wasserstein
distance is defined in Section 11.6. For two conditional neuron laws a(ds, d8) = as(d0)ds and B(ds, d0) = Bs(d0)ds, the
relevant distance is the depthwise quadratic Wasserstein metric

1
W (o, B) = / Wilas, Bs)ds. (15.45)
0
Infinite-depth mean-field ResNet. The forward pass is
0525 = Gg (25) = / ¥(6, z5)das(0), Zo = Z. (15.46)
©

The population risk is fres(ar) = / 0(z{(2), y)dCl(z, y)-
Conditional Wasserstein gradient flow. For signed perturbations &(ds, d6) = &;(d6)A(ds) satisfying /® dés =0 for A-a.e. s,

we use the fiberwise first-variation convention
d of
gefaren) = /S /@ 5 (@(O)E(O)AA(s).

The formal conditional Wasserstein gradient flow is the family of continuity equations
of
dag
for A-a.e. condition s, whenever the first variation is differentiable in the parameter variable. In the ResNet case one takes
f = fResand S = [0, 1].

Particle discretization and layerwise matching. If two networks have the same depth grid and the same widths, and if their

atat,s + diVe((Xt,sUt,s) =0, Ut,s(e) =-Vp (ar)(0), (15.47)

empirical layer laws are a, = nl, X 0, Br= nl, >y 0g; ,, then their squared conditional distance is (Wi AL(aL'", pLmy =
%Zf;& (Wi(ar,ﬁy). Keeping neuron labels fixed gives the labelled parameter distance %Zf;& n% 27;1 16, — 6, i||2, The

Riemannian metric represented by this normalization is |0]? = % Zf:_& nl, N 0, i|1%.

15.9 Second-Order Momentum Flows

Finite-dimensional momentum. Let F : RN — R be a smooth finite-dimensional objective. With step size & > 0 and damping
Agric > 0, one convenient velocity form is

S = (1 = Agich)SO — hVE(X®), XD = xO 4 gD, (15.48)

If S approximates X(¢h), this is a semi-implicit, or symplectic-Euler, discretization of the first-order system: the velocity
update is explicit, while the position uses the newly updated velocity. The limiting system is

X(H)=5(t),  S(t)=-AmcS(t) - VF(X(1)), (15.49)
or equivalently the damped second-order equation
X(t) + Agie X () + VF(X(t)) = 0. (15.50)
Nesterov’s accelerated method uses a closely related extrapolation but evaluates the gradient at a look-ahead point,
YO = X0 4 gO(x® _ xED)  xED —y(O) _ pypy®), (15.51)

Under the nontrivial time scaling ¢ = £V, a smooth interpolation with the compatible initial condition X(0) = 0 formally
converges, as h — 0, to the time-dependent damping equation

() + ;X(t) + VE(X(1)) = 0. (15.52)
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Empirical Wasserstein lift. For X = (x1,...,x,) € (RY)", write
1 n
ax =~ Z‘ 8v,  F(X):= flax). (15.53)

The important point is that the configuration space is not used with the plain Euclidean metric, but with the empirical metric
1X|)2 = % > lxil2, Moving only x; to x; + €& gives

d 1
3| FO.oxives, ) = (Voflax)(xi), &)
€|,z n
Thus, if VIWF denotes the gradient for the metric | - | ,,, then
(VWE(X))i = nV,F(X) = V5 f(ax)(x;) = Vf (ax)(x)- (15.54)
The first-order Wasserstein particle descent is therefore X; = v, (x;) with

va(x) = =W f(a)(x) = =Vof(a)(x). (15.55)
Applying the heavy-ball equation to the empirical metric gives the second-order Wasserstein momentum system

Xi(t) =si(t),  $i(t) = =Agicsi(t) + va, (xi(t),  ar = %Z Oxi(t)- (15.56)
i=1

Equivalently, ¥;(t) + Afric%i(£) = vq, (xi(t)) = =W f (a;)(xi(1)).
Proposition 15.44 (Discrete mechanical energy dissipation). Assume that f and the particle solution are smooth enough to justify
differentiating the identities above along (15.56). Define H,(X,S) = F(X) + % 1 Isill?, S =(s1,...,5x). Then along (15.56),

d _ i N (]2
G (X0, 5(0) = == ;nsmu <0, (15.57)

Proof. By (15.54) and the definition v, = =W f(«), one has V,,F(X) = —v4,(x;)/n. Hence %F(X(t)) = Y1 (V. F(X(1)), si(t)) =
—% ©1(vq,(xi(t)), si(t)). On the other hand, %% i lsi(OI? = %Zi(si(t), —AtricSi(f) + v, (xi(2))). The force terms cancel,

leaving (15.57). O

Phase-space formulation.
Proposition 15.45 (Phase-space Liouville formulation). Let v, be smooth enough that (15.56) has a classical solution. Define the

empirical phase-space measure " = L 3 5. 1)5:) € P(RE X RY), ay = (1 )y} . Then n}} solves, in the sense of distributions,

n
Iy + V- (s} + Vs - (=Africs + var (x)) 17') = 0. (15.58)

If, as n — oo, the empirical phase-space laws converge to a smooth density ny(x, s) and the nonlinear fields converge accordingly, the
limiting kinetic equation is

e + Vi - (s1) + Vs - ((—Arics + va,(x)) 1) =0, ar = (T0)yns- (15.59)
Proof. Let @ € C2®(R? x RY). Along the particle system,
d 1<
I pdn = - Z [(Vap(xi,5i), si) + (Vs@(xi,51), =AgricSi + Van(x:))] -

i=1
Rewriting the right-hand side as an integral against 77’ and integrating by parts gives (15.58). Passing formally to the mean-field
limit gives (15.59). O

The numerical illustration below uses the energy-distance kernel k(x, y) = —|x —y|, fla) = MMDi(a, B) = // k(x,y)d(a—-
B)(x)d(a — B)(y). Away from the diagonal, its Wasserstein velocity is v,(x) = 2 f ﬁ d(a - B)(y).

Entropy without an empirical energy. For the numerical illustration, we add the quadratic confinement V(x) = |x[?/2. In
one dimension the overdamped equation becomes the Ornstein-Uhlenbeck Fokker-Planck equation dp; = dxxps + dx(xpy),
whose stationary law is the centered Gaussian N(0, 1). The Newton lift is discretized directly in phase space: for a density

n¢(x, s) with spatial marginal p;(x) = / ne(x,s)ds, it reads d¢1; + dx(s1¢) + s ((—ax log pt(x) — x)m) =0.

16 Generative Models via Transportation

16.1 Generative Models via Flow Matching

Deterministic interpolants.

Definition 16.1 (Deterministic interpolant). Let m € U (ap, a1). A deterministic interpolant is a jointly measurable family
I; : R4 x R4 — R such that t — I;(x, y) is absolutely continuous for r-almost every (x, y), its derivative is jointly measurable,
/OlfRded 19:1;(x, y)| drt(x, y)dt < +o0,and Ip(x,y) = x, [1(x, y) = y for m-almost every (x, y). It induces a; = (I;)y7 and has
pathwise velocity d¢I;(x, y).

More generally, a; can be obtained by pushing a latent distribution 7 € P(R?) through a time-dependent map I; : RY — RY;

the latent dimension d’ may be larger than the data dimension 4, i.e.
vt e[0,1], a;:=()ym. (16.1)
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Learning a flow field.
Proposition 16.2 (Flow matching vector field). Assume that t «— I;(u) is absolutely continuous for t-almost every u, that its derivative

(t,u) = J¢1;(u) is jointly measurable, and that folfRd, 19¢ I (u)|2dmt(u)dt < +oo. Let U ~ 1 and X; = I;(U), so that X; ~ ;. For
almost every t, consider the flow-matching problem over v; € L2(av;; R?)

min [ Fou(h) = 90 e (162
t R4
Its minimizer is characterized a;-almost everywhere by

v (x) = E[o:1(U) | X; = x]. (16.3)

There is a jointly measurable choice (t, x) — v:(x), obtained by disintegrating dt rt(du) under (t,u) — (¢, I;(u)).

Proof. The push-forward identity reads /Rd p(x)das(x) = fRd’ @I (1)) dn(u) for every bounded continuous test function ¢.

For almost every t, the minimizer in (16.2) is the orthogonal projection in L?(r; RY) of the latent velocity d;I;(u) onto the
closed subspace of functions that depend on u only through I;(1). This projection is the conditional expectation (16.3).
Equivalently, disintegration of the joint measure dt rt(du) by the map (¢, u) — (¢, I;(u)) supplies a jointly measurable version.

Conditional Jensen gives / los|>da; < f |9¢1;|*>d, so the Eulerian velocity is square-integrable in space-time. Its defining
conditional-expectation identity is, for every m € L?(a;; R?),

/ (m(x), 0r(x)) daxy(x) = / (L)), [9:1:1()) dm). (16.4)

Testing first with ¢ € C®(RY), and then integrating against compactly supported smooth functions of time, gives the
distributional formulation on space-time. The fixed-time weak identity for d;a; + div(a;v;) = 0 is that, for every ¢ € CX(R?),

& [ owane - [ @, Vo) da =o (165)

By the pathwise chain rule, t — @(I;(1)) is absolutely continuous for m-almost every u. The space-time integrability assumption
and Fubini’s theorem justify integration of its derivative, so the push-forward identity gives, for almost every t,

S [ etoda = [, @iu)dr (166

On the other hand, applying (16.4) with m = Vo gives
/(vt(X), Vo(x)) dar(x) = /<V<P(It(u)), [9eI¢](u))dm(u). (16.7)
Comparing (16.6) and (16.7) yields (16.5), which is the desired continuity equation. O

Sampling algorithm. Once the field v; has been estimated by the tractable regression (16.2), generation amounts to integrating
its characteristics. For a sufficiently regular version of the exact population field, let T; denote the flow map solving

I Ti(x) = v(Ti(x)),  To(x) = x. (16.8)

Connection with diffusion models. In the special case where I;(x,y) = (1 — f)x + ty is a linear interpolation and © =
a ® B, the curve a; is a convolution of rescaled versions of ap and a;. The flow-matching problem (16.2) becomes

M), i fruge 10:(1 = D2 + ty) = (y = )P dao(x)dan (y) dt.

Proposition 16.3 (Tweedie identity). Let W be a random vector in RY with law p € P1(R?). For ¢ > 0, let Z ~ N(0,1d) be independent
of W and observe Y = W + o Z. Denote by p, the smooth positive density of B = B * N(0,0%1d), which is the law of Y. Then the
conditional mean admits the following everywhere-defined version: E[W Y = y] =y+0°Vlogp,(y)  forally € R%.

Proof. Let ¢, be the N(0, 0Id) density. Bayes’ rule gives E[W | Y = y] = p,(y)~! /Rd w@s(y — w)dp(w). Differentiating
the Gaussian convolution under the integral sign and using V,¢.(y — w) = —072(y — w) s(y — w) yields Vp,(y) =
f Vyps(y —w)dp(w) = —072 (y -EW]|Y = y]) ps(y). Rearranging finishes the proof. o

Proposition 16.4 (Gaussian-endpoint flow-matching field). Let a € P2(R?), let Xo ~ a, and let Z ~ N(0,1d) be independent.
Fort € (0,1) set X; = (1 - )Xo + tZ and a; = Law(X;) = p;dx. The minimizer v* : R? x (0,1) — R? of the flow-matching
regression (16.2) is v*(x,t) = —1% x — = Vlog ps(x) (x € R%, t € (0,1)). In particular, for each t € (0,1) this field is the
gradient field v*(-,t) = =V(|| - 1*/[2(1 — )] + tlog p; /(1 — 1)).

Proof. Fixt € (0,1) and write W = (1-#)Xp and ¢ = ¢t, so that X; = W + 0Z matches the setting of Proposition 16.3. Conditional
expectations satisfy v*(x,t) = E[Z - Xo | X; = x] = %E[Xt -W | Xy =x]- % E[W | X; = x]. Applying Proposition 16.3 to
E[W | X; = x] and noting E[Z | X; = x] = -tV log p:(x) gives the claimed formula. O

When is the induced map optimal? Integrating the learned velocity gives a deterministic map from ay to a1, but this map

is not automatically the Brenier optimal map. It is optimal only in special cases where the accumulated flow remains the
gradient of a convex potential.

Optimal Transport / Compact Notes 126



Proposition 16.5 (Gaussian flow matching and optimality). Let Yo, Z1 > 0and let Xo ~ N(0, Zo) and X1 ~ N(0, Z1) be independent.
Consider the linear flow-matching interpolation Xy = (1 — )Xo + t X3, ay = Law(X;) = N(0, %), where Xy = (1 — t)?°L + +2%1.
Then the exact flow-matching velocity is affine, v (x) = Apx, with Ay = (t£1 — (1 —t)Zo) Z; 1. The induced flow map T™ from ag to oy is

- \MV2
T = 25/2((1 —p2Id + tzzol/Zzlzo”z) o2, (16.9)
In particular, TRM = w12 (x 2y, p 12 2y 12 (16.10)
This terminal map coincides with the quadratic optimal transport map
“1/2 (¢21/2¢ «1/21/2¢-1/2
TOT = 512 (202 n, 2y e Y (16.11)

if and only if ZoX1 = L1 X.

Proof. The conditional-expectation formula gives v;(x) = E[X; — Xo | X; = x]. Since all variables are jointly Gaussian, this
conditional expectation is linear and v;(x) = Cov(X; — Xo, X¢) Cov(Xy)'x = (t21 -(1- t)Zo)Zt‘lx, which proves the stated
V2550 and X; = £;'7X;. In
these coordinates the source covariance is Id and ; = (1 — t)?Id + +?C. Because Id and C commute, the affine flow map in

whitened coordinates is simply ﬁ = i}/ 2, Indeed, %itl/ 2 - (tC -(1- t)Id)ft_l/ 2, which is exactly the equation ft = gtﬁ with
Ty = 1d. Returning to the original coordinates gives (16.9), and t = 1 gives (16.10).
Both TlFM and TOT push N(0, o) to N(0, X1). The Brenier map between nondegenerate Gaussians is the unique symmetric

positive definite linear map with this property. Hence TlFM = TOT if and only if TlFM is symmetric positive definite. The

velocity formula. To solve the characteristic equation, whiten the source by setting C = X,

map T/™ is similar to C'/2, so if it is symmetric then it is automatically positive definite. Since C'/? is symmetric positive
definite, (TFM)T = 251/ 2cv 22(1)/ 2 Thus symmetry of /™ is equivalent to £oC 1/2 = C1/2x, hence to £oC = CXg by functional
calculus. Multiplying this identity on the left and right by Z(l)/ 2 gives LoXq = X1Xg. Conversely, if £y and X; commute, they are

orthogonally co-diagonalizable, and both (16.10) and (16.11) reduce in that basis to the diagonal map with entries \/A1 x/Ag k.
This proves the equivalence. o

Variations on the interpolant. There is first a harmless ambiguity: a monotone reparametrization X; = (1 — A(#))Xo + A(#) X1
of the linear bridge only changes the speed of the flow, v;(x) = A’(t) v%)(x), olin(x) = E[X; — Xo | (1 = 7)Xo +7X1 = x].
Proposition 16.6 (Static Gaussian interpolants and Ornstein-Uhlenbeck noising). Let a € P»(R?) and o > 0. Let Xy ~ o and

Z ~ N(0, 0°1d) be independent, and set X; = a;Xo + by Z on an open time interval where the differentiable scalar functions satisfy a; > 0
and by > 0. If p; is the density of X;, then its flow-matching velocity is

~ ah? .
Ut(X) = %x + (% - btbt) O'ZV log pt(X). (1612)

t t
For the variance-preserving coefficients a; = e~" and by = V1 —e=27, with © > 0, these marginals are exactly those of the Ornstein—
Uhlenbeck diffusion

dx®V = -x%Vdt + V20dB.,  X{V ~a, (16.13)
and (16.12) reduces to v-(x) = —x — a2V log p-(x). Moreover, the finite-time coefficients a; = cos(rt /2) and by = sin(ntt /2) describe the
same marginal curve after the time change T = —log cos(mtt/2).
Proof. Tweedie’s identity gives E[Xy | X; = x] = at‘l(x + btz02V10g pt(x)) and E[Z | X; = x] = —b;0%V log p¢(x). Substitution in
vi(x) = ;E[Xo | X¢ = x]+b,E[Z | X; = x] proves (16.12). The explicit solution of (16.13) is XOU = ¢=* XV + V2 ¢ /OT e (7=9)dB,.
The stochastic integral is independent of XOOU and Gaussian with covariance 62(1 — ¢~2%)Id, proving equality of the one-time

marginals. Substituting the OU coefficients in (16.12) gives the stated velocity, and the trigonometric parametrization follows
from e™" = cos(mtt/2). O

Stochastic interpolants.

Definition 16.7 (Stochastic interpolant). Let (Xo, X1) ~ € U(ag, @1), let Z ~ N(0, Id) be independent of (Xp, X1), and let I;
be a deterministic interpolant for this coupling. Given an absolutely continuous noise schedule y : [0, 1] — R satisfying
y(0) = y(1) = 0, the stochastic interpolant is

X = I(Xo, X1) + y(t)Z, a; = Law(Xy). (16.14)
Assume in addition that E /01 19:1¢(Xo, X1) + y(t)Z|*> dt < +oo.
The same draw of Z is used for every ¢: conditionally on (Xo, X1, Z), the path remains absolutely continuous. Thus (16.14) is the

push-forward construction (16.1) with latent variable u = (Xo, X1, Z). Its Eulerian velocity is v;(x) = E [8tlt(Xo, X1)+yMH)Z |
X = X] ’

16.2 One-Step Generative Models
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Non-parametric sampling via gradient flow. Let § be the target law and let O be a discrepancy that vanishes only on the
diagonal. Define

Ep(a) = D(a, p). (16.15)
A direct sampling strategy follows the formal ‘W, gradient flow
Btat + diV(Oét’Ut) =0, Uy = —W(S/g((kt) = —Véaaﬁ(at). (1616)

If this flow is globally well posed and converges to a global minimizer of &g, then its limit is f. These are substantial

assumptions, not automatic consequences of the definition of a discrepancy. If ag = n™* 3, 6x,(0) and the dynamics preserves
empirical measures, then (16.16) becomes the particle system

) 1 <
Xi(t) = vp(Xi(t)) = =WEg(a)(Xi(t)), ar = Z Ox,(t)- (16.17)
i=1
If Tp denotes the monotone transport from (Pg)ya to (Pg)yf, then the formal descent velocity is
vswla, Bl(x) = /d 1 (To(Pgx) — Pox) 6 da(6). (16.18)
i

One-step models via parameter-domain discrepancy flows. The most direct one-step strategy is to train the generator
parameters themselves by descending the discrepancy (16.15). Let C be a simple latent distribution and let fop : Z — X be a
neural generator. Define

Hg(0) = Eg((fo)4C) = D((fo)sC, B)- (16.19)
The resulting training dynamics is the ordinary Euclidean gradient flow in parameter space,
0 = —VoHg(0y). (16.20)

Set a; = (fe,)uC, X = fgf(Z), Z ~ C.
Proposition 16.8 (Velocity induced by a parameter path). Assume that X = R?, that t ~ 0y is continuously differentiable on [0, T],
and that, for C-almost every z, the map 6 w— fo(z) is continuously differentiable. Assume also that (t, z) > dg fo,(z) is jointly measurable

and that /()sz [96 fo, (2)0:]| dC(z)dt < +oo. Let 1y, be a jointly measurable disintegration of dt C(dz) under (t, z) v (t, fo,(2)). Then
the Eulerian velocity

o) = [ dofa (20 dns(z) (16:21)
satisfies, in the distributional sense on (0, T) x R?,
Btat + diV((XtUt) =0. (1622)
If 6, follows (16.20), then 6; = —VHp(6;) in (16.21).

Proof. The chain rule gives X; = dg fo,(Z)0;. For every bounded measurable 1, disintegration means

[ - [ ( / w(z)dm,x(z>) dau(x)

for almost every t. % / p(x)dai(x) = /(V(p(x), v¢(x)) dat(x), which is the weak form of (16.22). O

The velocity (16.21) depends on the parameter value 0; and on the latent disintegration, not only on the measure a;. If the
parametrization is non-identifiable, two different parameters can generate the same measure while inducing different velocities.
Unlike standard stochastic-gradient constructions, this substitution is not generally unbiased for nonlinear discrepancies:

E [ngﬁn(e)] # VoHy(0).

One-step models from Wasserstein flows. Let C be a simple latent distribution and let ag = (Gg)4C be the model distribution.

Typical choices for &g include a smoothed relative entropy, an MMD/IPM loss, or the debiased Sinkhorn divergence L¢(a, )
introduced in Section 8.9. Writing its formal Wasserstein descent as

3,}0& + diV(O(tUt) =0, Ut(X) = —WSﬁ(at)(x) = —V(Sac(}ﬁ(at)(x), (1623)
one fits, at each training time ¢, a parametric residual field U}, along the current model distribution:
min/ I, (x) - vp(0)|% dave (x). (16.24)
n

In a particle or generator implementation, the learned residual is then used to update the current generator by
ay = (Id + Uy, )30, or equivalently G} (z) = Go(z) + tU,,(Go(2)).
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Stein variational gradient descent.

Definition 16.9 (SVGD vector field). Let f = pgdx, where pg is positive and continuously differentiable. Let k be a
continuously differentiable positive-definite kernel with scalar RKHS Hj, and assume that its first-derivative evaluations
are bounded on Hj. If the W]f-valued map y — k(y,-)Vlog pg(y) + V,k(y, -) is Bochner integrable under «, the SVGD field
is the unique minimizer

oSG . 4romin {_ [ «v10g py), w0 + div o) dat) + %uvni,d} . (16.25)

d
veH)

By the reproducing property, it has the explicit form
UZVGD(x) = / (k(y, x)Vlog pg(y) + Vyk(y, x))da(y). (16.26)

For smooth positive a, under the usual Stein boundary condition, the linear term in (16.25) is the directional derivative of
KL(-|p) along (Id + sv)yar. Unlike that density-level expression, the right-hand side of (16.26) remains meaningful for empirical
a.

Thus dray + div(a;05CP) = 0. (16.27)

at
For particles aff) =nly; 00, this becomes the explicit update
n

+1 ¢ 1 0 (¢ ¢ 0 (¢
X = xO o Y (k(xj !, XV log pa(X") + Vak(x\”, X! >)). (16.28)
j=1

Drifting flows. A simple continuous construction uses a strictly positive kernel K.(x, y) for which the following integrals are
finite and defines, for every probability measure v,

[y = 0Ke(x,y) dv(y)

B.[v](x) = TGP G (16.29)
For the Gaussian kernel K, (x, y) = exp(—|x — y|*/(2¢)), this normalized field is a score of a smoothed density:
B:[v](x) = ¢V log(/ Ke(x,y) dv(y)) . (16.30)
The drifting velocity is
00(6) = BuIB10) - Bl ](3) = e log L 9B (16.31)

/ Ke(x/ y) dat(y)
The first term pulls samples toward data, while the second acts as a repulsive correction before coalescence. If all empirical
particles occupy the same point, their self displacement is zero and they all receive the same target drift, so this deterministic
field cannot recreate diversity.

Sampling follows the usual continuity equation d;a; + div(a;v¢) = 0 from a prescribed simple law a;—¢ = a; equivalently,

particles solve Xi(t) = v¢(X;(t)). A direct implementation repeatedly evaluates (16.31).

16.3 Moment Measures
Definition 16.10 (Moment measure of a convex function). Let u : R? — R U {+oo} be a proper lower-semicontinuous
convex function such that 0 < Z,, = fR ,e7"¥dx < +oo. The normalized log-concave measure associated with u is

Nu = Z;'e %) dx. These assumptions force the effective domain of u to have nonempty interior, so convex differentiability
implies that Vu exists 1),-almost everywhere. The moment measure of u is M(u) = (Vu)yn,.

Formally, if u is smooth and e ™ decays fast enough for the boundary term to vanish, then f ydM(u)(y) = Z;1 f Vu(x)e ™) dx =
-z! f V(e ™)) dx = 0. Thus moment measures are necessarily centered. The nonsmooth theory uses essentially continuous
convex functions: these are lower-semicontinuous convex functions whose set of discontinuity points has zero H?~! measure.
Theorem 16.11 (Cordero-Erausquin-Klartag). Let a € P1(R?) be a probability measure. There exists an essentially continuous
convex function u such that a = M(u) if and only if / yda(y) =0 and supp(a) is not contained in a hyperplane. Under these
conditions, u is unique up to translations of the arqument and additive constants.

Optimal-transport variational formulation. For a centered a € P1(RY), define the maximal-correlation transport functional,
with values in R U {+o0},

MC,(n) = sup / x - ydn(x,y). (16.32)
el (n,a) J RIxRA

By Kantorovich duality for the scalar-product cost,

MC,(n) = Jinf {/ v(x)dn(x)+/v*(y)da(y)}, (16.33)

where the infimum is over convex functions for which both integrals are well defined and v* is the Legendre transform. If
n,a€ P, (RY), then

veum) = 5 [ 1P i+ 5 [ Iy datn) - 3 Wi, a). (1634
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The variational problem attached to a centered target a is

ner;}li(lr;d) {H(n) +MC,(n)}, H(rdx) = / r(x)logr(x)dx, (16.35)

where H is the relative entropy with respect to Lebesgue measure, in the sigma-finite-reference convention corresponding to
the KL divergence of Definition 8.9; set (1) = +co when 1 is not absolutely continuous.

Proposition 16.12 (Variational characterization of moment measures). Let a € P1(R?) be centered and not supported on a
hyperplane. Then the minimization problem (16.35) admits a solution, unique up to translations. Every minimizer is a probability

measure with log-concave density 1 = Z;; e~ dx, where u is convex, essentially continuous, and satisfies the moment-measure equation
a = (Vu)yn. Conversely, any essentially continuous convex u satisfying this equation yields a global minimizer. If a € P>(RY), the
objective 1 +— H(n)) + MCy(n) is displacement convex along ‘W geodesics of absolutely continuous measures in Pp(R?) whenever the

terms are finite. When merely o € P1(RY), the maximal-correlation term remains convex along such finite-second-moment geodesics by
approximation; existence and uniqueness on the full 1 domain follow from the lower-semicontinuity argument of Santambrogio.

Proof. The existence proof has two ingredients. First, since « is centered, translating 1 does not change either H(n) or MC, (1),
so one can center a minimizing sequence. Second, the assumption that « is not supported on a hyperplane gives a coercive
lower bound of the form MC,(1) > c, f [ x|l dn(x) for centered absolutely continuous 7, with ¢, > 0. Together with the
lower-semicontinuity estimates for entropy and maximal correlation, this yields a minimizer.

Let 1 = r dx be a minimizer and let u be a convex optimizer in the dual formula (16.33). Keeping u fixed and varying n
in (16.35) gives the Euler equation log (x) + 1 + u(x) = constant on {r > 0},s0n = Z,'e*dx. The optimality condition for
the scalar-product transport problem says that an optimal coupling is supported on {(x, y) : y € du(x)}. Since 1 is absolutely
continuous and u is convex, du(x) = {Vu(x)} for n-almost every x, hence a = (Vi )yn.

Conversely, add a constant to u so that 7 = e7"dx, and first let v € $(RY) be compactly supported. Write T = Vo for the
Brenier map from n to v, and n; = ((1 — t)Id + tT)yn. Denote the lower right derivative of the objective along this geodesic by

(H +MCq) () — (H + MCa)(n)
n .

D*(H +MC,) (1;v) = limlinf
t10
The nonsmooth one-sided estimate of is
D*(H +MC,) (n;v) > —/(Aacv —d)dn+ /(Vv —x, Vu)dn,

where A% is the Lebesgue density of the absolutely continuous part of the distributional Laplacian of the convex potential v.
Essential continuity gives the boundary inequality / (x, Vu)dn < d, and therefore

D (H +MCp) (1;v) > —/ A*vdn+ /(Vv, Vu) dn.

The distributional Hessian of the convex function v is a positive matrix-valued measure, so Av = A%v dx + A®v with A®v > 0.
Since Vu e™ = —V(e™), cutoff integration by parts yields

—/ A*ve "dx — /(Vv, V(e™))dx > —/ e " d(Av) - /(Vv, V(e™))dx = 0.

Here boundedness of Vv, integrability of V(e™), and the decay of the nondegenerate log-concave density make the cutoff
boundary term vanish. Thus every such one-sided derivative is nonnegative. Displacement convexity gives global minimality
against compactly supported competitors, and the approximation theorem in extends it to the full 1 domain. The equality case
in the displacement-convexity argument yields uniqueness modulo translations; this is precisely the unavoidable invariance
because translating 1 does not change MC, when « is centered.

The entropy term is displacement convex by McCann’s theorem, recalled in Theorem 15.12. If « has finite second moment,
identity (16.34) writes MC,, as the sum of the 1-convex moment term 1 — % / |x||> dn and the (—1)-convex term 1 +> —% w %(1], a),
hence MC,, is displacement convex. For a target with only a finite first moment, Santambrogio obtains the same convexity
along P> geodesics by approximation and proves the full variational characterization by lower semicontinuity. ]

Conjugate moment measures for generation. Their existence theorem assumes that the target § is absolutely continuous and
supported on a compact convex set; under these hypotheses they propose the conjugate factorization

B = (V') (Z;Ule—w(Z) dz) . (16.36)

16.4 Evolution in Depth of Transformers
Attention as a context-dependent velocity. With residual scale 1/T, it acts as

(Quxi, KXp)V/
v LA™ _ 12”8 "V
xlr—>x,+TAtt9 (x1,...,xn)l—xl+f : 1W. (1637)
= -

Token measure evolution. Let xy) be token i after layer ¢, and let a¥) = n71 3, 6 o be the corresponding empirical law. With
7 =1/T, equation (16.37) is exactly l

2t = (Id + Lo [a“)])ﬂ o, g=0,...,T-1 (16.38)
As T — +oo, a time interpolation of (16.38) converges formally to the conservation equation

atat + diV(Oltrgt [Olt]) =0. (1639)
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L? attention and mean shift. Take, for simplicity, the same token space for queries, keys and values, and set

SN W B [ yKe(x, y)daly)
Ke(x,y) = exp(-lx - yI2/2¢),  pelal(x) = / Ko daty),  mfal) = Sl
This gives
_ _ v~ DKe(x, y)daly)
Me[a](x) = mc[a](x) - x PATIE = eVlog p.[a](x) (16.40)
Its damped update is

2 = (1= 02+ o [a@)(x0) = 29+ M [a D))
which is an explicit Euler step of the continuous- t1me mean-shift equation dya; + div(a tMg[ozt]) =0
Gradient structure and limitations. When the token space has dimension d and the query/key space has dimen-
sion 7, take Q,K € R and V € R™.  If V = QTK, the field Ty[a] is a gradient vector field in the token

variable. Indeed, define the log-partition potential @,(x) = f exp({Qx, Ky))da(y), Uy(x) = log®,(x). Then
Vil (x) = [Q Ky expl(Qx, Ky)daty) _ I'g[a](x). Indeed, the natural scalar candidate f(a) = f U, (x)da(x) has first vari-
[ exp({Qx, Kz))da(z)

ation 0 fan(ar)(z) = Un(z) + f % da(x), up to an additive constant. The second term is the response of every query
normalization to a perturbation of the key distribution, and its spatial gradient is absent from I'g[«].

16.5 Flows over the Gaussian Manifold

Gaussianity preservation.

Proposition 16.13 (Affine velocities preserve Gaussianity). Let ag = N(mo, Lo), with o > 0. Let by € R? and A; € R4
be locally integrable on a time interval, and let (my, L) solve 1y = by, Y= ALy + ZtAtT, (my=g, Li=0) = (mg, Xo). Then,
as long as this matrix ODE is defined, ¥y > 0 and oy = N(my, L) is the solution of the continuity equation dia; + div(a,vy) =
0, vi(x) = by + Ae(x — my). In particular, if a smooth functional f has a Wasserstein gradient on Gaussian measures of the affine
form W f(N(m,Z))(x) = bg(m, L) + Ag(m, Z)(x — m), with As(m, ) symmetric, then the displayed moment ODE below produces a
Gaussian distributional solution of the full Wasserstein gradient-flow equation for f: 1y = hy(mg, L), Y = Hy(my, Ly), where
hg(m, L) = =bs(m,X), Hf(m, %) = —(Af(m, )T + LA¢(m, ¥)). Conversely, fix a non-degenerate Gaussian N'(m, £.). Suppose
that a finite-enerqy Wasserstein tangent field V,,, s is represented by a gradient in L*(N(m, L)) and is tangent to the Gaussian manifold at
this Gaussian. Then there exist b(m, L) and a symmetric matrix A(m, L) such that V, 5(x) = b(m, Z)+A(m, Z)(x —m) N(m,X)-a.e.
Without the Wasserstein gradient representative, this converse is false because one may add velocity fields with zero N (m, L)-weighted
divergence. Finally, any smooth Gaussian curve with positive definite covariance can be generated by an affine velocity. If one wants the
velocity to be a Wasserstein tangent gradient, one chooses the unique symmetric solution of the Lyapunov equation Ay + L4 A = 4.

Proof. Let X; follow the characteristic ODE X; = by + Ai(Xy — my) with Xo ~ N(mmg, Zg). Since 1i1; = by, the centered variable

X; = X; — m; solves the homogeneous linear ODE X; = A/ X;. If @; is the fundamental matrix ®; = A;®;, ®;—¢ = Id, then
X = my + Op(Xg — mp), Ly = O Zo®; . Hence X; is Gaussian and & > 0, and ¥; = %E(f(tf(f) = AtXt + XAl This proves
Gaussian preservation and the moment ODE. The Wasserstein gradient-flow statement follows by inserting the descent
velocity v; = =W f(ay).

For the converse, fix @ = N(m, L) and denote its density by p. Tangency to the Gaussian manifold means that the density
variation — div(pV) is generated by some moment variation (12, ©), with ¥ symmetric. Set b = iz, and let A = AT be the unique
solution of AY. + LA = Y. By the first part of the proposition, the affine gradient field Vj(x) = b + A(x — m) generates exactly
the same infinitesimal Gaussian variation. Hence div(p(V — Vj)) = 0 in the distributional sense. Both V and Vj belong to the
L*(a) closure of gradient fields. The weighted Helmholtz decomposition therefore makes V — Vj simultaneously a tangent
gradient and orthogonal to every tangent gradient, so V = V; in L2(«). Equivalently, for a smooth representative V — Vy = Vi,
integration by parts gives / IVy|*>da = 0. This proves that the Wasserstein tangent representative is affine. The qualification is
essential: without selecting the gradient representative, one can add a nonzero field with zero a-weighted divergence without
changing the Gaussian curve.

For a prescribed smooth Gaussian curve, set b; = 71; and choose any matrix A; satisfying A; X + ZtAtT =3,. Since L; is positive
definite, the Lyapunov map A +— AY; +X; A is invertible on symmetric matrices, which gives the unique symmetric choice when
a gradient velocity is required. In that case v; is the gradient of the quadratic potential x — (b;, x) + (Ai(x —my), x —m;)/2. O

Gaussian-preserving gradient flows.
Proposition 16.14 (Gaussian closure catalogue). Let y = N(iit, L) on R?, with £ > 0, and let the initial condition be ag = N(myg, Zo),
with Yo > 0. For each functional displayed below, evaluating its ambient Wasserstein gradient on a Gaussian gives an affine field.
= N(my, X¢) is an exact distributional solution of the corresponding ambient gradient-flow PDE, and its mean and covariance satisfy
= h(m, It), Yy = H(my, 5y). Write 6,y = m — 1, A= L7, and My 5 := £~ 1/2(21/2221/2)1/22 12 With the normalizations
dzsplayed in the first column, the mean vector field h and covariance vector field H are listed in the following table. If that PDE is unique in
the selected solution class, this Gaussian solution is the Wasserstein flow from ag. Gradients with respect to ¥. are symmetric Frobenius
gradients on the cone of covariance matrices.
Exact Gaussian solutions of ambient Wasserstein gradient equations.

Here, in the MMD row, R =L +mm' — L — ™. The debiased Sinkhorn row uses the notation of Corollary 9.24: for Gaussian inputs,
Li_pla,y)=16m I? + Be(Z, £)?, with the closed-form covariance gradient

Ge(Z, %) = 7.(%) — 21/218(3;@)3;};21/2, By s = £22812,
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Here 7, is the scalar function t.(r) := —Vzﬂfr‘é r > 0, applied to positive matrices by spectral calculus. Equivalently, for M > 0,

To(M) = (Ve2Id + 16M2 — eId)(4M)~L. With this convention, G, = VyB(L,L)*. In the sliced row, o is the normalized spherical

measure on S, and
- 0TLo
Gew(X,X) = 1-
sw(® ) /sdl( Voo

p(x) dx = / |Vlog p(x) + Alx — r?z)|2 p(x)dx (a = pdx),

007 do(0).

Here

Tan= [ ‘V log
where p, is the density of y.

)

Proof. For the moment-functional row, the formula is exact on the full Wasserstein space. Indeed, write m, = / xda(x)
and I, = /(x — ma)(x — my) da(x). If n is a signed perturbation with zero total mass, then dm,[n] = / x dn(x) and

dZ.[n] = / (x — mq)(x — my) Tdn(x). Thus, up to an irrelevant additive constant, the first variation is 0 f(a)(x) = (Vi g, x) +
(Vzg, (x —mgy)(x —m,)T), and its spatial gradient is the affine field V.6 f(a)(x) =V, g +2Vsg (x — my).

For the quadratic potential row, the ambient first variation is 6 f (a)(x) = —xTBx +{{, x), Vi6f(a)(x) =Bm+{+B(x —m),
which gives the displayed affine velocity. For the quadratic mteractlon row, the ambient first variation is 0 f(a)(x) =
% f (x —y)"G(x — y)da(y), with V.6 f(a)(x) = G(x — m,). These first variations are quadratic in x, hence the affine Gaussian
flow coincides with the full Wasserstein gradient flow.

For the KL row, write @ = p dx and let p, denote the density of . The ambient first variation is log(p/p,) up to an additive
constant. If & = N'(m, L), then Vlog(p/p, )(x) = X7 (x—m)+A(x—11), so the descent velocity is v(x) = Ay, +(Z 71— A)(x—m).
Proposition 16.13 gives h(m, X) = —Ad,, and H(m, ) = 2Id — LA — A¥L. For the Fisher row, writing u = log(p/p, ), the ambient
first variation of 37 (a|y) is, up to constants, —Au — |Vu|?> — (Vu, Vlog p,). For Gaussian p and Gaussian y, this is quadratic
in x. Multiplying by two for 7 (a|y) gives the descent velocity v(x) = —2A25,, + 2(X72 — A2)(x — m). Hence the Wasserstein
velocity is affine and the Gaussian family is closed, with the displayed & and H. Although the ambient Fisher flow is a
fourth-order PDE for a generic density, it is therefore an exact finite-dimensional closure in this quadratic-reference case.
For ‘W%(a, y), the Brenier map from N(m, X) to y is T(x) = m + My s (x — m). The descent velocity for the unhalved squared
distance is 2(T — Id), which gives the mean and covariance equations through Proposition 16.13. For the MMD row, k(x, y) =
(x, y)?identifies the kernel mean embedding with the raw second moment. Thus MMD% (@,y)=Z+mmT™=L—-mm™ ||2 IRIZ,
and the ambient first variation is 2x " Rx, whose descent velocity is —4Rx.

For the Sinkhorn row, Corollary 9.24 gives the closed Gaussian formula as a squared mean displacement plus the smoothed
Bures term B2. This is not only a formula on the Gaussian submanifold. The first variation of the entropic value with
respect to the first marginal is a Sinkhorn dual potential, and for Gaussian marginals the cross and self dual potentials are
quadratic. Their debiased combination is therefore quadratic, so its spatial gradient is affine. This proves existence of the
displayed Gaussian ambient solution; identifying it with every weak solution requires uniqueness in the chosen class. Since
the restriction of the functional to Gaussians is (1, Z) — |m — m|? + B.(Z, £)?, the quadratic coefficient is G, = VzB.(L, L)%,
and the moment-functional computation gives the displayed / and H. To compute this gradient, set By 5 = Z1/2ZE1/2. Since
YL(r) = —27.(r), differentiating tr l/)g(Blz{ ;) gives —L1/27, (B}:/ ;)B;;il/ 2, whereas differentiating the self term —1 trip(X)
gives 7.(X). This proves the displayed closed form for G,. When £ = Id, this covariance contribution is a spectral function of X.

If A is an eigenvalue of T, its covariance-eigenvalue derivative is 44/A + £2/16 — 44/A2 + £2/16, which is A in the displayed ODE.
The centered spatial affine-velocity coefficient in that eigendirection is A/Q2A).

For sliced Wasserstein, the exact ambient Wasserstein gradient is obtained by averaging the one-dimensional gradients. Each
projection is Gaussian:

(Po)sa = N((0, m),0756),  (Po)yy = N((0, i), 0TE6).

SWi(a,y) = /Sd_l [(9, 5m)? + (x/mze - \/eTie)z} do(6).

If Ty is the monotone transport from (Pg)ya to (Pg)y)y, then the descent velocity for the unhalved sliced objective is
2 ./éd’l (To(Pgx) — Pgx)6 do(6). For Gaussian marginals, Ty is affine. Thus this velocity is affine in x, and Proposition 16.13

Hence

applies. The spherical identity f 007do(0) = 1d/d gives the mean equation, and differentiating the covariance term gives
Gsw- o

One-dimensional case. Fix a Gaussian target y = N, 5%), with 6 > 0, and write a« = N(m, ¢?), with ¢ > 0. By
Proposition 2.30, the parametrization (n,0) — N(m, 0?) identifies the one-dimensional Gaussian family with the open
Euclidean half-plane. Hence every Gaussian-preserving functional in Proposition 16.14 is represented by the scalar restriction
gf(m, o) = f(N(m,0?)). Set & = m — 1. For the Sinkhorn row below, with ¢ > 0, abbreviate

Ve2 +16r2—¢ ¢ 2¢
Ye(r) = ———————— — —log| —— |, r>0.
2 2 e2+16r2+¢
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Constrained evolution on the Gaussian manifold. Let G = {N(m,X) : m € R?, £ > 0} be the Gaussian submanifold of
P>(R?). The Wasserstein gradient of a functional constrained to a smooth submanifold M C P; is defined as the Riesz
representative of the differential restricted to tangent velocities of M. Equivalently, it is the small-step limit of the constrained

JKO scheme a**1) € argmin zir (Wi(a, a) + f(@). For M = G, tangent velocities are affine gradient fields v(x) = b + A(x — m)
aeM

with A = AT. The constrained gradient is therefore the L2(N(m, L)) projection of the ambient Wasserstein gradient onto this

finite-dimensional affine space, whenever the ambient gradient exists.

Proposition 16.15 (Gaussian-constrained Wasserstein gradients). Let f be a smooth functional and assume that its restriction

to nondegenerate Gaussian measures can be written as f(N(m, L)) = F(m,¥L). Then the Wasserstein gradient constrained to the

Gaussian family is the affine vector field vp(x) = Vy,, F(m, L) + 2VyF(m, Z)(x — m), where Vs F denotes the symmetric matrix derivative.

Equivalently, vg is the L*(N(m, L)) projection of the ambient Wasserstein gradient onto affine gradient fields, whenever the ambient
gradient exists. Hence the gradient descent flow constrained to Gaussian measures satisfies

tity = =V F(my, Lt), Yy = =2(Z¢VeF(my, y) + VeF(my, £1)%¢), (16.41)
and the descent velocity is affine.

Proof. Test the functional along a Gaussian tangent vector, represented by an affine gradient field v(x) = b + A(x — m) with A
symmetric. The induced first-order variations are 77 = b and 2. = AL + LA. Therefore

dF(m,X)[b, AL + ZA] = (Vi F, b) + tr(VF(AZ + LA)).
Since A, X and VyF are symmetric, the second term equals 2 tr(VsF AL) = f(ZVEF(x —m), A(x —m))dN(m, L)(x). Together
with the mean term, this gives dF (m, I)[ri1, X] = / (vr(x), v(x))dN(m, L)(x) for all affine gradient fields v. This identifies the

constrained Wasserstein gradient in the induced L*(a) metric, or equivalently the projection of the ambient gradient when it
exists. Substituting the descent velocity —vr in Proposition 16.13 gives (16.41). O

Contractive Gaussian projection.

Definition 16.16 (Gaussian projection). For a € P»(R?), its Gaussian projection is Gauss(a) := N(m,, L,), the Gaussian
with the same mean and covariance as a.

Theorem 16.17 (Gelbrich theorem). For every a, f € Pa(R?), W5(Gauss(r), Gauss(p)) = |ma — mg|? + B*(Lq, Zg) < Wila, p).

Proof. Take any coupling (X, Y) of a and g, center the variables, and write C = E[(X — m,)(Y — mg)"]. In the positive definite

case, positivity of the block covariance matrix implies the factorization C = zi/ ZKZ;/ % with [K lop < 1, and therefore, by

operator/nuclear norm duality, tr C < tr (Ztlx/ ’y z}/ 2)1/ 2). The semidefinite case follows by adding nId to both covariance
P )/ B y g1

matrices and letting 17 | 0. Expanding E|X — Y|? gives the lower bound E[X — Y|? > |m, — mg|* + B*(Za, Lp). Taking the
infimum over couplings proves the inequality, while equality for Gaussian laws is Proposition 2.30. ]

Theorem 16.18 (Hugo Lavenant Gaussian-preservation criterion). Let f : Pr(RY) — (=00, +00] satisfy f (Gauss(a)) <
f(@)  Va € Py(RY), with Gauss defined in Definition 16.16. If y is Gaussian and a* minimizes the JKO stepn +— f () + 5= Wiy, n),
then Gauss(a*) is also a minimizer. If this JKO minimizer is unique, it is Gaussian.

Proof. For the JKO claim, Gauss(y) = y because y is Gaussian. Hence, for any competitor 1, f (Gauss(n))+ 5= W5(y, Gauss(n)) <
f(n) + = W3(y,n). Applying this to a minimizer = a* shows that Gauss(a*) is again a minimizer. Uniqueness forces
a* = Gauss(a™*). O

Moment closure beyond Gaussianity. If f(a) = g(m,, Ls) and G = Ve g(m,, L,) denotes the symmetric Frobenius gradient,
then the Wasserstein descent velocity is v,(x) = =V, g(14, La) — 2G(x — m,). Consequently, every sufficiently regular flow

starting from an arbitrary ag € P»(R) satisfies

riyy = =V, g(my, L), Y = =2(Z¢Veg(my, L) + Veg(my, Ze)Ly). (16.42)
For Gaussian initial data, this affine velocity also preserves Gaussianity; for general initial data, the law need not become
Gaussian, but its mean and covariance still follow the same closed vector field (i, H) listed in that proposition.
Proposition 16.19 (Scalar moment closure and eikonal characterization). Let Q c R? be connected and open, let p € C*(Q), and
set my(a) = fQ @(x)da(x) for probability measures such that ¢ and |V¢|? are integrable. For every smooth g : R — R, the Wasserstein
gradient flow of fo(a) = g(my()) satisfies, whenever the differentiation is justified, iy = —g’(mt)/Q IV (x)|*da(x), my =
me(at). This equation is autonomous for every g, meaning that its right-hand side depends on a; only through my, if and only if there are
constants a, b € R such that

IVo(x)|* = a + bo(x) (x € Q). (16.43)

In that case, 11y = —(a + bm;)g’(m;). Moreover, on every connected open set U C {x : Vo(x) # 0}, the restriction of (16.43) to U is
equivalent to the existence of an eikonal coordinate r € C2(U) and constants c,x, A € R such that

|Vr| =1, @ =c+xKr+ %rz. (16.44)
Under (16.43), one may take A = b /2.

Proof. The first variation is 0f,(a)(x) = g'(my(a))@(x), so the continuity equation gives the displayed evolution of ;.
Condition (16.43) then proves sufficiency.

For necessity, it is enough to take ¢(s) = s and write ¢ = |[Vg|*>. Autonomy for Dirac laws first shows that ¢ = g o ¢ for
some function g on ¢(£2). Because Q is connected, ¢(Q) is an interval. Comparing a Dirac law with any two-point mixture
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having the same @-moment shows that g ((1 — {)so + Cs1) = (1 — 0)q(so) + Cq(s1) (0 < C < 1). Hence g is affine, which is
precisely (16.43).

On a regular set U, the right-hand side of (16.43) is positive. Fix sg € ¢(U) and define r(x) = /s;p(x)(a +bs)"Y/2ds. Then

[Vr| = 1. Inverting this change of variables gives (16.44) with ¢ = sg, ¥ = Va + bsp, and A = b/2. Conversely, (16.44) gives
IVe|? = k2 = 2Ac + 2A¢. O
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