Monge Formulation

Exercise statements

This version contains the exercises only. Hints and worked solutions are available in the companion
PDF.

Exercise 1 (Discrete assignment).
213

Letn =3and C = [3 2 2|.Identify every optimal assignment.
4 31

Exercise 2 (Two points to two points: when does each permutation win?).
Fix x1,y1,y2 € R? with y1 #y2andletxy =z € R vary. With quadratic cost c(x, y) = ||x — yll%,
compare the two assignments

Id: x1 > y1, 2 12 Vs Swap: x1 — Y2, z > Y1.

Show that the set of z where Id is no more expensive than Swap is a half-space bounded by a
hyperplane orthogonal to i1 — y2. Give the equation of this hyperplane and explain that it divides
R? into two regions, one for each optimal permutation.

Id Swap
X1 Xo =Z X1 Xo =2Z
LAl Y2 LA Y2

Exercise 3 (Discrete — continuous and continuous — discrete).

(1)In1Dleta = Zfi 1 ai 6y; (finite support) and let § be absolutely continuous. Show that there is
no measurable map T with Tza = B.

(2) Conversely, let @ be absolutely continuous on R and let § = Z?ﬁl bj 6y, with 3};b;j = 1. Build
maps T (many, up to a-a.e. equality, if  has at least two distinct atoms of positive mass) with
T#O{ = ﬁ

(3) Leta = U[0,1] and let p = Z]-Aﬁl bj 6y, on R with bj > 0, 2 bj=1,andy; <---<ym. Forp 21,
compute an ‘W,-optimal Monge map T : [0, 1] — R from a to f.

(4) Suppose bj =1/nforj=1,...,nand y; = I _i/ 2 (midpoints of the n equal subintervals of [0, 1]).
Compute W7 (a, p).
A map sends atoms to atoms An int8rval can collapse to an atom
X1 X2 X3
I - I
¢ ¢ é
T(X]) T(Xg) T(Xg) LA Y2 Y3



Optimal Transport / Exercises Statements

Exercise 4 (Uniform laws on intervals, quadratic cost).
Leta = U, pyand B = Ui gqyonRwitha < b, c <d,and c(x,y) = |x — y|*.

(i) Find the Monge optimal transport map T.
(ii) Compute (VVZZ(a, p) in closed form.

Exercise 5 (Many Monge solutions for |x — y|).
Leta = Uy, p = Upgpand c(x,y) = [x —y|.

(i) Show Ti(x) = x + 1 is optimal and Wj(a,p) = 1.

(ii) Show
x+2, x€]0,1],
T(x) = (0,11
X, x€(1,2],

is also optimal.

The two densities Ti(x)=x+1 The piecewise map T,

pa=1/2 3 3 /
| | 2 2
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Exercise 6 (Affine images).
(1) 1-D case. Let u € P»(R) and v = (x +— ax + b)su with a > 0. What is the Monge map from p to
v for the quadratic cost ? Compute the W, distance in terms of the mean m, = / x dy and variance

Var(u) = f(x - mH)2 .

(2) Higher dimension. Let u € PR and v = (x — Ax + b)su with A € R Give a
simple condition on A ensuring that T(x) = Ax + b is the Brenier map (assume pu is absolutely
continuous). Under this condition, compute the W, distance in terms of m, = E[X] and the
covariance L, = E[(X —my)(X - mH)T].

Exercise 7 (Piecewise constant densities on [0, 1], quadratic cost).
Let @ and $ have densities
pp(x) = {

pa(x) = {

and zero outside [0, 1]. Construct and sketch the optimal Monge map for the quadratic cost, and

compute W;(a, ).
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Exercise 8 (Translation decomposition for W,).
Let a,f € P2(R?) and assume that a has a Lebesgue density. Throughout this exercise, use the
Monge formulation

W2(a,B) = Sinfﬁ/ llx = S(x)||?> da(x).
pa=
For u € R write T,,(x) = x + u.

(@) Show there exist unique vectors a, b such that the centred measures
ao = (Ta)ser, o= (Tp)up
satisfy / xdag(x) = / x dBo(x) =0, and
a=(Tosao, B = (Tp)sPo.

(b) Prove the decomposition

Wi (a,B) = lla —bl* + W (ao, Bo) |

(c) If Tp is the Brenier map from ay to fo, show that
T(x):=To(x —a)+b

is the Brenier map from «a to .

Exercise 9 (Adding separable terms; quadratic cost vs. —(x, y)).
Fix a, B € P2(R?) and consider Monge maps T with Tya = .

(a) Let ¢ : R? x R — R be a measurable cost and define &(x,y) = c(x,y) + u(x) + v(y), with
u:RT" > R,v:R?— R. Assume u € L'(a), v € L}(8), and that the integral of c is well-defined
for every admissible map (for instance ¢ > 0). Show that the sets of Monge minimizers for ¢
and for ¢ (with the same marginals) coincide.

(b) Let A > 0 and define ¢(x, y) = A c(x, y). Show that the Monge minimizers for ¢ and ¢ coincide.

(c) Take cquad(x,y) = |lx = ylI%, clin(x,y) = =(x, y). Prove that cquaq¢ and cjin have the same
Monge minimizers (for fixed «, f).

Exercise 10 (Quantile coupling: explicit computation).

Let & = U[0, 1] and let  be supported on [0, 1] with density pg(y) = 2y.
(a) Compute the cumulative functions C,, Cg and their quantiles C,, Cgl.

(b) Using monotone transport in 1D, write the optimal map T = Cgl o Cyp.

(c) Compute ‘W7 («, ) using both fol |x — T(x)|>dx and the quantile formula /01 |ICM(r) —
Cﬁ_l(r)|2 dr.

Source density p, Target density pg
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Exercise 11 (Cumulative functions).
Let a be a probability measure on R and let its cumulative distribution function be

Calx) = a((—o0, x]), x €R.
Consider the pushforward by C,, namely (C,)sa.

(1) Assume « is atomless (equivalently, C, is continuous). This includes, but is not restricted to,
measures with a Lebesgue density. Prove that

(Co)ga = U0, 1].

In your proof, clearly point out where the continuity assumption is used.

(2) What happens if a is purely discrete, say a = }}; pi 6y, with }};p;i = 1and x1 < xp < ---?
Describe the law of C,(X) for X ~ a, and show that for all f € [0, 1],

P(Ca(X) <t) <t,

with equality at the jump values of C,.

Exercise 12 (Pushforward of a uniform law by a nonlinear map).

Let @ = U[-1,1] and consider themap T : R — R, T(x) = x2.
(1) Compute the law = Tya, i.e. find its density with respect to Lebesgue measure.
(2) Check that this density integrates to 1 over its support.
(3) Sketch the graph of the density and comment on its behaviour near 0 and 1.

Source density p, The map T(x) = x>
1
1/2
x X
-1 0 1 -1 0 1

Further exercises

Exercise 13 (Radial symmetry).

Let a, § € P>(RY) be invariant under all orthogonal maps, and assume « is absolutely continuous.
Define the radial cumulative function F,(r) = u({x : [|x|| < r}), r 2 0, and its generalized inverse
forO<u <1

(i) Show that the unique quadratic optimal map commutes with orthogonal maps: QoToQ™! =T
a-a.e. Show that it has a radial representative T(x) = #(||x||)x/||x|| for a-a.e. x # 0, with ¢
nonnegative and nondecreasing on the relevant radii.

(ii) Prove t(r) = Pﬁ_l(Fa(r)) for almost every source radius. Does Fg(t(r)) = Fo(r) still hold if
has an atom on a sphere?

(iii) Specialize to uniform laws on balls of positive radii Ry, Rg. Give the map and its squared
cost.



