Monge Formulation

Statements, hints and worked solutions

Each exercise is followed by question-by-question hints and a worked solution. Try the questions
before reading the hints.

Exercise 1 (Discrete assignment).
213

Letn =3and C = |3 2 2].Identify every optimal assignment.
4 31

Useful hints

Enumerate the six permutations of {1, 2,3} and sum one matrix entry per row and column.

Detailed solution

For a permutation o, the costis C(1, (1)) + C(2,6(2)) + C(3, 0(3)). The minimum is 5, achieved by
the two assignments

(1-1,2-2,3-3) and (1-2,2-—>1, 3—53).
All others have cost 7 or 9.
Exercise 2 (Two points to two points: when does each permutation win?).

Fix x1,y1,y2 € R? with y1 #y2andletxy =z € R4 vary. With quadratic cost c(x, y) = ||x — y||2,
compare the two assignments

Id: x1 > y1, 2 12 Vs Swap: x1 — Y2, z > Y.

Show that the set of z where Id is no more expensive than Swap is a half-space bounded by a
hyperplane orthogonal to 11 — 2. Give the equation of this hyperplane and explain that it divides
R? into two regions, one for each optimal permutation.

Swap
Xp =2Z X1 Xp =2Z

Id
X1
n Y2

Expand the difference of the two costs; the terms ||z||? and the target squared norms cancel.

A Y2

Useful hints

Detailed solution

The two total costs differ by
Id(z) — Swap(z) = 2{z — x1, y1 — ¥2)-

Thus Id is optimal when (z — x1, y1 — y2) < 0, Swap is optimal when this quantity is nonnegative,
and both tie on the hyperplane {z : (z — x1, y1 — y2) = 0}. Strict inequalities give strict preference.
The assumption y; # y» ensures this is a genuine hyperplane; if y; = v, both assignments always
tie.
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Dashed boundary: (z — x1,y1 — y2) =0
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Exercise 3 (Discrete — continuous and continuous — discrete).

(1)In1D let a = Zfi 1 a; Oy, (finite support) and let § be absolutely continuous. Show that there is
no measurable map T with Tya = .

(2) Conversely, let @ be absolutely continuous on R and let = Zj]\/:ll bj 6y, with j bj = 1. Build
maps T (many, up to a-a.e. equality, if § has at least two distinct atoms of positive mass) with
T#a = 5

(3) Leta = U[0,1] and let = Z?ﬁl bj 6y, on R with b; > 0, Z]- bj=1,andy; <---<ym. Forp >1,
compute an ‘W,-optimal Monge map T : [0,1] — R from a to §.

(4) Suppose bj =1/nforj=1,...,nand y; = I _i/ 2 (midpoints of the n equal subintervals of [0, 1]).
Compute W;(a, p).
A map sends atoms to atoms An int8rval can collapse to an atom
X1 X2 X3
| |
¢ ¢ &

T(x1) T(x3) T(x3) n Y2 Y3

Useful hints

(1) A pushforward cannot split the mass of an atom.
(2) Partition the source into measurable sets with masses b;; quantiles provide one such partition.

(3) The interval sent to y; must have length b;. Use increasing rearrangement; uniqueness need
not hold when p = 1.

(4) Compute the squared distance to the midpoint in one cell, then multiply by n.

Detailed solution

(1) No map from discrete to continuous. If o = Zg\i 1 ai 6y, and T is measurable, then Tya = Zf\i 1 07(x;),
which is purely atomic; it cannot equal an absolutely continuous .

(2) Many maps from continuous to discrete. Let a be absolutely continuous and g = Z]-Aﬁl bj 6y,. Choose
any measurable partition {Aj}].]\ﬁ1 with a(A;) = b; (e.g. cut by quantiles) and set T = Z]-Ail yjla;.

Then Tya = f. Partitions differing on a set of positive a-mass give distinct maps when the target
has at least two distinct positive-mass atoms. A one-atom target forces the constant map.

(3) Optimal map from U[0, 1] to a discrete law. Let F4(x) = x on [0, 1] and Fg be the CDF of §, with
partial sums s; = Zi:l by and sg = 0. The quantile of 8 is Fﬁ_l(u) = yjforu € (sj-1,s;]. In1D an
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Solutions
“W,-optimal Monge map is the increasing rearrangement:
T=F'oF,=F;',  T(x)=y; forxe(si1,5].
(4) Uniform atoms at midpoints: b; = 1, y; = —2. Here ?j = L, soby (3) the optimal map is T(x) = =2
. , 1.2
forx € (%, %] Then sz(a, B) = 27:1 (;1111)/11 (x - ]TZ) dx. Shift to the midpoint of each cell: with
1
U=x- 172 we integrate over u € (— 5, %]
jin ) 1/(2n) 311/(2n) 2,113 1
/ (x— 2) dx:/ uzdu:[u—] :—(—) =——.
(=1)/n n ~1/(@n) 31 yen 320/ 12n
Summing over ] =1,...,n gjves Wzi(a,ﬁ) =n- ﬁ ﬁ Equivalently, by the 1D quantile
2 _ jln =202 5, _ 1
formula Wy (a, B) = Z}Ll (]._1)/”|t - Tz| dt = 5.

Exercise 4 (Uniform laws on intervals, quadratic cost).
Let a = Uy, pyand B = Uj. qyon R witha < b, c < d, and c(x,y) = |x - y|*
(i) Find the Monge optimal transport map T.
(ii) Compute sz(a, B) in closed form.

Useful hints

(i) Match equal cumulative probabilities.

(ii) Express each quantile as its mean plus its interval length times t — 1/2; the mixed term
integrates to zero.

Detailed solution

(i) In 1D the optimal map is the increasing rearrangement: T(x) = ¢ +
quantiles,

Z:g (x —a). (ii) Using

by — lg)?
’ifi/22=(7110¢—n15)2+M

d
7 My = ——, Mg = o
12 a 2 B

Indeed, the quantile difference is (1, —mg) + (£, — £g)(t —1/2). Its square integrates to the displayed
expression because fol(t —1/2)dt =0 and fol(t —1/2)%dt =1/12.

Exercise 5 (Many Monge solutions for |x — y|).
Let a = Ujpp), p = Upzpand c(x, y) = |x — y|.

(i) Show Ti(x) = x + 1 is optimal and Wj(a, ) = 1.
(ii) Show

T(z) = {x +2, xel0,1],

X, x€(1,2],
is also optimal.
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The two densities Ti(x)=x+1 The piecewise map T

pa=1/2 3 3 /
| | 2 2

; =1/2 I /
Im—l 1 ) 1

1 2 3 x x

N\

o

Useful hints

(i) The cost of any admissible map is at least the difference of the means.

(ii) Check the images of the two half-intervals separately, then use |T(x) — x| = T(x) — x when
T(x) > x.

Detailed solution

(i) Every admissible map satisfies f |T(x)—x|da(x) > f (T(x)—x)da(x) =2—1 = 1. The translation
Ti(x) = x + 1 has the required image and attains this bound.

(ii) The first half of [0, 2] is translated onto [2, 3], and the second half is left on [1, 2]. Both carry
density 1/2, so T has image 8. Since T>(x) > x, its cost is again 1.

Exercise 6 (Affine images).
(1) 1-D case. Let u € P>(R) and v = (x + ax + b)su with a > 0. What is the Monge map from p to
v for the quadratic cost ? Compute the W, distance in terms of the mean m,, = f x dy and variance

Var(u) = f(x - my)2 dp.

(2) Higher dimension. Let u € P>(RY) and v = (x — Ax + b)su with A € R™¥ Give a
simple condition on A ensuring that T(x) = Ax + b is the Brenier map (assume pu is absolutely
continuous). Under this condition, compute the W, distance in terms of m, = E[X] and the
covariance X, = E[(X —my)(X - m#)T].

Useful hints

(1) A positive-slope affine map is increasing. Expand |(1 — )X — b|? around the mean.

(2) A symmetric positive-semidefinite matrix gives a convex quadratic potential. Use E||MX||*> =

tr(MEZ,MT) + | M, ||2.

Detailed solution

(1) 1D. Since a > 0, x + ax + b is increasing. In 1D the ‘W,—optimal Monge map is the monotone
rearrangement, hence T(x) = ax +b. Let X ~ u with mean m, and variance Var(u). Then

Wi(u,v) =E[(X - (aX +b))*| =E[(1 - a)X - b)?].
Expand around the mean:
1-a)X-b=00-a)(X-my,)+ ((1-a)ym, -b),

so the cross term vanishes and

W2(u,v) = (1 - a)* Var(u) + ((1 - aym, - b)°.
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(2) R%. If A is symmetric positive semidefinite, then there exists a convex quadratic potential
o(x) = %xTAx +b-x+cwith V¢(x) = Ax+b. By Brenier, for absolutely continuous y, T(x) = Ax+b
is the unique (a.e.) ‘Wr—optimal map.

Let X ~ u, mean m s covariance ZH. Write
X - (AX +b)=(I-A)(X —my) + (I - A)my - ).
Taking squared norm and expectation, the cross term drops and
ElIX — (AX + D)|I> = (I = A)Zu(I = A)T) + |I(I = A)ymy — D%

Hence

Wi (u,v) =t((I = ALy = A)T) + ||(I = Aymy — b]|*  (for A > 0 symmetric).

Exercise 7 (Piecewise constant densities on [0, 1], quadratic cost).
Let a and p have densities

pa(x) = {

and zero outside [0, 1]. Construct and sketch the optimal Monge map for the quadratic cost, and
compute W(a, ).

7 4

—_ Nl

, 0<x<1i,
, %Sxﬁl, pﬁ(x)—{
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Useful hints

Compute the cumulative functions, and find where the source cumulative crosses the target
breakpoint 2/3. Integrate the squared displacement on the resulting three intervals.

Detailed solution

Both densities integrate to 1. Their cumulative functions satisfy C,(1/2) = 1/3 and Cg(1/2) = 2/3;
the latter value is reached by C, at x = 3/4. The optimal map is T = Clgl o Cy,:

5 xeldl
T(x)={y— 411' xell 2,
2x—1, x¢€ [%, 1]

The graph consists of three continuous line segments of slopes 1/2, 1,2, joining (0, 0), (1/2,1/4),
(3/4,1/2),and (1, 1).

Source density p, Optimal map T Target density pg

4 4
3 1 3
2 1 2
3 2 3

‘ 1 \

1
x x y
0 1 1 0 r 3 1 0 1 1
2 2 1 2

The cost for the normalized measures is

2 [12y2 4 34 4 ! 1 1 1 5
el T T 6 Q) . N S -
3/0 1 er3/1/2 16 x+3/3/4( R VY T TV VY
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Exercise 8 (Translation decomposition for W,).
Let a,f € P2(R?) and assume that a has a Lebesgue density. Throughout this exercise, use the
Monge formulation

‘sz(a,,@) = inf / lx = S(x)||> da(x).
Sga=p
For u € RY write T, (x) = x + u.
(@) Show there exist unique vectors a, b such that the centred measures
ag = (Ta)par, Po = (T-p)4pB
satisfy / xdag(x) = f x dBo(x) =0, and
a=(To)sao, B =(Tp)#Po.

(b) Prove the decomposition

W@, B) = lla - b2 + Wi(ao, o) |

(c) If Tp is the Brenier map from ay to fo, show that
T(x):=To(x —a)+b
is the Brenier map from « to 5.
Useful hints

(a) Compute the mean of a translated measure.

(b) Relate admissible maps by S(x) = So(x — a) + b. Expand the squared displacement; the mixed
term vanishes after integration.

(c) Use the cost identity in (b). Alternatively, translate the convex potential of Tp.

Detailed solution

(a) Centring and uniqueness. Define a = / xdaand b = / x dp (these exist by the $, assumption).
Put ag = (T_;)#a. Then, by change of variables,

/xdao(x):/(x—a)da(x): (/xda(x))—a:O.

Similarly f x dBo(x) = 0. Also (T;)#ao = a and (Tp)#Bo = B by construction. If i also centres «, then
0= fxd(T_g)#a = f(x —d)da = (fx da) — i, hence @ = a; likewise for b.

(b) Decomposition of ‘W;. There is a bijection between admissible maps for the centred and original
measures:
(So)sao =P &= Spa =8, S(x) = So(x —a) +b.

Its inverse is So(z) = S(z + a) — b. Changing variables x = z + a and expanding the square gives
[ =5t dat = [ 11z =502 + @ - DI data)
= [ = Su(a)IP dao(z) + la - bl
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Indeed, the mixed term vanishes because f(z —So(z))dap(z) = f zdao(z) — / ydBo(y) = 0. The
bijection therefore identifies the two infima, with the constant difference ||a — b||?, which proves (b)
directly in the Monge formulation.

(c) Relation between the optimal maps. Both a and its translate ap have densities, so their Brenier
maps exist and are unique almost everywhere. Define T(x) = To(x — a) + b. Its pushforward is

Ty = (Tp)a(To)s(T-a)sax = (Ty)Po = P.

By the cost identity in (b),

/ lx = TOIR da(x) = W2(ato, Bo) + lla = bl = WE(a, B),

so T is optimal.

A second proof, using convex potentials. Write Ty = Vo with ¢g convex. Then ¢p(x) = po(x —a) +b - x
is convex and V@ (x) = T(x). Together with Ty = 8, Brenier’s characterization proves optimality
directly, without using the cost decomposition in (b).

Exercise 9 (Adding separable terms; quadratic cost vs. —(x, v)).
Fix a, f € P2(R?) and consider Monge maps T with Tya = B.

(a) Let ¢ : R? X R? — R be a measurable cost and define &(x,y) = c(x,y) + u(x) + v(y), with
u:RY - R,0:RT - R. Assumeu € L(a), v € L'(B), and that the integral of c is well-defined
for every admissible map (for instance ¢ > 0). Show that the sets of Monge minimizers for c
and for ¢ (with the same marginals) coincide.

(b) Let A > 0 and define ¢(x, y) = A c(x, y). Show that the Monge minimizers for ¢ and ¢ coincide.

(c) Take cquad(x,y) = [lx - yl%, ciin(x, y¥) = —=(x,y). Prove that cquaq and ciin have the same
Monge minimizers (for fixed a, 8).

Useful hints

(@) Use/v(T(x)) da = /vdﬁ.
(b) A positive multiplier preserves ordering.

(c) Expand the square and apply the first two parts.

Detailed solution

(a) Separable perturbations. For any admissible map T with Ty = §3,

/E(x,T(x))da(x):/c(x,T(x))da(x)+/u(x)da(x)+/v(y)dﬁ(y).

depends only on «  depends only on

The last two terms are independent of T, so the ordering of admissible maps by total cost is the
same for ¢ and ¢. Hence the minimizers coincide.

(b) Positive rescaling. For any admissible T,

/ C(x, T(x))da(x) = /\/ c(x, T(x))da(x).

Multiplying by A > 0 preserves the argmin, so the sets of minimizers are the same.



Optimal Transport / Exercises Solutions

(c) Quadratic cost vs. —(x,y). Decompose

llx = ylI> = x|+ lyl* = 2¢x, y) = u(x) + v(y) + &(x, y),

with u(x) = [|x]|%, v(y) = |lyl|?>, and &(x,y) = —2{x,y). By part (a), Cquad and ¢ have the same
Monge minimizers. By part (b), ¢ = —2(x, y) and cjin, = —(x, y) have the same minimizers as well
(rescaling by 2 > 0). Consequently, the Monge minimizers for

Cquad(x/ y) = [lx - y||2 and Clin(x/ y) = —(x, y>
coincide.

Remark (value relation). For any admissible T,

/ It - T da = / ]2 dat + / lyll2dp -2 / (x, T(x)) da,

so minimizing the quadratic cost is equivalent to maximizing the correlation term f (x,T(x))da;
the optimal map is the same in both problems, although the optimal values differ by the constants
depending only on «a, 5.

Exercise 10 (Quantile coupling: explicit computation).

Let & = U[0, 1] and let  be supported on [0, 1] with density pg(y) = 2y.
(a) Compute the cumulative functions C,, Cg and their quantiles C,, Cgl.

(b) Using monotone transport in 1D, write the optimal map T = Cgl o Cyp.

(c) Compute ’M/Zz(oc,ﬁ) using both fol |x — T(x)|>dx and the quantile formula f01 |IC M (r) —
Cﬁ_l(r)|2 dr.

Source density p, Target density pg

Useful hints

(a) Integrate 2y from 0 to y, then invert.
(b) Compose the target quantile with the source cumulative.

(c) Expand (x — vx)? and integrate its three terms.

Detailed solution

(@) On [0,1], C4(x) = x and Cg(x) = x2. Both cumulative functions are 0 to the left of the interval
and 1 to its right. Their quantiles are C;!(r) = r and Cﬁ_l(r) = +/r for 0 < r < 1, with the continuous

endpoint extensions 0, 1.

(b) Since the source cumulative is the identity on [0, 1], the optimal map is T'(x) = Cl;l(Ca(x)) =+/x.
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Cumulative functions T(x) Optimal map
1
Vx
x x
1
(c) Expanding the squared displacement gives
1
1 4 1 1
2 2
= —_ d = = -4 - = —,
W (a, ) /O(x Vx)? dx 3 5%t5° 735

The quantile formula gives the same integral, with the probability variable r in place of x.

Exercise 11 (Cumulative functions).
Let a be a probability measure on R and let its cumulative distribution function be

Calx) = a((—o0, x]), x €R.
Consider the pushforward by C,, namely (C,)sa.

(1) Assume « is atomless (equivalently, C, is continuous). This includes, but is not restricted to,
measures with a Lebesgue density. Prove that

(C(X)#a = (LI[OI 1]
In your proof, clearly point out where the continuity assumption is used.
(2) What happens if « is purely discrete, say a@ = }; pi 6y, with };p; = land x1 < xp < ---?
Describe the law of C,(X) for X ~ a, and show that for all f € [0, 1],
P(Ca(X) <t) <t,
with equality at the jump values of C,.
Useful hints

(1) If U is uniform on (0, 1), then C;'(U) has law a. Use continuity to evaluate C,(C;'(1)).

(2) At x; the cumulative is the partial sum s; = }};; pj. Sum exactly those masses with s; < t.

Detailed solution

(1) Write F = C, and Q(u) = inf{x : F(x) > u} for 0 < u < 1. For U ~ U(0, 1), the equivalence
Q(U) <x < U < F(x) proves Q(U) ~ a. Continuity of F gives F(Q(u)) = u for0 < u < 1, even
when F has flat intervals. Consequently F(Q(U)) = U almost surely, so Fga = U[0, 1].

Continuity excludes jumps, not flat intervals. It is equivalent to absence of atoms, not to existence
of a density; a singular atomless law also satisfies the conclusion. Endpoints # = 0, 1 are null events
and need no finite quantile convention.

(2) At the ordered atoms, F(x;) = s;, so

Fra = pids,  PBE(X)<t)= Y pi<t.

iis;<t
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For a finite initial segment the sum equals its last partial sum; for an infinite one take a limit.
Equality holds at t = s; (and at 0,1). Thus the image measure is discrete: it puts mass p; at the
cumulative mass s;, independently of the locations x;. It is not uniform. Its cumulative lies below
the uniform cumulative, a property often called super-uniformity.

How far is this law from uniform? Put so = 0 and H(¢) = P(F(X) < t). On each interval [s;_1, s;),
H(t) = si-1,50

sup |H(t) —t| = suppz, Wi (Fga, U[0,1]) Zpl

0<t<1

The first quantity is the Kolmogorov-Smirnov distance. For the second, the increasing map from a
uniform variable sends (s;-1, s;] to s;; its cost on that interval is /:ll(s,‘ —r)dr = pl.2/2.

For example, take n > 2 equispaced points x; = (i —1)/(n — 1) in [0, 1], each with mass 1/n. Then

1 v 1 v
a=_ Z O(i=1)/(n-1) Fya = - Z Oi/n-
i=1 i=1

The image law is uniform on the finite grid {1/n,2/n,...,1}. Its Kolmogorov-Smirnov distance
to U[0,1] is 1/n, and its ‘W distance is 1/(2n). It therefore converges weakly to the continuous
uniform law, although each image measure is purely atomic.

Exercise 12 (Pushforward of a uniform law by a nonlinear map).
Let @ = U[-1,1] and consider themap T : R — R, T(x) = x2.

(1) Compute the law = Tya, i.e. find its density with respect to Lebesgue measure.
(2) Check that this density integrates to 1 over its support.
(3) Sketch the graph of the density and comment on its behaviour near 0 and 1.

Useful hints

(1) Compute P(X? < y) before differentiating, or add the contributions from +/y.
(2) Use the antiderivative +/y.

(3) Distinguish an integrable density singularity from an atom.

Detailed solution
(1) Let X ~ U[-1,1] with density pa(x) = 2 on [-1,1]. Define Y = T(X) = X?. Then Y takes
values in [0, 1]. For y € (0, 1), the preimage under T is {+4/y/}. By the standard change-of-variable
formula for densities,

_ palx)

x:x2=y

Here T'(x) = 2x, so |T’(++/y)| = 24/y. Each preimage contributes

pa(xVy) 12 1
TPl 2v7  4VT

Summing over *4/y,
1

P R T

y €(0,1].

Thus

pp(y) = \/— fory € (0,1], pp(y) =0 otherwise.

10
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(2) Check normalization:

|
/0 ﬁdyz[\/ﬂé:l-

So pg is a valid density. Equivalently, its cumulative on [0, 1] is Cg(y) = /y.

(3) The density diverges like 1/(24/y) as y | 0, because the squaring map compresses lengths
near the origin and both branches contribute. This is an integrable singularity, not an atom:
B({0}) = a({0}) = 0. The density decreases to 1/2 at y = 1.

Source density p, Map T(x) = x? Target density pg
1
1
2
1/2 :
2
x X Y
-1 0 1 -1 0 1 0 1

Further exercises

Exercise 13 (Radial symmetry).

Let a, B € P2(RY) be invariant under all orthogonal maps, and assume « is absolutely continuous.
Define the radial cumulative function Fy(r) = u({x : [|x|| < r}), 2 0, and its generalized inverse
forO<u <1

(i) Show that the unique quadratic optimal map commutes with orthogonal maps: QoToQ™! =T
a-a.e. Show that it has a radial representative T(x) = £(||x||)x/||x|| for a-a.e. x # 0, with ¢
nonnegative and nondecreasing on the relevant radii.

(ii) Prove t(r) = Fgl(Fa(r)) for almost every source radius. Does Fg(t(r)) = F,(r) still hold if g
has an atom on a sphere?

(iii) Specialize to uniform laws on balls of positive radii Ry, Rg. Give the map and its squared
cost.
Useful hints
(i) Conjugate an optimal map by Q and use uniqueness. To avoid choosing exceptional sets for
all Q simultaneously, construct a radial optimizer directly using ||x — y|| > [|[x|| = [lyl|-

(ii) Apply one-dimensional increasing rearrangement to the laws of the radii. The target radial
cumulative may have jumps.

See . . . d 2 . N
o . .
(iii) The source radial cumulative is (r/R,)*. Compute E||X||* in polar coordinates

Detailed solution

(i) Orthogonal invariance of the marginals and cost makes Q o T o Q~! another optimizer. Brenier
uniqueness gives the stated equality for each fixed Q.

For a direct construction, let R = || X|| for X ~ a. Its law is atomless. By radial invariance, X = RU
where U is uniform on the unit sphere and independent of R (in dimension one the sphere consists

11
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of {-1,1}). Putt = Fﬁ‘1 o F,. Then t(R) has the target radial law, and #(R)U has law g, including

any target mass at the origin.

Every coupling of a, § induces a coupling of their radii and satisfies

/IIx—y||2dn2/|||x||—||}/|||2dnz/Ir—t(r)lzd(ll-ll#a)(r)-

The constructed map attains both inequalities. It is therefore the unique optimal map, with the
claimed radial form. Its radial profile is nonnegative and nondecreasing. The value at x = 0 may
be set arbitrarily since a({0}) = 0.

(ii) The preceding construction proves the quantile formula. More precisely, for u = F,(r) € (0, 1),

Fg(t(r)") < u < Fp(t(r)).

Equality on the right requires continuity at the target radius and is false in general: if § is uniform
on the unit sphere, then ¢(r) = 1 for almost every source radius, while Fg(1) = 1. Mass conservation
means t(|| - [[#) = || - ||#B, not a pointwise equality of cumulative functions at jumps.
(iii) For uniform balls, matching (r/R,)? with (t/Rﬁ)d gives T(x) = (Rg/Rqa)x. Since E|IX|?> =
dR2/(d +2),
d
2 _ 2

W2 ((X,ﬁ) = m(Ra - R‘B) .

This also follows directly because a positive dilation is the gradient of a convex quadratic.
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