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Abstract

Modern machine learning repeatedly manipulates probability measures: empirical datasets, gener-
ated samples, latent distributions, class-conditional laws, particle systems, weights of wide networks
and attention patterns. Optimal transport is useful in this setting because it compares such objects by
asking how mass should move. It therefore combines a statistically meaningful notion of discrepancy
with a geometry of interpolation, dual certificates and variational dynamics. This makes OT a common
language for losses, generative modeling, domain adaptation, robust learning, barycenters, gradient
flows and mean-field descriptions of learning algorithms.

This book presents the main OT techniques with these machine-learning uses in mind. It starts

from finite assighment and the Monge map viewpoint, passes to Kantorovich couplings and dual
potentials, and then explains the algorithmic ideas that make transport usable: linear programming,
semi-discrete cells, Sinkhorn scaling and low-dimensional projections. The same objects are then
reused as a geometry of measures, giving Wasserstein distances, barycenters, gradient flows, dynamic
formulations and Gaussian/Bures formulas. The final chapters emphasize the variants most relevant
to modern ML: divergences and adversarial losses, entropic and unbalanced relaxations, robust or
spectral ground geometries, Gromov and quantum extensions, and transport-based views of generative
models, mean-field networks and attention dynamics. The goal is to keep the mathematics explicit
while exposing the computational and geometric intuitions needed to turn OT into a working toolbox
for machine learners.
All material for this book, including the code used to reproduce the figures, is available at gpeyre/ot4ml.
Most computational figures were produced with the Python Optimal Transport (POT) library [90]. The
author warmly thanks the POT team and contributors for their important and sustained effort in making
reliable optimal-transport algorithms available to the community.


http://github.com/gpeyre/ot4ml

ii

Guide to the Literature and Scope

Several books already cover optimal transport from complementary viewpoints. The two-volume
monograph of Rachev and Riischendorf [190, 191] gives a broad probabilistic treatment of mass
transportation and its applications. Villani’s books [225, 226] are the standard references for the modern
mathematical theory, from Kantorovich duality to curvature, concentration and geometric analysis.
Santambrogio’s text [202] offers a concise applied-mathematics route through the same foundations,
with a strong emphasis on PDEs and variational arguments. Ambrosio, Gigli and Savaré [7] develop the
metric-space theory of gradient flows that underlies the dynamical part of the subject.

On the computational side, Peyré and Cuturi [185] provide the reference account of numerical OT,
entropic regularization and applications in data sciences. Galichon’s book [96] explains the economic
and matching-theoretic viewpoint, while the statistical theory of OT is developed in the recent lecture
notes of Chewi, Niles-Weed and Rigollet [62]. Recent surveys complement these books by emphasizing
scalable algorithms and machine-learning applications [131, 168], as well as the role of OT in imaging
and graphics [39]. These references remain the natural places to find exhaustive proofs, historical details
and specialized variants.

The aim here is different and more selective. The book keeps the core mathematics explicit,
but organizes it around the questions that repeatedly arise in machine learning: how to compare
singular empirical measures, how to compute differentiable transport losses, how regularization changes
optimization and statistics, how dual potentials become discriminators, and how transport geometry
produces flows of particles, neurons and tokens. The intended contribution is therefore not a replacement
for the references above, but a compact bridge between rigorous OT and the geometric intuitions needed
to use it in modern ML.
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CHAPTER 1

Optimal Matching between Point Clouds

This opening chapter isolates the simplest form of optimal transport: pairing two finite point
clouds. The stakes are algorithmic and geometric at once: one sees the combinatorial nature of
transport, the special simplicity of the line, and the first hints that convex relaxation will be necessary
in higher dimension. Classical assignment algorithms such as the Hungarian method and auction
methods [136, 26] provide the computational backdrop, while the geometric examples prepare the
Kantorovich relaxation.

1.1 Monge Problem for Discrete Points

This section formulates matching as Monge’s deterministic transport problem on two equally
weighted clouds. The one-dimensional case is a transparent reference case where the optimal map can
be read off by sorting.

Matching Problem Given a cost matrix (Ci,j)ie[[n]],]-e[[m]] and assuming n = m, the optimal assignment
problem aims to find a bijection ¢ within the set Perm(n) of permutations of n elements that solves

l n
min — C; 5(i)- 1.1
o€Perm(n) N 4 i,o(0) ( )
i=1
One could naively evaluate the cost function above using all permutations in the set Perm(n). However,
this set has size n!, which becomes enormous even for small values of n. In general, the optimal ¢ is not

unique.

1D Case In 1D, for convex cost, the matching defines a monotonic map.

Proposition 1.1 (Monotone matching on the line). Assume that the points (x;); and (y;); are pairwise distinct.
If the cost is of the form C; ; = h(x; — y;), where h : R — R* is strictly convex (for example, C; ; = |x; — y;|F for
p > 1), then any optimal o defines a strictly increasing map x; — Yy (and thus is unique), i.e.,

V(i,i"), (xi=xi)Ysi) = Yo(iry) > 0.

Proof. Indeed, if this property is violated, i.e., there exists (i, i") such that (x; — xi")(Vs(i) = Yo(ir)) < 0, then
one can define a permutation G by swapping the match, i.e., 5(i) = 0(i’) and 6(i") = o(i), yielding a
strictly better cost, as proved in the following fact. Let /1 : R — R be strictly convex and let x < x” and
y <y’. Then

hx —y)+h(x" —y") <h(x —y)+ h(x" —y).

We set the gap d := y’ — y > 0 and define for every s € R

h(s)—h(s —d , , ;o ,
D(s) := % and A= h(x—y)+h(x' —y) = h(x—y) - h(x' —y') = dD(x' - y) - D(x - y)).
Because h is strictly convex, D is strictly increasing. Since x —y < x’ — y, monotonicity yields
D(x —y) < D(x’ —y), thatis A > 0. ]

This property extends by continuity to convex (not strictly convex) costs such as |x — y|, but in this
case, the matching is not necessarily unique. For convex costs, the algorithm to compute an optimal
transport is therefore to sort the points, i.e., find some pair of permutations ox, oy such that

Xox(1) S Xox@) < -+ and Yo 1) S Yoy) < - -

and then an optimal match is mapping X, (k) — Yoy (k), i-€., an optimal transport is 0 = oy o 03'. The
total computational cost is thus O(n log(n)), using, for instance, the quicksort algorithm.
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Algorithm 1.1 One-dimensional sorting assignment

Input: Equal-weight point clouds (x;)?_, (3//)}1:1 on R; convex cost h(x — y).
Output: Optimal permutation o.
Sort source and target points: x5, (1) < *++ < Xgy(n), Yoyr() S S Yoy (n)-
Fork=1,...,ndo:

Match Xox (k) with Yoy(k)-
1

Return 0 = oy o oy -

If the distance profile is concave instead of convex, the geometry changes. For costs such as
cp(x,y) = |x —y|P with 0 < p < 1, splitting a displacement into several smaller displacements is
expensive, so optimal matchings tend to create long exchanges rather than the monotone equal-rank
pairing; see Figure 1.1. This is the strictly concave regime studied by Gangbo and McCann [99].

The real line still gives special structure. After sorting all red and blue points together, the ordered
sequence decomposes into maximal alternating chains, and local matching indicators can certify pairs
that must be matched in an optimum. Removing such certified pairs and repeating yields an exact
hierarchical algorithm for the unit-mass balanced assignment problem, with worst-case complexity
O(n?) in the framework of Delon, Salomon and Sobolevski [77]. Very concave costs also motivate
simpler greedy heuristics, studied for instance by Ottolini and Steinerberger [177]. The point is that
these methods are not generic linear-programming solvers; they use the one-dimensional order and the
concavity of the distance profile.

The resulting constructive rule is summarized as Algorithm 1.2.

Algorithm 1.2 Concave line matching by local indicators

Input: Unit-mass source and target points on R; strictly concave distance cost.
Output: Optimal concave-cost matching M.

Sort combined red-blue sequence on the line.

Decompose it into maximal alternating chains.

Initialize: Set M = 0.

While unmatched points remain do:

For each active alternating chain do:
Compute local matching indicators [77].

If an indicator certifies a pair (i, j) then:
Update M «— M U {(i, )}
Remove points i and j.

Recompute only chains affected by removals.

Return M.

Note that if ¢ : R — R is an increasing map, one can apply this technique to costs of the form
h(lp(x) — @(y)|) with a change of variable. A typical application is grayscale histogram equalization.
The empirical cumulative distribution of the luminance values of an image is transported to a prescribed
target histogram, for instance a concentrated or reference-image histogram. In one dimension, the
monotone rearrangement above gives the exact transport map, so the operation is both computationally
simple and geometrically faithful: it matches distributions of intensities rather than individual pixels.
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Monge Problem for Discrete Points
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Figure 1.1: One-dimensional assignments for ordered source and target clouds with costs cy(x, y) = |x — y|P.
The top row uses single-Gaussian source and target clouds; the bottom row uses a denser two-component
source and three-component target. For the convex quadratic cost, equal ranks are matched and the segments
do not cross. For the concave cost, the optimum creates long crossing exchanges; the ordered line remains
useful, but through the alternating-chain structure of concave transport rather than through monotone
rearrangement.

two mixtures one mode to three modes

o e

Figure 1.2: One-dimensional optimal matching by quantile sorting. The red and blue curves are smooth laws
used to generate equal-weight empirical measures; the dots are inverse-CDF samples at common quantile
levels. The monotone assignment connects equal ranks, both for two Gaussian mixtures and for the transport
from one central Gaussian toward a three-mode target law.

t=1/3 t=2/3

N

Figure 1.3: Histogram equalization as one-dimensional Monge transport on pixel intensities. The map is the
monotone rearrangement T = Qg o Fy, using the cumulative and quantile functions defined later in
Definition 2.29; here § is a truncated Gaussian concentrated near dark intensities. The images are interpolated
pointwise by Iy = (1 —£)I + tT(I), and all histograms share the same vertical scale to make the displacement of
intensity mass comparable across time.
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Note that if / is strictly convex, then all optimal assignments are increasing, and if the points are
all distinct, this increasing map is unique. If /1 is not strictly convex, for instance c(x,y) = |x — y|,
non-increasing optimal assignments can also exist. This happens, for example, in the book-shifting
problem with overlapping uniform distributions, where the mass in the intersection can stay fixed.

Optimal transport on the circle. The sorting rule on the line has a periodic analogue. Identify the
circle with S! = R/Z, let

dsi(x,y) = r;{niglx—ynLkl, cp(x,y) :=dsi(x,y), p>1
€

The only extra datum, compared with the line, is where one opens the circle. Once a cut has been chosen,
the circle is unfolded into an interval and the one-dimensional monotone assignment can be used. In the
discrete case, changing the cut is the same as applying a cyclic shift to one of the two circular orderings.

Proposition 1.2 (Discrete circle transport by a cut). Let x1,...,x, and y1, ..., Yy, be two families of distinct
points on St with equal weights. Let x(1y, ..., Xy and Yy, . .., Y denote any fixed cyclic orderings, with the
convention Y(xin) = Yk). For the cost cp, p > 1, an optimal assignment is one of the cyclic shifts

X(k) V= Y(k+s) kelnl, se€{0,...,n-1},

and is found by minimizing
n
dsa (X(0), Ykrs))"
k=1

over the n possible shifts. Equivalently, for an optimal shift one can choose a cut 6 € S'\ ({x;}; U {y;};) so that,
after lifting all points to (8, 0 + 1) and sorting them, the optimal matching is the equal-rank monotone matching
on this interval.

Proof. Call two matched pairs cyclically inverted if the circular order of their source endpoints is opposite
to the circular order of their target endpoints. Among optimal assignments, choose one with the smallest
number of such inversions. The elementary exchange step is the circular analogue of the line argument
in Proposition 1.1: if two matched pairs are inverted, then cutting the circle in a gap which does not
meet the four endpoints and choosing integer lifts realizes the four geodesic distances involved in the
exchange as ordinary distances between two ordered source lifts and two oppositely ordered target
lifts. The one-dimensional Monge inequality for the strictly convex function r + |r|? then shows that
swapping the two targets cannot increase the cost, and decreases it unless the four endpoints are in a
degenerate tie configuration.

Thus an optimal assignment can be chosen with no cyclic inversion. A bijection between two finite
cyclically ordered sets with no cyclic inversion is a rotation of the order, hence a cyclic shift. This
shift specifies how the two cyclic orderings should be opened; after this cut, the rotation becomes an
ordinary linear order and the matching is the equal-rank monotone assignment on the unfolded interval.
Conversely, each cut gives one such cyclic shift, so minimizing over the finitely many shifts gives an
optimal discrete circle assignment. Repeated points or ties are obtained by the same argument after an
arbitrarily small perturbation and a limiting passage. This is the discrete form of the fast circle-Monge
construction of [76]. O

Algorithm 1.3 Circle assignment by cutting

Input: Equal-weight points (x;)!_,, (y; }‘:1 on S1; cost dgl.
Output: Optimal cyclic assighment.
Let x1),..., X(u) and y(1), - . ., Y(n) be the points sorted by increasing angle from a fixed origin.
Fors=0,...,n—1do:
Es = Zio ds (%o Yrs)” s Yikem) = Yoo

Set s* = minargmin,_,_,, Es.
Set Oyt in an empty arc separating two consecutive matched pairs for the shift s*.
Replace every angle by its representative in [Ocyt, Ocut + 277). Return x ) — Y(xis%).
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e A\

circular problem unfolded interval

Figure 1.4: Optimal transport on the circle by cutting and unfolding. The red and blue atoms live on two
copies of the circle; the denser point clouds make the cyclic ordering visible. Purple segments show the
optimal matching and the green radius marks the chosen cut. Once the circle is opened at this angle, the same
matching appears as a monotone one-dimensional assignment on the interval, with the two green endpoints
identified.

c(x,y) =lx -yl c(x,y) = |x - y|? c(x,y) = x—yl®
Figure 1.5: Optimal assignments between the same two point clouds for three powers of the Euclidean
distance. The source atoms are semi-regular samples in a central disk, while the target atoms are semi-regular
samples on a thin annulus; this canonical geometry is reused in later coupling and regularization figures. The
feasible set is unchanged, but increasing p penalizes the longest edges more strongly and changes the global
organization of the permutation.

Rational weights. The strict assignment model is also tied to equal cardinalities and equal weights. As
soon as the target resolution changes or the weights are not uniform, a permutation no longer describes
the feasible transports. One instead needs a nonnegative transport matrix with prescribed row and
column sums, as illustrated in Figure 1.6; this is the finite-dimensional Kantorovich relaxation developed
in Chapter 3.

Proposition 1.3 (Rational weights as duplicated uniform matching). Let

n ) m"op.
yzz;%éxi, V:Z;N]‘SW’ Zk,-:Z@:N,
i= j= i j

with k;, {; € N. The discrete Kantorovich problem between (u, v) is equivalent to the uniform assignment problem
obtained by replacing each x; by k; identical copies and each y; by {; identical copies. More precisely, after
multiplying transport masses by N, optimal couplings correspond to optimal integer count matrices (n;;) with
row sums k; and column sums {;, and these count matrices are exactly the collapsed form of assignments between
the duplicated clouds.

Proof. Any assignment between the duplicated source and target clouds defines integers 1;; counting
how many copied particles of type x; are matched to copied particles of type y;. These counts satisfy
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n=m m<n n=mbutb; #1/n
Figure 1.6: From assignments to transport plans, using the same disk-to-annulus geometry as Figure 1.5. In the
balanced equal-weight case, each source atom is matched to one target atom. With a target cloud that has half
as many atoms, or with strongly nonuniform target weights, the coupling matrix can merge or split mass;
segment thickness and opacity encode its nonzero entries, and blue marker areas encode the prescribed target
masses.

Z]- njj = k; and 3’; n;; = ¢;, and the associated coupling P;; = 1;;/N has marginals k;/N and {;/N. The
assignment cost is
1
N Z nijc(xi, yj) = Z Pije(xi, y;)-
ij i

Conversely, any nonnegative integer count matrix with those row and column sums can be realized by
matching the corresponding duplicated particles. Finally, the transportation constraint matrix is totally
unimodular, so the linear problem with integer supplies and demands has an optimal integer count
matrix. Thus the optimum of the rational-weight Kantorovich problem is the same as the optimum of

the duplicated uniform assignment problem. o
0 ] 0 [ ] ° [ ]
° [ ] ]
. . N o ° e e e ™ ‘. . ) Lo .. °
° o ® . ¢ ‘ e ® & ® ‘ [ o ® y ° ¢
. e o « * ‘ . L e & ¢ . o o [ o ¢
° ° ° 9/ o ° o o (J
¢ o * < (] ‘ ¢ ¢ L N . : o ® [ ] K L] °
° o ° ® L] ®
L] [ ] L]
kl‘=€]‘=1 ki,fje{l,Z} ki,fj€{1,2,3}

Figure 1.7: Rational weights as duplicated uniform matchings, using the same disk-to-annulus geometry as
Figure 1.6 with fewer displayed atoms. The red and blue locations are kept fixed, while disk areas encode the
integer multiplicities k; and ¢;. Solving the assignment problem after duplicating particles produces several
collapsed segments attached to high-multiplicity atoms; this is the integer count matrix of Proposition 1.3.

2D case. This efficient strategy to compute the OT in 1-D does not extend to higher dimensions. In 2-D,
as already noted by Monge, one has the following property.

Proposition 1.4 (Non-crossing optimal matchings). In dimension 2, for c(x,y) = |x — yl, if o is an optimal
assignment, then segments [x;, y ()] cannot cross.

Proof. If two segments [x;, Yo(;)] and [x}, Y4(j)] cross at an interior point z, then the triangle inequality
gives
lxi = Yol + 1% = Yol < lxi = Yol + 1xj = yo(pll-
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The assignment obtained by swapping (o(i), o(j)) therefore has a strictly smaller cost, which contradicts
optimality. ]

This property alone is, however, not enough to lead to an efficient algorithm. Non-crossing is only a
necessary local test, not a compact certificate of optimality. For instance, if #n sources and n targets are
placed alternately on the boundary of a convex polygon, the number of non-crossing perfect matchings
is the Catalan number

1 (2n 4"
"Tun+1\n rnd/2’
Remark 1.5 (Catalan count of alternating non-crossing matchings). The count follows from the standard Catalan
recurrence. Fix one red vertex r. In a non-crossing perfect matching, if r is matched to a blue vertex b, the chord
[r, b] splits the polygon into two smaller polygons. Since the boundary colors alternate, each side contains the
same number of red and blue vertices. If one side contains k red and k blue vertices, the other contains n —1 — k

red and n — 1 — k blue vertices. Non-crossing matchings on the two sides are independent, because no segment
can cross the chord [r, b]. Thus, denoting by M, the number of such matchings, one has

n-1
Mo=1,  My= ) MM, j_g.
k=0

This recurrence characterizes the Catalan numbers, hence M;, = C,,.

Thus even after forbidding crossings, an exhaustive search remains exponential. The two-segment
swap in the proof above is nevertheless useful: it explains why a crossing matching cannot be optimal,
but it does not select among the exponentially many planar matchings that survive this local test.

1.2 Matching Algorithms

This section briefly locates matching within classical combinatorial optimization. Its main point
is that efficient algorithms exist, but their cleanest analysis is obtained only after introducing the
linear-programming viewpoint.

Efficient algorithms exist to solve the optimal matching problem. The most well-known are the
Hungarian method and auction algorithms [136, 25, 26]. Auction algorithms use prices on the target
points: each source bids for the target with largest reduced profit, the target price is increased, and
the process terminates when the e-complementary slackness conditions are satisfied. For integer costs,
choosing ¢ < 1/n gives an exact optimum after a finite number of bids [26]. Section 4.2 revisits this
algorithm after Kantorovich duality and explains why it is a dual price method, parallel in spirit to
Sinkhorn scaling.

Hungarian primal-dual method. The Hungarian method is best understood as a certificate-building
algorithm for the assignment linear program. It maintains a partial matching M and dual prices (u;, v;)
satisfying

Ui +0j SC,',]' Vi,j.

The equality graph E(u,v) = {(i,j) : u; + v; = C; ;j} contains the edges whose reduced cost is zero.
The algorithm only augments M along alternating paths made of equality edges. Starting from an
unmatched source, it grows an alternating tree with source set S and target set T. If the tree reaches an
unmatched target, the matching is augmented along the path. If no such edge exists, the dual variables
are shifted by the smallest slack

5= min (Ci;—u; —v;), —u+5(€S), —v—5(eT).
Z.Erg}ljr;T( ij = Ui = 0j) Uj < U; (i€f) Uj < 0j (j )

This update preserves all inequalities u; + v; < C; j, keeps the current alternating tree tight, and creates
at least one new equality edge leaving 5. Maintaining these slacks incrementally gives the standard
O(n®) implementation for an 1 X n assignment problem. Algorithm 1.4 summarizes the primal-dual
loop. Figure 1.8 displays actual iterates by showing only the evolving partial assignment: unmatched
rows are shown as flat rows to keep a fixed matrix format, and matched rows are shown as one-hot rows.
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Algorithm 1.4 Hungarian primal-dual augmentation

Input: Square cost matrix C € R"™".
Output: Minimum-cost perfect matching M.
Initialize: Set u; = min; C;; and v; = 0.
Set M = 0.
While M is not perfect do:
Build equality graph: E(u,v) = {(i,j) : u; + v; = C; j}.
Set root ig = min{i : i is unmatched in M }.
Set reached sets S = {ig} and T = 0; clear parent pointers.
While T contains no unmatched target do:
If Ne(S)\ T = 0 then:
Compute 6 = minjes, ng(Ci,/‘ —Uj — Z)]‘).
Update u; < u; + 6 fori € Sand v; «~v; -6 forjeT.
Refresh equality graph E(u, v).
Set] = Ne(S)\T.
For each j € | in increasing order do:
Add j to T and set parent row p(j) = min{i € S: (i,j) € E(u,v)}.
If j is matched to i’ in M thenset S « S U {i’} and q(i") = j.
Set jo = min{j € T : jis unmatched in M}.
Set j = jo.
While j is defined do:
Seti = p(j).
Set M — M U{(i,})}.
Set jola = q(7).
If jo1q is defined then set M «— M \ {(i, joia)}- Setj = joid.

Return M.

Proposition 1.6 (Correctness and complexity of the Hungarian primal-dual method). Assume the
Hungarian method terminates with a perfect matching o contained in the equality graph

E(u,v) = {(i,j); ui +vj=Ci;},

where (u,v) is dual feasible, i.e. u; +v; < C; j for all (i, j). Then o is an optimal assignment. Moreover, the usual
Hungarian updates terminate after finitely many augmentations. With maintained slacks, the method uses O(n®)
arithmetic operations.

Proof. For any permutation 7, dual feasibility gives

Z Ci,T(i) = Z(ui + UT(i)) = Z ui+ Z vj-
7 i j

i

This is the weak duality lower bound. If ¢ is contained in the equality graph, then

Z Cioli) = Z u; + Z vj,
z‘ 7

i

so the primal cost of ¢ reaches the dual lower bound and is optimal.

It remains tojustify finite termination and the complexity bound. Ateach successful augmentation, the
matching cardinality increases by one, so there are at most n augmentations. During one augmentation
phase, the algorithm grows an alternating tree in the equality graph. If no augmenting path is available,
the dual update uses the smallest slack of an edge leaving the current tree. For edges inside the tree,
adding 6 to source labels and subtracting 6 from target labels preserves tightness; for edges from S to T¢,
the definition of 0 preserves feasibility and makes at least one new edge tight; all other inequalities are
unchanged or become looser. Thus the reachable sets strictly grow between two failed augmentation
attempts, and they can grow at most n times within one phase. If the current slacks min;es(C; ; — u; — v;)
are updated when a source enters S, each tree expansion costs O(11). A phase therefore costs O(n?), and
the n phases give O(n®) operations. Hence the method reaches a perfect optimal matching. O
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"

initial 2 aug. 4 aug. 6 aug. final

Figure 1.8: Matrix view of actual Hungarian primal-dual iterates on a diagonally dominant ordered
one-dimensional squared-distance assignment. Each panel records the current partial assignment state:
unassigned rows are kept flat, while assigned rows are one-hot. The snapshots are taken at initialization and
after two, four, six and eight augmentations; for this pedagogical instance the partial assignments grow along
the diagonal, and the final matrix is the identity assignment certified by complementary slackness.
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CHAPTER 2

Monge Problem between Measures

The goal of this chapter is to pass from finite matching to transport between arbitrary probability
laws. The central stakes are to define measures, push-forwards and Monge maps carefully enough that
the discrete picture survives, while exposing why deterministic maps can fail to exist. Monge’s original
formulation [167] and modern treatments [225, 226, 202, 190] are the conceptual background for this
transition.

The presentation of the previous chapter could only handle two sets with the same number of points.
To relax this to a more general setting, one needs to consider probability distributions, so that the points
are weighted by masses.

2.1 Measures

Measures are the language that lets point clouds, densities and singular objects be handled uniformly.
We only recall the facts needed later: integration, total variation, densities and probabilistic laws.

Histograms The finite-dimensional model for a probability law is a nonnegative vector with unit total
mass.

Definition 2.1 (Probability simplex). The probability simplex of length 7 is

n
T, = {aeRﬁ;Zaizl}.

i=1

Its elements are also called probability vectors or histograms.

Discrete measure, empirical measure Probability vectors become measures once their masses are
attached to locations.

Definition 2.2 (Discrete measure). A discrete measure with weights a and locations x1, ..., x, € X is

n

o= Z CH 2.1)

i=1

where 0, is the Dirac mass at position x. It is a probability measure if a € X,;, and a positive measure
if all weights a; are nonnegative.

The Dirac mass should be thought of as a unit of mass infinitely concentrated at one location. An
“empirical” probability distribution is uniform on a point cloud, i.e. @ = 1 3, ;.. In practice, in many
applications, it is useful to be able to manipulate both the positions x; (“Lagrangian” discretization) and
the weights a; (“Eulerian” discretization). Lagrangian modification is usually more powerful (because it
leads to adaptive discretization) but it breaks the convexity of most problems.

General measures We consider Borel measures a € M(X) on a metric space (X, d), meaning that a(A)
is defined for every Borel set A (obtained from open sets by countable unions, countable intersections
and complements). Unless otherwise stated, the measures are finite. A Dirac measure 0, is then defined
as 0x(A) = 1if x € A and 0 otherwise, and this extends by linearity for discrete measures of the form (2.1)

as
a(A) = Z a;

x;€A
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We denote M. (X) the subset of all positive measures on X, i.e. a(A) > 0 (and a(X) < +oo for the measure
to be finite). The set of probability measures is denoted M. (X), which means that any « € ML(X) is
positive, and that a(X) = 1.

Polish metric spaces. Many measure-theoretic statements used later require a mild regularity assump-
tion on the underlying space. The point is not to restrict applications, since Euclidean spaces, complete
separable manifolds and separable Hilbert spaces are covered, but to exclude pathological measurable
spaces where disintegration, tightness or weak convergence can fail to behave properly.

Definition 2.3 (Polish metric space). A metric space (X, d) is Polish if it is complete and separable:
every Cauchy sequence converges in X, and X contains a countable dense subset. More generally, a
topological space is called Polish if its topology can be induced by some complete separable metric.

Polish spaces are the natural ambient category for probability measures. Borel probability measures on
them are regular, tightness gives compactness criteria, regular conditional probabilities and disintegra-
tions exist under standard assumptions, and Wasserstein spaces remain Polish; see Proposition 3.46.

Definition 2.4 (Support of a measure). The support supp(a) of a Borel measure & on a metric space
X is the smallest closed set of full @#-mass. Equivalently, x € supp(«) if every open ball centered at x
has positive a-mass.

Radon measures Using Lebesgue integration, a Borel measure can be used to compute the integral of
measurable functions (i.e. such that level sets {x ; f(x) < t} are Borel sets), and we denote this pairing
as

(f, @) = / f(x)da(x).

Integration of such a measurable f against a discrete measure & computes a sum

n

[ foa =Yg

i=1

This applies in particular to continuous test functions, which are Borel measurable. Integration
against a finite measure on a compact space thus defines a continuous linear form f +— f fda on the

Banach space of continuous functions (C(X), | - |«), indeed | / fda| < | fllelal(X). On compact spaces,
the converse is true: every continuous linear form on C(X) is represented by integration against a
finite signed Radon measure. This is the Riesz—-Markov-Kakutani representation theorem [197, 35]. It
identifies M(X) with the Banach dual of C(X), and this duality pairing (f, a) will be crucial for the
convex duality arguments used later.

Relative densities. Many formulas below compare measures through densities with respect to a
reference measure.

Definition 2.5 (Relative density). If a is absolutely continuous with respect to a reference measure A,
its relative density is the Radon-Nikodym derivative

da

oh= o da(x) = pa(x)dA(x).

Equivalently, for all i € C(X),

/h(x)dac(x):/h(x)pa(x)d/\(x).
X X

On RY the reference A is often Lebesgue measure dx.
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Total variation norm. The norm inherited from the duality M(X) = C(X)" is the total variation norm.
We use the notation

Definition 2.6 (Total variation). For a finite signed Radon measure o on a compact space X,

lalrv = sup {{f, a); Iflw < 1}.
fec(x)

This formula is useful because it computes the norm of a measure as the operator norm of the
corresponding linear form on C(X).

The same norm also has a direct measure-theoretic expression. The absolute value of a signed
measure is

jal(4) = sup ) |a(B))],

A=U;B;

where the supremum is over finite or countable measurable partitions of A. Thus, if a = }}; a;0y, with
distinct atoms, |a| = 3; [a;|0y;; if da(x) = p(x)dA(x), then d|a|(x) = |p(x)[dA(x).

Proposition 2.7 (Dual and measure definitions of total variation). For a finite signed Radon measure a on a
compact space X,

lalty = lal(X).

Consequently (M(X), | - |1v) is isometrically the Banach dual of (C(X), || - |c)-

Proof. The inequality |a|tv < |a|(X) follows from

fre

For the reverse inequality, write the Jordan decomposition @ = a* — a~, so that |a| = a* + a”. The
measurable sign s = % takes values in {-1,1} outside a |a|-null set and satisfies da = s d|a|. By
regularity of Radon measures on compact spaces, s can be approximated in L!(Ja|) by continuous
functions fx with |fx|w < 1. Hence / frda — / sda = |a|(X), which proves the equality. The final

statement is the Riesz-Markov-Kakutani representation theorem with this norm. O

< / fldlal < IflelalX).

For two absolutely continuous measures da = p,dA and df = pgdA, this gives the concrete formula

la — Blry = /X 1pa(x) — ps (0] dA ).

For two discrete measures written on the same union of supports, a = 3, ax0,, and g = 3}, bx0,,, with
missing coefficients set to zero,

lor = Blrv = > lag = bil.
k

Probabilistic interpretation. Radon probability measures represent the laws of random variables. A
random variable with values in X is a measurable map X : {2 — X from an abstract probability space
(Q, P). Its law is the Radon probability measure a defined by

a(A) =P{{w € Q; X(w) € A}) for Borel sets A C X.

Integrals with respect to this law are expectations:

/X £(x) da(x) = E[F(X)].
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2.2 Push Forward

Push-forwards encode how maps move mass. This short section is the bridge between deterministic
maps and linear operations on measures.

For some continuous map T : X — Y, we define the pushforward operator Ty : M(X) — M(Y).
For a Dirac mass, one has Ty6, = 07(x), and this formula is extended to arbitrary measures by linearity.
In some sense, moving from T to Ty is a way to linearize any map at the price of moving from a
(possibly) finite-dimensional space X to the infinite-dimensional space M(X), and this idea is central to
many convex relaxation methods, most notably Lasserre’s relaxation. For discrete measures (2.1), the
pushforward operation consists simply in moving the positions of all the points in the support of the

measure
Ty = Z a;07(x;)-

1

For more general measures, for instance for those with a density, the notion of push-forward plays a
fundamental role in describing spatial modifications of probability measures. The formal definition
reads as follows.

Definition 2.8 (Push-forward). For T : X — Y, the push forward measure = Ty € M(Y) of some
a € M(KX) satisfies

viec), [ nwdpw = [ mredat). @2
Y X
Equivalently, for any measurable set B C Y, one has
B(B) = a({x € X ; T(x) € B}). (2.3)

Note that T preserves positivity and total mass, so that if a € MUL(X) then Tya € MLY).

Remark 2.9 (Pullback and push-forward). If T : X — Y is continuous, the pullback by T is the linear operator
TH.CW) > CWX), Thg=goT.

The definition of the push-forward is exactly the dual relation between this pullback on functions and the action
of Tﬁ on measures:

[ hstodue = [ s
X Y
In pairing notation,

ﬁ —
<T g/#>c(X),M(X) = (s Tyt >C<M),M(y>'

Thus push-forward is the adjoint operation to pullback, with the direction reversed. The two arrows should not
be confused: Ty transports mass from X to Y/, whereas T# transports test functions from Y back to X.

Proposition 2.10 (Push-forward formula for densities). Let a and f have densities p, and pg on open subsets
of RY. Assume that T is a C* diffeomorphism and that B = Tya. Then, for all x,

pa(x) = [ det(T"(x))pp(T (x)). (2.4)

Equivalently, for y = T(x),
1

— -1 T o1
pp(y) = pa(T™y) | det(T"(T-1y))|’

Proof. Explicitly doing the change of variable y = T(x), so that dy = | det(T’(x))|dx in formula (2.2) for
measures with densities (pq, pg) on R?, one has for all 1 € C(¥)

/y h(y)pp(y)dy = /y h(y)dp(y) = /X h(T(x))da(x) = /X h(T(x))pa(x)dx

- dy
= [ BWpaTy) =,
/y (¥)pal y)|det(T’(T‘1y))|
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which shows that ,

| det(T(T-1y))I’

Since T is a diffeomorphism, one obtains equivalently

pa(x) = | det(T"(x))|pp(T (x))

pp(y) = pa(T'y)

where T’(x) € R is the Jacobian matrix of T (the matrix formed by taking the gradient of each
coordinate of T'). This implies, denoting y = T(x)

pa(x)

| det(T"(x))| = 05)

O

Remark 2.11 (Probabilistic interpretation). The law, i.e. probability distribution, of a random variable X is
the push-forward of P by X, namely a = XyP. Applying another push-forward § = Tya for T : X — Y,
following (2.2), is equivalent to defining another random variable Y = T(X), namely w € Q — T(X(w)) € Y.
Thus g is the law of Y. Drawing a random sample y from Y is thus simply achieved by computing y = T(x) where
x is drawn from X.

2.3 Monge’s Formulation

Monge’s problem asks for a deterministic map transporting one law onto another while minimizing
a prescribed cost. This is the original formulation introduced by Monge in his memoir on the “déblai et
remblai” problem [167]. It is geometrically direct, because every source point is assigned one destination,
but it is also analytically fragile: the feasible set is non-convex, it can be empty, and a map cannot split
mass. These limitations are precisely what motivate Kantorovich’s relaxation in the next section.

Monge problem. Given a € Mi(X), p € ML(Y)and a cost ¢ : X X Y — R,, the Monge problem is

M(a,B) = T:)i(rlf)y {/X c(x, T(x))da(x) ; Tya = ﬁ} . (2.5)

The constraint Ty =  means that T pushes the mass of @ onto f8 in the sense of Definition 2.8.

Proposition 2.12 (Empirical Monge maps and matchings). Assume that the source atoms x1, ..., x, are

distinct and that
1 v 1 v
az;z:léx"' ﬁz;zléyj'
i= j=

If Ty = B, then for each distinct target value z in the support of B, exactly np({z}) source atoms are mapped to z.
In particular, if the y; are distinct, then there exists a permutation o € Perm(n) such that T(x;) = yq(;) for all i.
Conversely, every such assignment of source atoms to target atoms with the correct masses defines a feasible Monge
map on the support of a, and in the distinct-target case

n

[ et T@ndae = 1 et o)

i=1

If source locations are repeated, they should first be merged into atoms with larger masses; such atoms cannot be
split by a Monge map.

Proof. Since Ty = B, all images T(x;) must belong to the support of ; otherwise the push-forward
would give positive mass to a point outside that support. For any target atom z,

BN = a(T (=) = #{i; T(xi) = 2).

This proves the counting statement. If all target atoms have mass 1/#, each target receives exactly one
source atom, which is a permutation. The converse and the cost identity follow by direct substitution. O
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Proposition 2.13 (Existence of transport maps from atomless sources). Let a and f be Borel probability
measures on Polish spaces, and assume that « is atomless. Then there exists a measurable map T such that Tya = B.

Proof. A standard measure-isomorphism theorem identifies the atomless probability space generated by
a with Lebesgue measure on [0, 1], modulo null sets [35]. It is therefore enough to construct a map from
[0, 1] to the target law . Choose a Borel isomorphism i from the support of  onto a Borel subset of
[0,1], set v = iyf, and use the generalized inverse of the cumulative distribution function of v. This map
sends Lebesgue measure on [0, 1] to v and takes values in i(supp ) almost surely. Composing with i !
and then with the source isomorphism gives a measurable transport map from «a to f8. |

Remark 2.14 (Feasibility versus optimality). An optimal map solving (2.5) might fail to exist for two distinct
reasons. First, the constraint set can be empty, for instance if @ = 6, and f is not a single Dirac mass.
Proposition 2.13 shows that non-atomicity of the source removes this feasibility obstruction. Second, even when
feasible maps exist, the infimum may fail to be attained because the class of maps is not closed under weak limits.

Example 2.15 (A splitting obstruction). A classical example, discussed for instance in [202], takes a uniform
on a vertical segment and f equal to the average of the uniform measures on two parallel vertical segments
placed symmetrically to the left and to the right. For the quadratic cost, the relaxed Kantorovich optimizer splits
each source point into its two symmetric targets. A deterministic Monge map cannot split one point into two
destinations, so minimizing sequences must oscillate between the two sides and the Monge problem has no
optimizer.

Example 2.16 (Semi-discrete Monge maps). The Monge formulation is not symmetric in a and . It makes
sense, for instance, when & has a density with respect to Lebesgue measure and  is discrete. On X = Y = R?,
%et B =X bjoy; be supported on {y1,...,ym}. Amap T such that Tya = B defines a segmentation of the space
into cells
Cj= T_l(y/'), a(C/') =bj.

This is the semi-discrete setting. Chapter 5 explains how the cells become Laguerre cells for prescribed masses
and ordinary Voronoi cells when the masses are free. If one exchanges the roles of a and f so that « is discrete,
then no valid T exists in general: it is not possible to push forward a discrete measure to a measure with density.

Figure 2.1 shows a finite-dimensional instance of this deterministic viewpoint. The source and target
measures are empirical color clouds in RGB space, and the map transports colors while leaving pixel
positions fixed. Grayscale equalization is one-dimensional, but transferring a full color palette requires
transporting empirical measures in a three-dimensional color space, for instance RGB or Lab. Early
color-transfer methods used affine statistics or iterated one-dimensional projections [193, 188]; replacing
these projections by a genuine three-dimensional OT map gives a more intrinsic way to match palettes
while preserving their geometry [189].

source t=1/
&

- et
B G 2¥ 2 ¥
oo ® 3o t = L V) t »°

.’ .u

Figure 2.1: Color transfer as a Monge map in RGB space, from a beach photograph to a flower photograph.
The top row applies the palette map to the source image; the bottom row shows the empirical color clouds in
the RGB cube. Only colors are transported here, not pixel locations.
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Monge distance. When X =Y and ¢(x, y) = d(x, y)? for a metric d, set

Eq(T) :=/d(x,T(x))pda(x).
X
The Monge value defines the directed quantity
w V= inf {&4(T); Tya =p}. 2.6
pla, By = _inf {&a(T); Ta = p} (2.6)

If the constraint set is empty, then W, (a, ) = +o0.

Proposition 2.17 (Directed Monge distance). Assume that X = Y is a metric space. The quantity W p is
nonnegative, vanishes only on the diagonal, and satisfies the triangle inequality. It is therefore a directed extended
distance: it need not be symmetric and may take the value +oo.

Proof. Nonnegativity is immediate. If W »(a, B) = 0, choose feasible maps Ty with / d(x, Te(x))Pda(x) —
0. For every bounded 1-Lipschitz function h,

/hdﬁ—/hdoc

Since bounded Lipschitz functions separate probability measures on metric spaces, @ = f8.

We prove the triangle inequality. If "Wp(oz, B) = +oo while both W p(a,y)and W p»(y, B) were finite,
there would be maps Sya = y and Tyy = 8, hence (T o S)ya = f, a contradiction. Thus the inequality is
automatic whenever the left-hand side is infinite. In the finite case, fix ¢ > 0 and choose e-minimizers
Sga = y and Tyy = B such that

1/p

< (/ d(x, Tx(x))P da(x) — 0.

- ‘ / H(T(x) - h(x)dax)

E (VP < ”Wp(a,y) + ¢, Sy(T)l/p < ’Wp()/,ﬁ) + €.

The composed map is feasible from « to §, and Minkowski’s inequality gives

. 1/p
Woy(a,p) < (/ d(x,T(S(x)))”da(x))
1/ 1/
< (/ d(x,S(x))pda(x)) ' + (/ d(S(x), T(S(x)))’ dar(x) '
= EL(SVP + E(T)P < Wy(a,y) + Wy(y, ) + 2e.
Letting ¢ — 0 gives the result. ]

The directed value (Wp is useful conceptually, but it is too rigid to be the main distance between
measures: it can be infinite and asymmetric. The Kantorovich formulation remedies both issues by
replacing maps with couplings.

2.4 Existence and Uniqueness of the Monge Map

This section records the main regimes where Monge’s deterministic formulation becomes well posed.
Brenier’s theorem is the central result: for the squared Euclidean cost, absolute continuity of the source
restores existence, uniqueness and convex-potential structure.

Brenier’s theorem. Brenier’s theorem [43, 44] ensures that, in R? for the quadratic cost, absolute
continuity of the source is enough for Monge’s problem to have a unique solution. It also gives the
decisive structural description of this solution: the optimal map is not an arbitrary map, but the gradient
of a convex potential.

Theorem 2.18 (Brenier). Let a,f € ML(R) have finite second moments, and assume that « is absolutely
continuous with respect to Lebesgue measure. For the quadratic cost c(x,y) = |x — y||, there exists a convex
function ¢ : RY — R U {+oo} such that

T=Vop, Tﬁa =B,

and T is the unique optimal Monge map a-almost everywhere. The optimal Kantorovich plan is (Id, T )ya.
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Proof. The proof uses the Kantorovich relaxation and duality developed later in Chapter 4. Kantorovich
duality for the quadratic cost gives optimal potentials (f, ¢) with equality f(x) + g(y) = |x — y|? on the
support of any optimal plan. After subtracting the harmless quadratic terms, this equality is equivalent
to the Fenchel equality ¢(x) + ¢*(y) = (x, y) for a convex function ¢. Hence the support of every
optimal plan lies in the graph of the subdifferential d¢. Since & has a density and convex functions
are differentiable Lebesgue-almost everywhere, d@(x) is a singleton for a-almost every x. The plan is
therefore concentrated on the graph of T = V¢, which proves that the relaxed optimizer is induced
by a Monge map. Any two optimal plans are concentrated on the same single-valued graph a-almost
everywhere, which gives uniqueness of the map. This is the standard route behind Brenier’s polar
factorization theorem; related existence and uniqueness results for more general strictly convex costs are
developed for instance in [99, 48, 226]. O

Definition 2.19 (Measures not charging hypersurfaces). A Borel measure a on R? does not charge
hypersurfaces if @(S) = 0 for every countably (d — 1)-rectifiable set S, i.e. every set that can be covered,
up to an H* -null set, by countably many C! hypersurfaces.

Remark 2.20 (A sharp source hypothesis). The absolute-continuity assumption in Brenier’s theorem can be
weakened: for the quadratic cost, it is enough that a does not charge hypersurfaces [99, 226, 202]. The reason is
that the set where a convex potential has a genuinely multi-valued subdifferential is contained in a countable
union of lower-dimensional pieces. This condition is close to sharp. If the source gives positive mass to a segment
or a hypersurface, the subdifferential may be multi-valued on a set of positive a-mass, and the optimal relaxed
plan may need to split mass, as in Example 2.15.

Remark 2.21 (Beyond the quadratic Euclidean cost). Brenier’s theorem is the cleanest statement because the
squared Euclidean cost turns optimal maps into gradients of convex functions. For costs c(x, y) = |x — y[|P with
p > 1, or more generally costs c¢(x,y) = h(x — y) with i smooth and strictly convex, the same strategy gives
a unique optimal map under absolute continuity of the source, but the map is written in terms of a c-convex
potential. On a Riemannian manifold, the local analogue for the cost dp(x, y)2 /2 uses the exponential map

T(x) = exp, (=Vo(x)),

where @ is c-convex. The main additional issues are the cut locus and regularity of geodesics, which is why the
Euclidean statement is usually presented first. These extensions are part of McCann’s displacement convexity
theory and the general theory of optimal maps on manifolds [157, 226].

Brenier’s theorem should be understood through the analogy between convex gradients and
increasing functions. The gradient of a convex function is a monotone field:

(Vo(x) = Vop(x'), x = x") = 0.

Remark 2.22 (Monotone fields need not be gradients). In dimensions larger than one, not all monotone fields
are gradients of convex functions. Consider in R? the rotation matrix

Ro = cos —sin0
0= \sin6@ cosO |

The linear map x — Rgx is monotone as soon as |0| < 71/2, because
(Rgx — Rpx’, x —x") = (Rg(x = x’), x — x’) = cos(B)||x — x’|> > 0.

However, for 0 # 0, Rg is not symmetric and therefore cannot be the gradient of a scalar potential. Indeed,
if a linear field Ax equals V@(x), then its Jacobian A must be symmetric; equivalently, a quadratic potential
@(x) = (Bx, x)/2 has gradient ((B + B")/2)x. Thus monotonicity is weaker than Brenier optimality in dimension
d>2.

Polar factorization. Brenier’s theorem does more than solve one transport problem: it provides
a canonical way to extract the “monotone part” of an arbitrary map. Suppose one starts from a
square-integrable deformation u : Q — R, for instance a velocity snapshot, an image deformation or a
generative map. The law v = uyA records where the mass ends up, but it forgets how the points of Q
were labelled before being sent there. Brenier’s polar factorization [43, 44] separates these two effects.
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The map first applies a measure-preserving rearrangement s of the source, which changes labels but not
mass, and then applies the unique convex-gradient map V¢ sending the uniform source to the output
law. Thus the Brenier factor is the canonical optimal-transport representative among all maps with
the same image distribution. This is useful because it isolates the part of a map that carries genuine
Wasserstein displacement from the volume-preserving noise of a parametrization. It is also a bridge
to fluid mechanics, where measure-preserving maps describe incompressible relabellings, and to data
analysis, where one often wants to compare maps modulo such relabellings.

Proposition 2.23 (Polar factorization). Let Q C R? be endowed with normalized Lebesgue measure A, and let
u € L2(Q;R). Assume that the law v = uyA has finite second moment. Then there exist a measure-preserving
map s : Q — Q and a convex function ¢ such that

u=Vgpos A-a.e.
The Brenier factor V¢ is unique A-almost everywhere.

Proof. By Brenier’s theorem there is a unique gradient of a convex function T = V¢ transporting A to v.
The maps u and T have the same image law. The rearrangement theorem for non-atomic probability
spaces gives a measure-preserving map s such that u = T o s; equivalently, s chooses, with the correct
conditional probabilities, preimages of u(x) under T. Uniqueness of the Brenier factor follows from
Theorem 2.18. O

The name is meant to echo the usual polar decomposition of matrices. This analogy becomes
literal for linear maps under the Gaussian reference measure. If X ~ N(0,1Id) and u(x) = Ax, then
uyN(0,1d) = N(0, AAT). The Brenier map from N(0, Id) to this Gaussian is x > Sx, where S = (AAT)/2
is symmetric positive semidefinite. Hence the decomposition # = Vo o s reads

A =S80, O =StA,

with O orthogonal when A is invertible, or a partial isometry in the singular case. The factor Sx
is the convex-gradient transport part, while Ox preserves the standard Gaussian law. This finite-
dimensional picture is often the fastest way to remember the general theorem: polar factorization is
matrix polar decomposition with matrices replaced by maps and orthogonal transformations replaced
by measure-preserving rearrangements.

Displacement interpolation. An optimal map does not only match two endpoint measures; it also tells
how to draw a path between them. The construction is Lagrangian and geometric: each particle keeps
its identity and travels at constant speed from its initial position to its image under the transport map.

Definition 2.24 (Monge and McCann displacement interpolation). If Ty = 8, the Monge interpolation
generated by T is the curve

Ti(x) = (1 —t)x + tT(x), at = (T)ya, t €[0,1].

For the quadratic cost, when T is the optimal Brenier map, this curve is called McCann’s displacement
interpolation.

McCann’s displacement convexity theory [157] clarifies the geometric meaning of interpolating along
Brenier maps; this is the language of Wasserstein geodesics used later for barycenters in Section 10.1
and for gradient flows in Chapter 13. If no Monge map exists, or if the optimal object splits mass, the
same straight-line idea is applied to each active pair of a coupling, as explained in the Kantorovich
interpolation of Section 3.5. The following proposition makes the constant-speed property precise for
the directed Monge value.

Proposition 2.25 (Directed Monge displacement geodesics). Letp > 1, let o, B € ML (R?) have finite p-th
moments, and let T be an optimal map for Wy (a, B) in (2.6). Set ay = (T;)yax with Ty = (1 — t)Id + tT. Assume
that, for every t < 1, T; is one-to-one on a full a-measure Borel set, so that T, is defined a;-almost everywhere.
Then, for0<s <t <1, N 5

Woylas, ar) = (t —s)Wpy(a,p).

Thus t v« « is an oriented constant-speed geodesic for the directed Monge distance. In particular, for p = 2, this
applies to the Brenier map under the hypotheses of Theorem 2.18.
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Proof. The case s =t is trivial, so assume s < t. Since s < 1, the inverse Ts‘1 is defined ag-almost
everywhere along the transported particles. Define

St =ThoT,1  asae.

Then (Ss,+)3as = at, and, using the optimality of T,
Wytaw, 0P < [ 106) - 2P dos(a)

= / IT(x) - T()IPda(x) = (¢ = )P Wpy(a, B)P.

The same particle construction gives W (a, as) < sWy(a,p). If t < 1, the map T o T, ! sends a; to
and gives W, (ay, B) < (1 —t)W,(a, B); if t = 1, this latter distance is zero. Using the triangle inequality
from Proposition 2.17,

(ﬁ/p(a,ﬁ) < ‘Wp(a,as) + ‘Wp(as, ar) + ‘Wp(at,ﬁ) < s"ﬂ/p(a,ﬁ) +"17Vp(as,at) +(1- t)‘Wp(a,ﬁ).

Hence (Wp (as,ar) = (t - s)(Wp (a, B), which proves equality. For a Brenier map T = V¢, the map T; is

the gradient of

P2
2

which is (1 — t)-strongly convex for every t < 1. On the full-measure set where ¢ is differentiable, this

gives

x> (1-1) +tp(x),

(Ti(x) = Ti(y), x —y) > A= Hx - yI%,
so T; is injective there. This gives the last claim. m]

0eg® o®
B TR

t=0 t=1/4 t=1/2 t=3/4 t=1

Figure 2.2: McCann displacement interpolation between a cat silhouette and a heart silhouette. The first row
displays a small farthest-point subset of transported particles along T;(x) = (1 — t)x + tT(x). The second row
renders kernel-smoothed densities from a denser transported cloud as color images: white means zero
density, while high density saturates in the red-to-blue interpolation color of the corresponding time.

Caffarelli’s regularity theory, discussed next, explains when the convex potential is actually smooth
enough to define a classical deformation.

Regularity and the Monge-Ampére equation. The previousresults identify the optimal map; regularity
theory asks when this map is a classical smooth deformation rather than only an almost-everywhere
gradient. For quadratic costs this question becomes the regularity theory of the Monge-Ampére equation.

Proposition 2.26 (Caffarelli regularity). Let Q, A C R? be bounded uniformly convex domains with C?
boundaries. Let a = p(x)dx be supported on Q and p = n(y)dy be supported on A, with0 <m < p,n < M <
+oo0. If p,n € C* for some a € (0, 1), then the Brenier potential ¢ transporting a to p is strictly convex and
satisfies ¢ € Clzo’f(Q); in particular V@ is locally Hélder. Under the corresponding boundary compatibility and
smoothness assumptions, the regularity holds up to the boundary.
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Proof. The potential solves the Monge—Ampeére equation

p(x)
n(Ve(x))

in the Alexandrov sense, with second boundary condition Vg(Q) = A. The density bounds and
convexity of the domains give strict convexity and localization of sections. Caffarelli’s interior theory
then yields Clzof estimates for ¢; the boundary statement follows from the boundary regularity theory
under uniform convexity and compatibility assumptions [47, 226]. m|

det(V2p(x)) =

Remark 2.27 (Regularity, weak maps, and splitting). Caffarelli’s theorem should be read as a warning as well as
a theorem. Brenier’s theorem gives existence and uniqueness under mild assumptions, but smoothness requires
density bounds, smoothness and convex geometry that are rarely satisfied by empirical, manifold-supported or
neural generative distributions. In such applications, the exact OT map is often only weakly defined, possibly
unstable, and better represented by a coupling, an entropic approximation or a learned parametric surrogate.

Even without smoothness, the convex potential is locally Lipschitz on the interior of its domain, so V¢ is
defined Lebesgue-almost everywhere. If the source measure does not satisfy the non-splitting hypotheses of
Brenier’s theorem, the correct relaxed object is instead an optimal Kantorovich plan concentrated on the graph of
the set-valued map d¢. At points where d@(x) contains several target locations, the plan may split the mass
starting from x. Thus the subdifferential still describes the geometry of optimality, but the transport object is a
coupling rather than a single-valued map.

For smooth densities, the change-of-variables formula (2.4) gives the Monge—-Ampére equation

det(VZp(x)ps (Vo (x)) = palx). 2.7)

With suitable boundary conditions, this characterizes the Brenier potential up to an additive constant
among convex solutions. The convexity constraint forces det(V2¢(x)) > 0 and is necessary for this fully
nonlinear elliptic equation to be well posed. Numerical schemes for this PDE connect OT with fully
nonlinear elliptic solvers; see for instance [21, 94].

The following proposition records the infinitesimal form of this nonlinear equation. It is useful both
conceptually and numerically: close to a smooth reference density, Monge-Ampeére transport reduces at
first order to a weighted Poisson equation.

Proposition 2.28 (Linearization of the Monge-Ampeére equation). Let p. = po + €r + o(¢) be a smooth
perturbation of a positive reference density po on a smooth bounded domain, with f r =0 IfTex) =
x + eVu(x) + o(e) transports pg to pe, then, to first order,

=V - (poVu) =r.
In particular, when py is constant, the linearized equation is —Au = r [ po.
Proof. The change-of-variables equation for T is
po(x) = pe(Te(x)) det(VT:(x)).
Expanding p.(x + eVu) = po(x) + er(x) + e(Vpo, Vu) + o(¢) and
det(I + eV?u) =1+ eAu + o(e)

gives
po = po+ &(r +(Vpo, Vu) + poAu) + o(e) = po + €(r + V - (poVu)) + o(e).

The first-order term must vanish. O

2.5 One-Dimensional Transport and Quantiles

In one dimension, optimal transport is completely explicit. The cumulative distribution function
orders the mass, and the optimal coupling is obtained by matching equal quantile levels. This special
case is both a computational tool and the template for several linearized constructions used later.
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Definition 2.29 (Cumulative and quantile functions). For & € ML(R), its cumulative distribution
function is

Ca(x) = a((=c0, x]). (2.8)

Its generalized inverse, or quantile function, is
Cl(r) =inf{x €R; Cu(x) =71}, re(0,1). (2.9)

Proposition 2.30 (Quantile push-forward). One has (C;')sLebjo,1; = a. If a has no atoms, then (Ca)ga =
Leb[o,l].

Proof. For simplicity, assume first that a has a strictly positive density, so that C, is strictly increasing
and continuous. Denote y := (C;!)sLebyo 1. It is enough to prove that C) = C,. For every x,

1

1
C,(x) = /0 1o (€ (2))dz = /0 10,6, 001 (2)dz = Ca(x),

where we used C;!(z) < x if and only if z < C,(x). General measures follow from the same argument
with generalized inverses and right-continuity of the cumulative distribution function. If a has no atoms,
the probability integral transform gives (Cy)ya = Lebyg q). O

If @ has no atoms, the map
T=Ci'oCy (2.10)

satisfies Tya = .

For the cost c(x, y) = |x — y|?, this map is nondecreasing, hence the derivative of a convex function
in dimension one. Brenier’s theorem therefore identifies it as the optimal Monge map whenever « is
atomless. With generalized inverses, the same quantile construction gives the optimal Kantorovich
coupling for arbitrary measures, and it is also optimal for costs of the form h(|x — y|) with & convex and
nondecreasing.

Proposition 2.31 (Monotone rearrangement on the line). Let a, f € ML(R) have finite p-th moments, with
p = 1. The coupling
™ = (C;', Ci)sLebyo 1)

minimizes / |x — y|Pdn(x, y) among couplings. If a has no atoms, it is induced by the monotone Monge
map (2.10).

Proof. The displayed measure is a coupling by Proposition 2.30. Its support is monotone: for s < f, both
quantile functions satisfy C;'(s) < C;'(t) and Cﬁ‘ I(s) < Cﬁ‘ L(t). If a coupling had two crossed pairs
x < x"and y > y’ with positive mass, exchanging the targets decreases the cost for strictly convex powers
and does not increase it for p = 1, by the two-point inequality used in Proposition 1.1. Eliminating
crossings yields a monotone optimal coupling, and the monotone coupling with prescribed marginals is

exactly the quantile coupling. If a has no atoms, (C,)3a = Lebyg 1}, so the coupling is generated by (2.10).
O

Remark 2.32 (Composition is one-dimensional). In dimension one, optimal maps compose. Assume for
simplicity that the intermediate laws have no atoms, so that the monotone rearrangements

Tasp=C3 0Ca,  Tpy =C;l 0 Cp
are well defined a- and p-almost everywhere. Then
T‘B_)y o Ta_)ﬁ = Ta—)y a-a.e.

Indeed, each map is nondecreasing and sends quantile level r to the same quantile level of the target law. This
semigroup property is special to the ordered line.

The obstruction in higher dimension is already visible for the most elementary Gaussian maps.
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Example 2.33 (Linear obstruction to composing Brenier maps). In higher dimension, Brenier maps for the
quadratic cost are gradients of convex functions, and such maps do not generally remain gradients after
composition. The simplest obstruction is linear. If T{ (x) = Ax and T>(x) = Ayx with Ay, A symmetric positive
definite, then T, o T; has matrix ApA;. It is a gradient field only when this product is symmetric, equivalently
A1Ay = ApAj. Gaussian transport gives a concrete instance: between nondegenerate Gaussian laws, the Brenier
map is affine with symmetric positive definite linear part. Compositions of Gaussian optimal maps are therefore
optimal only in special commuting situations, for instance when all covariance matrices are simultaneously
diagonalizable. Otherwise the composition contains a rotational or shearing component and is not the Brenier
map between the initial and final Gaussians.

For discrete measures, one cannot directly apply the map formula when the source has atoms, but if
the measures are uniform on the same number of Dirac masses, then it is exactly the sorting formula of
Proposition 1.1.

Algorithm 2.1 Quantile rearrangement and one-dimensional geodesic

Input: One-dimensional probability measures «, §; time ¢ € [0, 1].

Output: Quantile coupling, Monge map when defined, and geodesic point a;.
Compute C,, Cs and generalized inverses.

Couple equal quantile levels: X = C;(r), Y = Cﬁ‘l(r), re€(0,1).

If o has no atoms then:
Set T(x) = Cﬁ_l(Ca(x)).

Interpolate quantiles: Q;(r) = (1—#)C;'(r) + tCﬁ_l(r), a; = (Qt)yLebyg 1;. Return (X, Y), T if defined,
and a;.

Proposition 2.34 (One-dimensional Wasserstein formulas). Let a, 8 € ML(R) have finite p-th moments.
Foreveryp > 1,

1
P
W(a, B = /0 Cl(r) - Cﬁ_l(r)‘ dr =16 = G o) 2.11)
For p =1, this is equivalently
Wi(a,8) = 1C: = Callugm = [ 6o~ Gyt 212)
R

= / / d(a — p)|dx. (2.13)
R [/ -0

Proof. The first formula follows from Proposition 2.31: the optimal coupling is obtained by taking the

same quantile level 7 for both measures. For p = 1, use the layer-cake identity. If g, and g are the two

quantile functions, then

1
./0 |9a(r) — qp(r)|dr = ./R)\({r (qa(r) <x < qp(r)} U{r:qp(r) < x < qa(r)})dx.

The measure of the displayed set is exactly |C,(x) — Cg(x)| for almost every x. |

Formula (2.11) means that the map a — C;! embeds one-dimensional Wasserstein geometry
isometrically into a linear L” space. For p = 2, the Wasserstein distance on probability measures over the
real line is therefore Hilbertian. This makes one-dimensional OT much simpler than higher-dimensional
OT, where the Wasserstein geometry is not globally Hilbertian.

The last panel of Figure 2.3 is the one-dimensional specialization of the displacement interpolation
of Section 2.4. In quantile coordinates, the interpolating measure is characterized by

Col (N =1 =-0C () +tC;l(r),  re(0,1).

The histogram-equalization figure in Section 1.1 is the same construction applied to pixel intensities.

For p =1, formula (2.12) shows that ‘W is a norm on signed measures with zero total mass once
they are identified with their cumulative primitives. Other classical one-dimensional distances are
obtained by replacing the L! norm of cumulative functions with L? or L™ norms; under suitable tightness
assumptions, such norms also metrize convergence in law and lead for instance to Cramér—von Mises
and Kolmogorov-Smirnov-type distances.
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Figure 2.3: One-dimensional transport through quantiles. The same two smooth laws are shown as densities,
cumulative functions and quantile functions. The last panel displays the displacement interpolation obtained
by the linear quantile path Q; = (1 - #)Qq + tQp, which is the explicit one-dimensional W geodesic.

Triangular rearrangements. There is another canonical way to build transport maps in several
dimensions: transport one coordinate at a time by conditional one-dimensional quantiles. This
construction goes back to Knothe and Rosenblatt [133, 196]. It is not usually cost-optimal, but it gives a
deterministic rearrangement under weak assumptions and clarifies how multivariate transport can be
reduced recursively to scalar monotone maps.

Proposition 2.35 (Knothe-Rosenblatt triangular rearrangement). Let a, € ML(R?). Assume, for
simplicity, that the first marginal of a and the one-dimensional conditional laws of o used below are atomless, and
that reqular conditional distributions are fixed. There is a triangular map

T(xl, ey xd) = (T1(X1),T2(X1, x2), ey Td(xl, ey xd))

such that Ty = B and, for each k, the function xx + Ti(x1, ..., xx) is nondecreasing for a-almost every value of
(x1, ..., Xk=1)-

Proof. The construction is recursive. For k = 1, let T; be the monotone rearrangement between the first
marginal of a and the first marginal of . Suppose that T3, . . ., Tx_1 have already been constructed. Write
X<k = (x1,...,x¢-1) and T = (T3, . . ., Tx-1). By induction, (T<x)ya<x = f<k, where a<x and B are the
first (k — 1)-coordinate marginals. Let ak_ , and ﬁ;( . be regular conditional laws of the k-th coordinate
given the previous coordinates. Define T (x«k, -) as the one-dimensional monotone rearrangement from
a§<k to ﬂ]7<1<k(x<k).

The map Ti(x<k, -) is nondecreasing by the one-dimensional rearrangement theorem. The chain
rule for disintegrations then shows that, after step k, the first k coordinates of Ty have the same law
as the first k coordinates of f. At k = d this gives Tya = . Target atoms are handled by generalized
quantiles. If a source conditional law has atoms that must be split, the same recursive construction
defines a triangular Markov kernel rather than a deterministic map. o

The recursive construction in the proof is an algorithm: it repeatedly applies the one-dimensional
quantile rearrangement to conditional distributions.

Algorithm 2.2 Knothe-Rosenblatt triangular rearrangement

Input: Probability measures a, f on R? with conditional laws.
Output: Knothe-Rosenblatt triangular map T
Compute first-coordinate rearrangement: T = (Fg,) ™" o Fg,.

Fork=2,...,d do:
Set xox = (x1,..., Xk-1)

Compute conditional laws af _ and & )

-1
SetTk(x<k,xk)=(Fﬁ§ ( )) oF « (xg).
<kWX<k

Fx ok

Return T(x) = (T1(x1), Ta(x1, x2), ..., Ty(x1, ..., x4)).

Figure 2.4 shows the two-dimensional mechanism on image histograms. The first stage transports
only the horizontal marginal, so the middle pivot has the same x-marginal as the target but keeps the
source vertical conditionals. The second stage then transports each vertical conditional law inside the
corresponding column.
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Figure 2.4: Triangular rearrangement between the same cat and heart densities as in Figure 2.2. The panels are
computed directly on image histograms. The first three transitions move mass horizontally by the monotone
rearrangement between the x-marginals; the pivot has the target horizontal marginal. The last three
transitions keep each column fixed and move mass vertically by one-dimensional monotone rearrangements
between conditional laws.

This construction transports successively along coordinate axes and is therefore often called axis-wise
transport. It depends on the chosen ordering of coordinates and is not generally optimal for the quadratic
cost. It is nevertheless a useful limiting object: Brenier maps for increasingly anisotropic quadratic costs
converge to triangular rearrangements under suitable assumptions [52].

Proposition 2.36 (Anisotropic Brenier maps converge to Knothe-Rosenblatt). Let «, 8 be compactly
supported probability measures on R? with densities bounded above and below on their rectangular supports, and
assume that the conditional laws entering Proposition 2.35 are atomless. For € > 0, set

d

ce(x,y) = Z gkl |x — yk|2.
k=1

Let T, be the Monge map from a to 5 for the cost c., and let Txr be the triangular Knothe—Rosenblatt rearrangement
with the coordinate order used above. Then

T, — Tkr in L2(oz; Rd) as e — 0.

Proof. We give the standard lexicographic argument, which is the variational core of [52]. Let rt, =
(Id, Te)yar. Since the supports are compact, a subsequence converges weakly to some coupling 7 between
a and B. The optimality of m, for

d
R0 =Y e [ n-nldyiny
k=1

first implies, by letting ¢ — 0, that m minimizes the one-dimensional quadratic cost in the first coordinate
among all couplings. Since the first marginal of « is atomless, the one-dimensional minimizer is the
monotone rearrangement, so y; = T1(x1) under 7.

Now restrict attention to couplings satisfying this first-coordinate constraint. Subtract the common
minimal value of the first-coordinate cost, divide the optimality inequality by ¢, and let ¢ — 0. The
limit coupling must minimize the second-coordinate quadratic cost among all couplings that already
realize the first monotone rearrangement. Disintegrating with respect to (x1, y1) reduces this constrained
problem to the one-dimensional monotone rearrangement between the conditional laws of x; and 5.
Hence y, = Tr(x1, x2) under .

Repeating the same subtraction-and-rescaling argument gives, for every k, the conditional monotone
rearrangement yx = Ti(x1, ..., xx). Thus every weak limit of (7). is concentrated on the graph of Tkr.
This graph coupling is unique, so the whole family 7. converges weakly to (Id, Tkr)ya.

Finally, let X ~ a. The graph couplings are the laws of (X, T;(X)), and they converge weakly to the
law of (X, Txr(X)). To turn this into convergence of maps, fix C > 0. By Lusin’s theorem, there is a
compact set K with @(K) > 1 — C on which Tkg is continuous. On K, the set

{(x,y); x € K, |y - Tur(x)[ > 6}
is closed and has zero mass under the limiting graph coupling. Portmanteau’s theorem gives

limsupa({x; x € K, |T:(x) — Txkr(x)| > 6}) = 0.

e—0

Adding the complement of K and letting C — 0 proves convergence in a-probability. Since all maps take
values in a common compact set, this convergence is uniformly integrable and hence holds in L?(a). O
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2.6 Gaussian Measures and the Bures Metric

Gaussian measures form the most important finite-dimensional family preserved by quadratic
optimal transport. The mean moves linearly, while the covariance follows the Bures—Wasserstein
geometry of positive semidefinite matrices.

One-dimensional Gaussians. Let & = N(1m,,02%) and B = N(my, G;) be two nondegenerate Gaussians
on R. Then
op
T(x) = —(x —mgy) +mg
Oa

satisfies Tya = f. It is the derivative of the convex function

op
20,4

P(x) = 5—(x — ma)* + mpx,

so Brenier’s theorem shows that it is the optimal quadratic transport. The associated distance is

2 op ? 2 2
Wala, B) = ‘/R (G—a(x —mg) +mg— x| da(x) = (mg —mg)~ + (04 — 0p)°.

The formula extends by continuity to Dirac masses, although the affine Monge map itself only pushes a
Dirac source to another Dirac. Thus the OT geometry of one-dimensional Gaussians is the Euclidean
geometry of the half-plane (m, 0) € R X R,. This contrasts with KL geometry, where singular Gaussians
are infinitely distant.
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Figure 2.5: One-dimensional Gaussian ‘W5 geodesics. In the coordinates (1, o), the geodesics are Euclidean
segments in the upper half-plane. The two density panels show the corresponding Gaussian densities along
the two segments, with colors interpolating from the red endpoint to the blue endpoint.

Multivariate Gaussians. If
a=N(m,, X,), B = N(mg, Xp), T(x) =mg + A(x —my,), (2.14)

then T is the gradient of the convex quadratic potential ¢(x) = (mg, x) + (A(x —m,), x —m,)/2 if and
only if A is symmetric positive semidefinite.

Proposition 2.37 (Affine push-forward of Gaussians). One has Tya = f if and only if
AL AT = X, (2.15)

Proof. An affine function maps a Gaussian to a Gaussian, so the law of T(X) is determined by its mean
and covariance. If X ~ a and Y = T(X), then

E(Y) = mg + AE(X —m,) = myg,

and
E((Y —mg)(Y - mﬁ)T) =AE(X -my)(X —m,)")AT = AT, AT.

Thus AL, AT = L is necessary and sufficient for Y to have the same mean and covariance as 8. m]

The covariance equation is quadratic in A. Under the symmetry constraint imposed by Brenier’s
theorem, it becomes AX, A = Eg. The covariance part of the resulting cost is a matrix metric.
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Definition 2.38 (Bures metric). For positive semidefinite covariance matrices X and A, the Bures
metric is

B(Z, AP = tr (z iy 2(21/2/\21/2)1/2) . (2.16)

The next proposition solves the covariance equation and shows that this metric is exactly the covariance
contribution to Gaussian W».

Proposition 2.39 (Gaussian “W» formula and Bures covariance term). Assume that T, and Lg are positive
definite. The unique symmetric positive-definite solution of

AT, A =Xy

1/2
A=x (zi/zzﬁz;”) 12 (2.17)

The affine map T(x) = mg + A(x — m,,) is the optimal quadratic-cost transport from N(m,, L,) to N(mg, Zg),
and
Wala,B)* = Ima — mg|* + B(Za, Zp), (2.18)

where B is the Bures metric of Definition 2.38.
Proof. Multiplying AL, A = Zg on the left and right by Z},/ g gives
1/2 451/2 1/2¢ 1/2
(Za/ Az‘a/ )2 = z‘a/ Zﬁzo/ :

Since A is symmetric positive, Zi/ 2AZ}/ % is symmetric positive and is therefore the unique positive
square root of the right-hand side. Conversely, the matrix in (2.17) is symmetric positive and satisfies
the covariance equation.
By Proposition 2.37, this affine map pushes a to §. It is the gradient of a convex quadratic potential,
so Brenier’s theorem implies optimality. If X ~ a, then
EIX - T(X)I? = |mq - mg|? + E|(I - A)(X - m,)|?
= |mg —mg|? + tr((I - A)Za(I - A)7)
= |m, —mg I + tr(Zo) + tr(AZ,A) — 2 tr(AL,)
= Img, — mg | + tr(Za) + tr(Z) - 20r((Z; "L ) /),

which is the desired expression. The formula for singular covariance matrices follows by adding 11 and
letting 17 | 0. m|

The covariance term 8 is the Bures—Wasserstein metric on positive semidefinite matrices [46, 102, 29].
It separates the Euclidean displacement of the mean from the intrinsic transport geometry of covariance
ellipsoids.

Proposition 2.40 (Metric and convexity properties of the Bures term). The function 8 is a distance on
positive semidefinite covariance matrices. Moreover, B2 is jointly convex: for t € [0,1],

B((1 - H)Zo + L1, (1 = H)Ag + tA1) < (1 = )B*(Zo, Ag) + tB*(Z1, Av).
Proof. The key identity is the Procrustes representation

BHE ) = gmin, 12172 = ATEQI.

Indeed, expanding the square gives tr Z+tr A—2 maxgro= tr(Z1/2QT A/2), and the orthogonal Procrustes
formula identifies the maximum with tr((Z1/2AX1/2)1/2). Symmetry, positivity and separation follow
immediately from this representation. The triangle inequality follows by choosing two almost optimal
orthogonal matrices Q1, Q2 and writing

I=Y2 = TY2Q201 [ < IZY2 = AY2Qu |l + |AY2 = TY2Qa .
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anisotropic to isotropic rotated anisotropies

Figure 2.6: Two-dimensional Gaussian ‘W5 geodesics. Means move linearly, while covariance ellipses follow
the Bures—Wasserstein interpolation. The left panel contracts an anisotropic Gaussian toward an isotropic one;
the right panel interpolates between two strongly oriented anisotropic covariances.

Letting the two choices become optimal proves the metric property.
For convexity, use the equivalent factor formulation

BAL, A) = i u-vj3.
&A= min I

Choose nearly optimal factors (Up, Vo) and (Ui, V1) for the two pairs, and define block factors
U, = [VI—tUy, VEU1], Vi =[VI—tVy, VtVil.
Then U;U," = (1 - t)Zo + tX1 and V;V," = (1 - t)Ag + t A1, while
[U: = Vel = (1= B)Uo = Vol + £t - Vil
Taking the infimum over the initial factors proves joint convexity. m]

Remark 2.41 (Diagonal covariances and Hellinger geometry). If Z, = diag(r;); and Zg = diag(s;); are diagonal,
the Bures metric reduces to the Euclidean distance between square roots,

B(Zq, Zp) = [Vr = V5|2

This is the finite-dimensional Hellinger geometry on the nonnegative covariance coordinates: variances are
compared after the amplitude change of variables r; — +/r;.
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CHAPTER 3

Kantorovich Relaxation

Kantorovich’s relaxation is the decisive move that turns transport into convex optimization. This
chapter explains how deterministic maps are replaced by couplings, why this fixes infeasibility and
symmetry, and how it produces the Wasserstein distances. Historically, this linear-programming
viewpoint grew from Kantorovich’s economic planning work [128] and is now the standard foundation
of OT [225, 226, 191].

3.1 Discrete Relaxation

The discrete relaxation is the cleanest place to see mass splitting. It replaces permutations by a
transportation polytope and reveals the linear-programming structure that algorithms exploit.

Monge’s discrete matching problem is problematic because it cannot be applied when n # m. A
faithful formulation must keep track of masses (a;, b;). The continuous Monge problem (2.5), based
on push-forward maps, has the same obstruction in another form: there may be no map T such that
Tya = B. This happens, for instance, when a single Dirac mass should be sent to several Dirac masses.

This lack of mass splitting also makes the Monge formulation asymmetric in & and f: one can map
two Dirac masses to a single one, but not the other way around. Even when a feasible map exists, the
resulting optimization problem is non-convex and therefore difficult to solve numerically.

Kantorovich's key idea [128] is to relax the deterministic nature of transportation. Instead of requiring
each source point x; to be sent to exactly one target, the mass at x; may be dispatched across several
locations. This moves from deterministic transport maps to probabilistic, or fuzzy, transport plans. The
relaxation is encoded, in place of a permutation o or a map T, by a coupling matrix P € R}, where P; ;
describes the amount of mass flowing from x; to y; in the formalism of discrete measures

0‘=Zai5x” ‘B=ij6yj.
)

1

Definition 3.1 (Discrete couplings and mass conservation). Admissible couplings are only constrained
to satisfy conservation of mass:

U(a,b) = {PeRY"; Pl,=a and P'1,=b}. (3.1)
Equivalently,
P11, = ZPi’j € R", P'1, = (Z P,',]') € R™,
j i ’ j

The first useful consequence of this relaxation is feasibility: there is always at least one admissible plan,
obtained by making source and target independent.

Definition 3.2 (Discrete product coupling). Given weightsa € X, and b € L,,, the discrete product,
or trivial, coupling is
(a® b)i,]' = aib]-.

It belongs to U(a, b) and corresponds to choosing the source and target labels independently.
This feasible set is the bounded intersection of an affine space with the nonnegative orthant, hence a

convex polytope. In one dimension, an ordered coupling can be read as a matrix: rows index source bins,
columns index target bins, and the marginal constraints appear as prescribed row and column sums.
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Proposition 3.3 (Discrete product optimality is degenerate). Assume that the zero-mass rows and columns
have been removed, so that a; > 0 and b; > 0, and let C be a finite cost matrix. The product plan a ® b minimizes
P — (C, P) over U(a, b) if and only if every coupling P € U(a, b) minimizes it.

Proof. The reverse implication is immediate. Assume conversely that a ® b is optimal and let Q € U(a, b)
be arbitrary. Since all entries of a ® b are positive, there exists ¢t > 0 small enough that

R:=(1+t)(a®b)-tQ
has nonnegative entries. Its row and column sums are
Rl,, =(1+t)a—ta=a, R'1,=(1+tb-tb=Db,

so R € U(a, b). Moreover,

1 t
a®b=1=R+ 170

By optimality of a ® b, both (C, R) and (C, Q) are at least (C, a ® b). Taking the scalar product of the
convex-combination identity with C gives

1
(€ a@b) = ——(C, R) + T (C, Q).

A convex average of two numbers not smaller than (C, a ® b) can equal (C, a ® b) only if both numbers
are equal to it. Hence (C, Q) = (C, a®b), and Q is optimal. Since Q was arbitrary, all couplings are
optimal. O

Thus the product plan is mainly a feasibility witness. Except in the degenerate situation where
the linear cost is constant on the whole transportation polytope, it is not expected to solve optimal
transport. It is also maximally diffuse: when all masses are positive, it has nm positive entries, whereas
Proposition 3.4 shows below that sparse optimal plans with at most n + m — 1 positive entries always
exist.

° [ [
LY Q )
[ ] " ./. ° o
°
’ « :0'.. 0.
N °® PN
. p A AN
L] e
[ L] Y
deterministic graph product plana ® b optimal plan

Figure 3.1: Discrete couplings represented as straight transport segments on the canonical point clouds used
in the matching section. The deterministic graph is a feasible Monge-type plan, the product plan spreads
every source mass over all targets, and the optimal Kantorovich plan minimizes the quadratic transport cost.
Line width and opacity encode the transported mass.
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product, 20 bins OT, 20 bins product, 200 bins OT, 200 bins
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Figure 3.2: Coupling matrices with their prescribed marginals. The central grayscale image displays P;;; the
red curve on the left is the source marginal a, and the blue curve on top is the target marginal b. The
independent product plan is diffuse, whereas the one-dimensional optimal plan concentrates near the
monotone quantile correspondence. Only the dense 200-bin optimal panel overlays the barycentric projection
i) j Pijj /a;, because that curve is meaningful visually only at sufficient resolution.

Whereas the Monge formulation is intrinsically asymmetric, Kantorovich’s relaxed formulation is
symmetric at the level of feasible sets: a coupling P belongs to U(a, b) if and only if PT belongs to U(b, a).

Kantorovich, aiming for economic planning, made a strong simplifying assumption: the cost of

transportation should be linear in the amount of transported mass. Under this assumption, denoting
C;,j the cost of moving a unit amount of mass from x; to y;, the discrete Kantorovich problem reads

Le(a,b) := min (C, P) := mi C; P ;. 3.2
c(a,b) Pen[}gb)< ) Pg}gb) A i,iPi,j (3.2)

This is a linear program, and its solutions need not be unique.
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permutation matrix Py assignment segments splitting matrix P splitting segments

Figure 3.3: From permutation matrices to splitting couplings. When the two empirical measures have the
same number of atoms and uniform weights, an optimal plan can be a permutation matrix. Once target
masses are nonuniform, the admissible set U(a, b) also contains plans in which one source sends mass to
several targets and several sources merge into the same target.

Proposition 3.4 (Sparse optimal plans). Assume a; > 0, b; > 0 and };a; = xjbj =1 The linear
program (3.2) admits an optimal coupling with at most n + m — 1 nonzero entries.

Proof. The transportation polytope is compact, so a linear objective attains its minimum at an extreme
point. The row and column marginal equations have rank 7 + m — 1: the only linear redundancy is
that both sets of constraints impose the same total mass. The support-graph argument below is the
combinatorial form of this basic-feasible-variable count.

Let P be an extreme point and let E = {(i, j) : P;j > 0} be its support graph on the bipartite vertex
set {1,...,n} U{l,...,m}. If this graph contains a cycle, orient the cycle and put alternating signs
+1, -1 on its edges, obtaining a nonzero matrix H supported on E with zero row and column sums.
For sufficiently small t > 0, both P + tH and P — tH are nonnegative couplings, and P is their midpoint,
contradicting extremality. Thus the support graph is a forest. Since a forest on n + m vertices has at
most 1 + m — 1 edges, the claim follows. O

Proposition 3.5 (North-west corner feasible plan). Let a € R} and b € RY' have the same positive total mass.
The following greedy sweep constructs a coupling P € U(a, b) with at most n + m — 1 positive entries and an
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acyclic positive support. Starting from (i, j) = (1, 1) with residual masses r; = a; and sj = b, skip zero residuals,
set

P = min(ri,sj),
subtract this value from both residuals, and advance every index whose residual has become zero. Repeat until all
residual masses are exhausted.

Proof. All assignments are nonnegative. At each step, the mass placed in entry (i, j) is subtracted from
exactly one current row residual and one current column residual, so no row or column can receive
more mass than prescribed. Conversely, an index is advanced only when its residual has been fully
filled. When the algorithm stops, the total assigned mass is };; a; = }; bj, hence all row and column
sums are exactly a and b.

Each positive assignment exhausts at least one current row or one current column. Before the final
assignment, at most n — 1 row advances and m — 1 column advances can occur without terminating
the construction. Hence the number of positive entries is at most (n —1) + (m —1) +1 =n + m — 1. For
acyclicity, view the positive support as a bipartite graph. Once a row or column index is advanced, it
never appears again, so each new positive edge either starts a new component or attaches at least one
new vertex to the component currently being swept. No edge is ever added between two old vertices of
the same component, so no cycle can be created. ]

Algorithm 3.1 North-west corner coupling

Input: Source weights a € L, and target weightsb € ;.
Output: Sparse feasible coupling P € U(a, b).
Initialize: SetP=0,7r =a,s =b,and (i, ) = (1, 1).
Whilei < nand j < m do:

n = min(r;, s;), Pjj 1.

Update residuals: r; < r; — 17, Sj < 8j—1.

If r; = 0 then:
Seti —i+1.

If s; = 0 then:
Setj«—j+1

Return P.

The north-west corner rule, summarized in Algorithm 3.1, does not use the cost matrix and is therefore
not meant to solve (3.2). Its role is algorithmic: an acyclic support corresponds to linearly independent
marginal constraints. When the support has fewer than n +m — 1 positive entries, transportation simplex
implementations complete it with zero-mass basic variables to obtain a degenerate basic feasible solution.
This gives a cheap initialization for the pivoting methods discussed in Section 3.2.

One-dimensional cases. In one dimension, the transportation polytope has a canonical monotone
optimizer. This is the weighted version of the sorting rule from Section 1.1.

Proposition 3.6 (One-dimensional weighted sweep). Let x1 < --- < x, and y1 < -+ < Yy, be points on
the line, and let c(x,y) = h(x — y) with h convex. The north-west corner plan between the sorted weighted
atoms is optimal for (3.2). Consequently, for unsorted one-dimensional inputs, an optimal plan is obtained in
O(nlogn + mlogm) time by sorting and then sweeping the masses once from left to right.

Proof. The north-west plan is monotone: if i < i’ and j > j/, it cannot put positive mass on both (i, j) and
(i’,]"), because the sweep exhausts rows and columns in increasing order. Conversely, any feasible plan
with a crossing pair of positive entries can be improved by moving a small mass 7 from (i, j) and (i’, j)
to (i,j’) and (i’, j). The two marginals are unchanged, and convexity of & gives

h(x; — ]/]') + h(xy — ]/]'f) > h(x; — ]//'r) + h(xy — ]/j)

for i < i’ and j* < j, with strict inequality for strictly convex & and distinct points. Repeating this
uncrossing procedure until no crossing remains yields a monotone optimal plan. There is only one
monotone feasible plan with the prescribed sorted marginals, namely the sweep plan: it pairs the
leftmost remaining source mass with the leftmost remaining target mass at every step. Sorting costs
O(nlogn + mlogm) and the sweep uses at most n + m — 1 assignments. m|
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Algorithm 3.2 Weighted one-dimensional sweep

Input: One-dimensional atoms (x;, a;) and (y;, b;); convex cost h(x — y).

Output: Monotone optimal coupling P.

Sort atoms: x1 < --- < Xy, Yis S Ynm-

Set P to the output of Algorithm 3.1 applied to the sorted weights (a;); and (b;);. Return P.

Permutation matrices as couplings. We now restrict attention to the special case n = m and uniform
weights a = b = 1, /n. In this case a matching can be encoded as a matrix with exactly one active entry
per row and per column.

Definition 3.7 (Permutation matrices). For a permutation ¢ € Perm(#n), its permutation matrix P, is

1 if j=oa(i),
0 otherwise.

(Po)ij = {
The set of all permutation matrices is
PP = (P, ; 0 € Perm(n)}.

The corresponding probability coupling is P, /. If the matching cost matrix is C, then
1 n
(C, Py/n) = P zll Ci,o(i)-
=

Thus the assignment problem is the minimization of a linear function over the discrete, non-convex set
of permutation matrices.
The convex relaxation replaces this finite set by all bistochastic matrices.

Definition 3.8 (Birkhoff polytope). The Birkhoff polytope is the convex set of bistochastic matrices
B, ={PeRP;Pl,=1, and PT1,=1,}.
Then U(1,/n,1,/n) = B, /n, and permutation couplings are included in this convex relaxation. More

precisely,
Pr = B,n{0,1}" C B,,

so before using the structure of 8, one first obtains only the relaxed inequality

in(C, P) < min (C, P).
g;g:( >Pg§%gm< )

The next elementary facts lead to the Birkhoff-von Neumann theorem [31, 228], which explains why this
relaxation is tight for uniform matching.

Definition 3.9 (Extreme points). For a compact convex set C in a finite-dimensional vector space,

Extr(C) ={xeC; x=Wy+2)/2, yzeC=>y=2z=x}.

Proposition 3.10 (Existence of extreme points). If C is a non-empty compact convex subset of a finite-
dimensional vector space, then Extr(C) is non-empty.

Proof. Among all non-empty faces of C, choose one of minimal affine dimension. If this face contained
two distinct points, maximizing a linear functional that is not constant on the face would produce a
non-empty proper exposed subface, contradicting minimality. Hence the minimal face is a singleton,
and its point is extreme. m]
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Example 3.11 (Unbounded convex sets may have no extreme point). Compactness cannot be dropped from
Proposition 3.10. For instance, the closed convex set {(x, y) € R_% ; Xy > 1} is unbounded and has no extreme
point.

Proposition 3.12 (Linear programs have extreme minimizers). Let C be non-empty and compact. For every
linear form ¢,
Extr(C) N argmin £(x) # 0.
xeC

Proof. The set S = argmin,_ . {(x) is non-empty, compact and convex. By Proposition 3.10, it has an
extreme point x. If x = (y + z)/2 with y, z € C, then by linearity and optimality of x, both y and z also
minimize £ on C, hence y, z € S. Since x is extreme in S, y = z = x. Thus x is extreme in C. m|

Theorem 3.13 (Birkhoff-von Neumann). The extreme points of B,, are exactly the permutation matrices.
Proof. We first prove that permutation matrices are extreme. Let P, € L and assume that

=Q+R

Ps >

with Q,R € 8,.

Every bistochastic matrix has entries in [0, 1]. Since the only extreme points of [0, 1] are 0 and 1, each
entry of P, fixes the corresponding entries of Q and R: if (P;);; = 0, then Q;; = R;; = 0, while if (P,);; = 1,
then Q;; = R;; = 1. Hence Q = R = P;, so P; is extreme.

We now prove the converse by contrapositive. Pick P € B, \ P5° . Since an integral bistochastic
matrix is necessarily a permutation matrix, P has at least one fractional entry. We shall split

:Q+R

P
2

with Q, R € 8, and Q # R, proving that P is not extreme.
Associate with P the bipartite graph whose left vertices are the rows, whose right vertices are the
columns, and whose edges are the fractional entries

0<Pi]'<1.

An entry equal to 1 uses the whole mass of its row and column, so it is isolated in the positive support
and does not appear in this fractional graph. If a left vertex i is incident to a fractional edge (i, j1), then it
must be incident to at least one other fractional edge. Indeed, the row sum is one; after the contribution
P;j, €(0,1), a positive amount 1 — P; ; remains in the same row, and it cannot be carried by an entry
equal to 1. The same argument applies to right vertices, using the column sums. Thus every non-isolated
vertex of the fractional graph has degree at least two.

Starting from any fractional edge, one may therefore walk through adjacent fractional edges without
immediately backtracking and without getting stuck. Since the graph is finite, some vertex is eventually
visited twice; the portion of the walk between the two visits contains a cycle. Choose a shortest such
cycle and write it in alternating form

(illjll i2/j2/"'/ipljp)/ ip+1 = il/

where both (i, js) and (is11, js) are fractional for every s. The minimality of the cycle implies that the
vertices 7, are all distinct and that the vertices j; are all distinct. In particular,

0<Pjj <1 and O<P <1.

is+1/js

Define

£ = min {Pis,jsr P 1- Pis,jsr 1- Pis+l/js}'

is+1,]s 7
1<s<p &

All these numbers are positive, so ¢ > 0. Split the cycle edges into the two alternating families

A= {(is/js)}zzlz B = {(is+1rjs)}§:1-
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We now perform the standard alternating-cycle perturbation:

Pi]', (i,j) ¢ AUB, Pi]‘, (i,j) ¢ AUB,
Qz’j = Pij+5/2/ (i,j)GA, Ri]' = Pl‘]‘—s/z, (i,j)EA,
Pi]'—é‘/z, (i,j)EB, Pij+é‘/2, (i,j)EB.

By the definition of ¢, all modified entries stay in [0, 1], so Q and R are nonnegative. Each row vertex i,
of the cycle is incident to exactly one edge of A and one edge of B; the +¢/2 and —¢/2 perturbations
therefore cancel in that row. The same cancellation holds in each column vertex j;, and all other rows
and columns are unchanged. Consequently

Q1, =R1, =1, Q'1,=R"1,=1,,
so Q,R € B,. Finally, Q # R because ¢ > 0 and the cycle is non-empty, while by construction

P = (Q + R)/2. Thus P is not extreme. Consequently every extreme point of B, is integral, and every
integral bistochastic matrix is a permutation matrix. m]

The same combinatorial idea gives the constructive decomposition used to express a bistochastic
matrix as a convex combination of permutations.

Algorithm 3.3 Birkhoff-von Neumann decomposition

Input: Bistochastic matrix P € 8B,,.
Output: Decomposition P = 3}, APy, .
Initialize: Set R = P and £ = 0.

While R # 0 do: .
Build bipartite graph Gr = {(7, j) : R;; > 0}.

Set o to the lexicographically first perfect matching of Gg.
Set A = min; R; ;).

Append (A,0) to L.

Update R <~ R — AP,.

Return P = X\ ;)er ArPo,, 2oA=1

Corollary 3.14 (Kantorovich for matching). If m = n and a = b = 1,,/n, then the discrete Kantorovich
problem (3.2) admits an optimal solution of the form P, [n. The associated permutation ¢ solves the assignment
problem of Section 1.1.

Proof. The feasible set is 8,,/n. By Proposition 3.12, the linear objective has an optimal extreme point.
Since scaling preserves extreme points and Theorem 3.13 identifies the extreme points of 8, this
optimizer is P, /n for some permutation o. Its cost is exactly 17! }; C; 5(;), s0 0 is an optimal assignment.

]

Equivalently, for uniform empirical measures, one can always choose a permutation matrix among
the minimizers of the relaxed Kantorovich problem: the relaxation is tight for assignment problems.

Remark 3.15 (General discrete case). For general input measures, one does not have equivalence between Monge
and Kantorovich problems, since the Monge constraint can be empty. In finite dimension, however, the support
of an optimal coupling still enjoys strong sparsity: one can choose an optimal basic feasible plan whose bipartite
support is cycle-free, hence with at most n + m — 1 nonzero entries. Figure 3.3 illustrates the difference between
the tight uniform matching case and the genuinely splitting nonuniform case.

3.2 Linear-Programming Algorithms

The discrete Kantorovich problem is a linear program with much more structure than a generic dense
LP. Its variables are the arcs of a complete bipartite network, its equality constraints are flow-conservation
constraints, and its extreme points are sparse tree-like couplings. This is why classical transportation
algorithms remain important even though the formulation is finite-dimensional and convex.
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Transportation simplex and network simplex. The transportation simplex goes back to Dantzig’s
formulation of the transportation problem [75]. It works on basic feasible couplings, whose positive
support is completed into a spanning tree of the bipartite supply-demand graph. Starting from a basis,
for instance one produced by the north-west corner rule, reduced costs identify whether an unused arc
can decrease the objective. Adding such an arc creates a unique cycle in the tree; one then pushes as
much mass as possible around this cycle and removes the exhausted arc. This is exactly the simplex
method specialized to the transportation polytope, with pivots that can be implemented using graph
operations instead of a generic basis inverse.

The network simplex is the corresponding pivoting method for general minimum-cost-flow prob-
lems [27]. It keeps node potentials, reduced costs and a spanning-tree basis, and it has become one of
the most effective exact solvers for medium-scale discrete OT. Like the ordinary simplex method, its
worst-case number of pivots can be exponential for adversarial instances, but the per-pivot operations
exploit sparsity and are very efficient in practice. For theoretical polynomial guarantees, one can instead
use strongly polynomial minimum-cost-flow algorithms, such as Orlin’s algorithm [175]. In a dense
balanced transportation problem with n sources and 7 targets, the graph has O(n) vertices and O(n?)
arcs, so these general bounds are polynomial but still much heavier than the nearly matrix-vector
structure that Sinkhorn will exploit.

Interior-point methods. Generic interior-point methods approach the same LP through a smooth
central path. For the transport polytope, the logarithmic-barrier version is

P.:= argmin (C,P)-c¢ Z log Pij, (3-3)
P1,,=a, PT1,=b ij
Pij>0

where ¢ > 0 is decreased along the algorithm. The barrier is singular at the boundary, so each iterate
stays strictly inside the transportation polytope; as ¢ | 0, the central path approaches the set of LP
minimizers. Each Newton step solves a linear system involving the marginal constraints and the current
diagonal Hessian diag(e/ Pf].), which gives robust polynomial complexity but can be expensive for dense

couplings [172].

large ¢ medium ¢ small ¢ central path

Figure 3.4: Logarithmic-barrier central path for a two-dimensional equilateral triangular slice of a linear
program. The feasible triangle is constrained by positive slacks, and the displayed objective is

{7z —¢Y;log(b; — {a;, z)). Large ¢ selects a central interior point; decreasing ¢ moves the minimizer toward
the optimal vertex while never touching the boundary. This should be contrasted with entropic OT, where the
entropy temperature ¢ is usually fixed and defines the regularized problem itself.

The comparison with Sinkhorn is therefore subtle. Both methods keep iterates positive, but they use
positivity in different ways. Interior-point algorithms solve the original LP by decreasing the barrier
parameter € and following a central path. Sinkhorn fixes an entropic temperature ¢ and solves a different,
KL-regularized OT problem by alternating diagonal scalings. The parameter ¢ may be decreased in
continuation strategies, but for a fixed run it is part of the objective rather than only an algorithmic
barrier.

3.3 Relaxation for Arbitrary Measures

This section lifts the finite-dimensional coupling matrix to a joint probability measure. The payoff is
that existence, duality and metric properties can be stated for arbitrary laws, including discrete, singular
and continuous distributions.
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Continuous couplings. The first step is to formalize what it means for a joint law to have prescribed
marginals.

Definition 3.16 (Marginals of a joint measure). Let t € ML(X xY)and let Px(x,y) = x, Py(x,y) = y
be the coordinate projections. The marginals of 7 are

ni = (Px)ym € MLUX), 1= (Py)m € MLY).

Equivalently, for all bounded continuous test functions f on X and g on Y,

/Xxyf(x)dn(x,y)=/xfdn1, ‘/Xxy g(y)dn(x,y):Lgdm_

A useful mnemonic for the marginal constraint m; = a and 7o = f8 is the formal row-and-column
notation

[ antryy=dato, [ dnte,) = apw)
Yy X

which is made rigorous by Definition 3.16, or equivalently by the identities (A x V) = a(A) and
1(X X B) = B(B) for measurable sets A ¢ X and B C Y.

Definition 3.17 (Couplings). Given a € ML(X) and g € ML(Y), the set of couplings between a and
Bis
U(a,p) ={n e MU XXxY);, ii=a and m= B}. (3.4)

This is the continuous analogue of the transportation polytope (3.1).

Remark 3.18 (Probabilistic interpretation of couplings). If X ~ a and Y ~ B, then € U(a, f) means that 7t is
the law of a pair (X, Y) whose coordinates have laws a and . The coupling encodes the dependence between X
and Y. The tensor product a ® f corresponds to independence, whereas a graph coupling (Id, T)« corresponds
to the deterministic relation Y = T(X).

In the discrete case, when a = };a;6x; and g = 3;b;6y;, the constraint 11 = a and 1, = p forces every
coupling to have the form 7t = 3; j Pijé(x,v,y/) with P € U(a, b). The discrete formulation is therefore a special case
of the continuous one, not merely an approximation.

Unlike the Monge constraint, the coupling constraint is never empty. The continuous feasibility
witness is the tensor product coupling, the measure-theoretic version of the discrete product plan above.

Definition 3.19 (Tensor product and trivial coupling). Given a € ML(X) and g € ML(Y), the tensor
product coupling a ® § is the probability measure on X X Y defined by

/ Bl ) @ e ) = i ( /y h(x,wdﬁ(y)) e

for every bounded measurable k. It is also called the trivial coupling because it makes the two
coordinates independent.

Indeed, for every f € Cy(X),

/Xxyf(x)d(a®ﬁ)(x,y)=( /X f(x)da(x)) ( /y dﬁ(y))z / fda,

and similarly for the second marginal, so a ® g € U(a, p).

Proposition 3.20 (Product optimality is degenerate). Assume that X and Y are compact metric spaces and
that ¢ € C(X X Y). The following statements are equivalent:
a ® p € argmin / cdm, every coupling in U(a, B) is optimal.
neU(a,p)

They are also equivalent to the additive decomposition of the cost on the product support,

c(x,y) =u(x)+o(y).
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Proof. If every coupling is optimal, then o ® 8 is optimal. Conversely, assume that @ ®  is optimal. We
first show that, for every xg, x1 € supp(a) and yo, y1 € supp(f),

c(x0, yo) + c(x1, y1) = c(x0, y1) + c(x1, Yo)-
Indeed, if this equality failed, after exchanging yo and y; if necessary one would have a strict inequality

c(xo, yo) + c(x1, y1) > c(x0, y1) + c(x1, Yo)-
By continuity, the strict inequality persists with a uniform margin on small neighborhoods Uy, U; of
xo, x1 and Vo, V1 of yg, y1, chosen disjoint within each pair. Since the four points lie in the supports,
these neighborhoods have positive marginal mass. Denote by a; and f; the normalized restrictions of «
to U; and of B to V;, and choose

0 < A < min{a(Uo)B(Vo), a(U1)B(V1)}.

The exchanged measure

A=a@®@f-Aag®Po—Aa1®B1+Aag®P1+Aa1 ®Po
is nonnegative and has the same two marginals as a ® . The uniform strict inequality on the
neighborhoods implies that [ cdft < [ ¢ d(a ® ), contradicting optimality.
Fixing any x, € supp(a) and y. € supp(p), the equality of cross differences gives, for all (x,y) €
supp(a) X supp(p),
c(x,y) = c(x,yx) + c(xx, y) — c(Xx, Y)-

Thus ¢ = u + v on the product support. Every coupling is concentrated on this product support, so for

any © € U(a, B),
/cdnz/uda+/vdﬁ,

which depends only on the marginals. Hence all couplings are optimal. m]

The tensor product is therefore a trivial feasible coupling, not a typical optimizer. Product optimality
means that the cost cannot distinguish between dependences once the marginals are fixed. The continuity
assumption is important: if a = § is the uniform law on [0, 1] and ¢(x, y) = 1(;=y), then @ ® B has zero
cost and is optimal, whereas the identity coupling has cost one. Thus, for arbitrary merely measurable
costs, changing the cost on an a ® f-negligible set may affect singular couplings without changing the
product cost.

If there exists amap T : X — Y such that Tya = , then the Monge map induces the graph coupling
n = (Id, T)ya € U(a, B), characterized by

/ h(x,y)dn(x,y)=/h(x,T(x))doc(x).
XxY X

Applying this identity to h(x,y) = f(x) or h(x,y) = g(y) gives respectively 11 = @ and 7 = . Thus
graph couplings are precisely the Kantorovich representation of deterministic Monge maps. A last
important class consists of semi-discrete problems, where a has a density and g is discrete. In this case
couplings are singular measures supported on a union of graphs or cells inside X X Y.

Continuous Kantorovich problem. The discrete Kantorovich problem (3.2) becomes, for arbitrary
measures, the minimization of the average cost over all couplings,

Lla )=t /X <l yant,y). (35)

This is an infinite-dimensional linear program over a space of measures.
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Remark 3.21 (Probabilistic interpretation of Kantorovich’s problem). The same problem can be written as

-Ec(a/ ﬁ) = X~Lr}£/~ﬂ E(C(Xl Y))
The minimization is not over the marginal laws, which are fixed, but over all possible dependences between the
two random variables. OT therefore chooses the cheapest joint law among all couplings.

Proposition 3.22 (Existence on compact spaces). Assume that X and Y are compact metric spaces and that
c € C(X X Y). Then the Kantorovich problem (3.5) admits at least one minimizer.

Proof. The constraint set is non-empty because it contains the product coupling a ® 8. It is closed for
weak convergence of measures because the marginal constraints are preserved under weak convergence.
Since X x Y is compact, the set of probability measures on it is compact for the weak topology, and
therefore U(a, B) is compact. Finally, the functional 7 / cdm is weakly continuous because c is
continuous and bounded. The minimum is thus attained. m]

On non-compact domains, one needs coercivity and moment conditions. For the Wasserstein cost
c(x,y) = d(x, y)? on a Polish metric space, the natural domain is

Pp(X) = {y e ML(X); / d(x, xo)P du(x) < +oo},

for one, and hence every, reference point xo. If a,p € #,(X), then the product coupling has finite
p-cost up to the triangle inequality, so the Kantorovich value is finite. Existence of minimizers holds
under standard lower-semicontinuity assumptions on c, using tightness of finite-moment sublevel
sets [226, 202].

Monge-Kantorovich equivalence. The proof of Brenier’s theorem 2.18 relies on Kantorovich relaxation
and duality. It proves that, under its hypotheses, the relaxation is tight: it has the same cost as the
Monge problem and its optimal coupling is induced by a map.

Corollary 3.23 (Monge-Kantorovich equivalence under Brenier). Assume that « is absolutely continuous
with respect to Lebesgue measure and that c(x,y) = |x — y||*. If T is the Brenier map solving Monge’s problem,
then 1t = (Id, T)ya is the unique optimal coupling solving the Kantorovich problem. In particular, Monge and
Kantorovich costs are the same.

Proof. The proof of Brenier’s theorem shows that the support of any optimal Kantorovich plan is
contained in the subdifferential d¢ of a convex function ¢. When «a has a density, ¢ is differentiable
a-almost everywhere, so dp(x) = {Ve(x)} for a-almost every x. Thus every optimal coupling is
concentrated on the graph of T = V¢ and must equal (Id, T)ya. The graph coupling is feasible and
optimal, and the two formulations have the same value. m]

The density assumption is exactly what prevents the relaxed plan from using several destinations at
a nonsmooth point.

Remark 3.24 (Nonsmooth potentials and splitting). If & does not have a density, then ¢ may be non-smooth on a
set charged by «, and non-smooth points can lead to mass splitting. For instance, moving ¢ to (6_1 + 041)/2 can
be represented by a plan concentrated on the set-valued subdifferential of p(x) = |x|, but not by a deterministic
map. This is the continuous counterpart of the gap between the uniform matching case of Corollary 3.14 and the
general splitting case.

Remark 3.25 (Probabilistic form of tightness). If (X, Y) has the optimal Kantorovich law under the assumptions
of Corollary 3.23, then Y = T(X) almost surely with X ~ a and T(X) ~ . This is analogous to the Birkhoff-von
Neumann result in the fully discrete uniform case: in both settings, the convex relaxation admits an optimizer
satisfying the original deterministic constraint. The hypotheses are quite different, however: Birkhoff-von
Neumann is finite-dimensional and need not give uniqueness, whereas Brenier’s theorem uses absolute continuity
of the source and gives uniqueness of the optimal map almost everywhere.
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3.4 c-Cyclical Monotonicity

Cyclical monotonicity is the local geometric fingerprint of optimality. It converts a global minimization
problem into finite exchange inequalities and is the bridge from Kantorovich plans to convex potentials.

Optimal transport plans behave well when one looks at any finite sub-collection of points in their
support: the restriction is still an optimal matching for those points alone. For finitely supported
marginals this is immediate, and it leads to the notion of c-cyclical monotonicity.

Support and c-cyclical monotonicity. To formalize this, one needs a precise notion of support, i.e. the
closed set that carries the mass of the coupling.

Definition 3.26 (Support). For a Radon measure m on X X Y,

supp(n) = {(x,y); n(U x V) > 0 for every open U 3 x, V 5 y}.

Definition 3.27 (c-cyclical monotonicity). A setI' € X X Y is c-cyclically monotone if, for every k > 2,
every finite family (x;, yi)f:l c I' and every permutation o of {1, ..., k},

k k

Z c(xi, yi) < Z c(Xi, Yo(i))-

i=1 i=1

Any permutation is a product of cycles, so it suffices to verify the inequality for cyclic permutations,

k k

Z c(xi, yi) < Z c(xi, yiv1), Y1 = Y1

i=1 i=1

Optimal matching to optimal transport. Let the marginals be uniform on n points, & = 1 37| 5,
and f = % Yiz1 0y, By Corollary 3.14, there exists an optimal plan induced by a permutation. Its
support I' = {(x;, y4()) }i is c-cyclically monotone: otherwise exchanging the finitely many targets along
a violating cycle would lower the matching cost. The following theorem, in the spirit of Rockafellar’s
cyclic-monotonicity theorem [195], says that the same finite-exchange condition holds for any optimal
coupling, not only for finite uniform matchings.

Theorem 3.28 (Optimal plans are c-cyclically monotone). Assume c is continuous. For any optimal plan 1t
solving the Kantorovich problem (3.5), supp(m) is c-cyclically monotone.

Proof. We prove the contrapositive. Suppose that supp(m) is not c-cyclically monotone. Then there exist
points (x;, yi)f,‘zl in the support and a permutation o such that

Z c(xi, yi) > Z c(Xi, Yo(i))-

1 1

By continuity of c, after shrinking neighborhoods U; 3 x; and V; 3 y;, the same strict inequality holds
uniformly for every choice of points in these neighborhoods:

Z c(ui,vi) > Z c(ui, 9oy)  (ui € Ui, vi € Vy, D43y € V(i)

1 1

Choose the sets so that (U; X V;) > 0. Because there are only finitely many rectangles, one can choose
A > 0 small enough that the scaled restrictions

_ 7T|LI,-><V1-
n(U; x Vi)

Tt

have common mass A and satisfy }}; t; < . Let a; = (Px)ym; and B; = (Py)ym;. Define

ﬁ=n—2m+2$ﬁa(i).
i i
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The removed and reinserted first marginals are both }}; a;, and the removed and reinserted second
marginals are both }}; B; because ¢ is a permutation. Hence 7t € U(«, B). Integrating the uniform strict
inequality against the product probability ®;(r;/A) shows that the reinserted crossed terms have strictly
smaller cost than the removed diagonal terms. This contradicts the optimality of . m]

Monotonicity. Assume the optimal plan is induced by a measurablemap T : X — Y, i.e. m = (Id, T)ya.
For any k points x1, ..., xx in the domain, cyclical monotonicity reads

k k

D e, Tx) < ). olxi, T(xisn)), Xt = X1,

i=1 i=1
For c(x, y) = 3lx — y|?, taking k = 2 gives, for any x, v,

(T(x)=T(y), x=y) >0,

so T is a monotone vector field. Brenier’s theorem adds that, when «a is absolutely continuous, T = V¢
for a convex potential ¢. The converse fails in dimension d > 2: as shown by the rotation example in the
Monge section, a small rotation is monotone yet not a gradient.

One dimension. In one space dimension, with cost ¢(x,y) = |x — y|P for any p > 1, the two-point
inequality becomes

X =T + [y =TI <lx =TI + |y -T)I",

which is equivalent to T(x) < T(y) whenever x < y. Thus T must be nondecreasing, recovering the
classical monotone rearrangement.

3.5 Metric Properties: Wasserstein Distances

The final part of the section proves that OT costs are genuine distances when the ground cost comes
from a metric. It also compares Wasserstein convergence with total variation and explains why OT is
weak enough to move Dirac masses continuously.

OT defines a distance. An important feature of OT is that it defines a distance between histograms
and probability measures as soon as the cost matrix satisfies certain suitable properties. Indeed, OT
can be understood as a canonical way to lift a ground distance between points to a distance between
histograms or measures. The proof of this result relies on a “gluing lemma”, which we first prove in the
discrete case.

Lemma 3.29 (Discrete gluing lemma). Given (a,b,c) € L, X &, X Ly, let P € U(a, b) and Q € U(b, ). Then
there exists a 3-D tensor coupling S € R ™™ such that the 2-D marginals satisfy

Z Si,j,k = Pi,]' and Z Si,j,k = Q]‘/k.
k i
Consequently the marginal between the first and third variables,

R = Zsi,j,k/
j

belongs to U(a, ¢). For the canonical construction below, this glued coupling is the twisted matrix product

R=Pdiag(1/b)Q,  Rix= y. 1Yk

jb>0 7

In the matrix notation, 1/b; is understood as 0 when b; = 0. Figure 3.5 displays this construction in matrix form.
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Proof. One verifies that

PQik i b #0
v { 0 otherwise (3.6

is acceptable. Indeed, if b; # 0

Zsl]k_ZPZJQ]k:P (Q]lm)] I]b

]

If bj = 0, then necessarily P; ; = 0 and };S; jx = 0 = P; ;. The same computation gives the other
prescribed marginal:
Q] k

iPi;=Qix if b;>0,
Zsi,j,k=
- 0 Q]/k if b =0.

Summing over j then gives the displayed formula for R. Its row and column sums are
ZRi,k = ZPi,j =a;, ZRz’,k = ZQj,k = Ck,
k j i j
soR € U(a, ¢). O

P € U(a,b) Q € U(b,c) glued R direct OT

AN NN A

¢ r ) /
- 4 - o~

Figure 3.5: Discrete gluing lemma in matrix form. The first two panels are optimal one-dimensional couplings
through an intermediate marginal b. The third panel shows the induced marginal R = P diag(1/b)Q between
a and ¢; it is feasible and is the coupling used in the triangle-inequality proof. Because the intermediate
marginal is represented on a coarser grid, the glued coupling is more mediated than the direct optimal
coupling shown on the right. The thin box frames only the coupling matrix in each panel, while the attached
marginal strips remain outside it.

When the cost matrix is the pth power of a distance matrix, the discrete Kantorovich value becomes
a metric on histograms.

Definition 3.30 (Discrete Wasserstein distance). Let D € R?*" be a distance matrix on [1#] and let
p > 1. The discrete p-Wasserstein distance between histograms a, b € X, is

W, (a,b) = Loy (a, b)'/7. (3.7)

It depends on the chosen ground distance D.

Proposition 3.31 (Metric property of discrete Wasserstein distance). For every distance matrix D on [n]],
Definition 3.30 defines a distance on L,: W), is symmetric, positive, Wy(a,b) = 0 if and only if a = b, and it
satisfies the triangle inequality

VYa,b,ceX,, Wpy(a,c) <Wy(a,b)+Wy(b,c).

Proof. For symmetry, since D is symmetric, we use the fact that if P € U(a, b) is optimal for W,(a, b),
then PT € U(b, a) is optimal for W, (b, a). For definiteness, since C = D” has a null diagonal, W,(a,b) = 0
is achieved by the diagonal coupling P* = diag(a) = diag(b) when a = b; by positivity of all off-diagonal
elements of D?, W,(a,b) > 0 whenever a # b because any admissible coupling then has a nonzero
element outside the diagonal.
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To prove the triangle inequality in this discrete setting, we consider a, b, c € ,, and let P and Q be
two optimal solutions of the transport problems between a and b, and b and ¢ respectively. We use
the gluing Lemma 3.29 which defines S € R”3 with marginals 3}, S..x = Pand };S; .. = Q. We define
R =38, ., which is an element of U(a, c).

a P b Q c
R

Note that if one assumes b > 0 then R = P diag(1/b)Q.
The triangle inequality follows from

- 1/p
Wy(a,c) = (~min (R, D”)) < (R, DP)VP

ReU(a,c)

ZD"‘ZSW) S (Z; (Dy +D7,k)psi,j,k)l/p
i,

ZD S,]k) (ZD]ksljk) 1/p

ijk :

ZDUZSM) ThES G

/p 1/p
i ) " ( Df,in'k) = Wp(a,b) + W, (b, c).
ik

AA/—\A

The first inequality follows from the feasibility of R, the second is the usual triangle inequality for
elements in D, and the third comes from Minkowski’s inequality. O

Continuous gluing. Proposition 3.31 generalizes from histogram to arbitrary measures that need not
be discrete. For this, one needs the following general gluing lemma.

Lemma 3.32 (Gluing lemma). Let (a, 8,7) € ML(X) x ML(Y)x ML(Z) where (X, Y, Z) are Polish spaces
in the sense of Definition 2.3. Given t € U(a, B) and & € U(B, y), then there exists a tensor coupling measure
0 € M (X XY x ) such that

(PX,y)ﬁG =7 and (PJ,Z)ﬂG = 5
where we denoted the projector Px y(x,y,z) = (x,y) and Py z(x,y,z) = (y, 2).
Proof. The proof of this fundamental result is involved since it requires using the disintegration of
measure (which corresponds to conditional probabilities). The disintegration of measures is applicable
because the spaces are Polish. We disintegrate 7 and ¢ against f to obtain two families (1y),cy and
(&y)yey of probability distributions on X and Z. These families are defined by the fact that

VheCWXxY), /y ( /X h(x,y)dny(x))dﬁ(y)z / h(x, y)dn(x, y).

and similarly for &. When g = }; i bjdy, and = Zi,j Pii0¢x;, )0 then this conditional distribution is
defined on the support of f as 7y, = 2; %6 x; (and similarly for &). The glued measure is then defined
by the conditional-product formula

Vg eCWxYx2), [ gtxy,ad0ty,2) = [ glx,u,2dm, (0de, B0
For discrete measures, this matches the definition (3.6), since 0 = 2; ; 1 Si j k0x;,y;,z, Where

Pl]Q]k

Sijk = b, b;

——b;.
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Using this gluing lemma, we can now construct the Wasserstein distance in the general setting of
arbitrary distributions on a Polish space.

Definition 3.33 (Wasserstein distance). Let (X, d) be a metric space and p > 1. For a, € P,(X), the
p-Wasserstein distance is

1/p

Wy(a, ) = Lar(a, p7 = (m%ﬁ) [ pante) )

It depends on the ground distance d.

Proposition 3.34 (Metric property of the Wasserstein distance). Definition 3.33 defines a distance: ‘W is
symmetric, positive, W,(a, B) = 0 if and only if a = B, and it satisfies the triangle inequality

Via,B,y) € PpX), Wyla,y) < Wpyla,B)+W,(B,7)

Proof. The symmetry follows from the fact that since d is symmetric, if 7(x, y) is optimal for La» (a, ),
then n(y, x) € U(B, a) is optimal for L (B, a). If Lir(a, f) = 0, then necessarily an optimal coupling 7
is supported on the diagonal A := {(x, x)}, C X2. We denote A(x) the corresponding measure on the
diagonal, i.e. such that f h(x, y)dn(x,y) = f h(x, x)dA(x). Then since m € U(a, B) necessarily A = a
and A = § so that a = .

For the triangle inequality, we consider optimal couplings © € U(a, ) and & € U(B,y) and we
glue them according to the Lemma 3.32. We define the composition of the two couplings (7, &) as
p = (Px,z)y0. Note that if 7 and ¢ are couplings induced by two Monge maps Tx(x) and Ty(y), then p
is itself induced by the Monge map Ty o T, so that this notion of composition of coupling generalizes
the composition of maps. The triangular inequality follows from

Woyla,y) < (/sz d(x,z)’”dp(x,z))l/p = (//\’xyxz d(x,z)”da(x,y,z))l/p

1/
<([ @y edwardoty,2) "
XxYxZ

1/p 1/p
[ dwrdoteya) "+ ([ zrdoty,z)
XxYxZ XxYxZ

1/ 1/
[ awranten) "+ ([ awzraswa)” = woap « Wy
XxY YxZ

N

O

Interpolation induced by an optimal plan. The quadratic Wasserstein distance does not only compare
two endpoint measures. An optimal plan also says how to move mass between them: each active pair
(x, y) travels along the segment joining x to y. This turns an optimal coupling into a curve of measures.

Definition 3.35 (W, geodesic induced by an optimal plan). Let ag, a1 € P,(RY), and let * €
U(ayp, 1) be optimal for W%(ao, a1). For t € [0, 1], define
er(x,y) =1 -t)x+ty, ap = (e)ymr*.
The curve (a¢)se[o,1] is the displacement, or McCann, W, geodesic induced by r*.
In the discrete case, each mass P;; moves from x; to y; along its own segment. When the optimal plan is

not induced by a map, one source atom can split into several moving atoms. If the optimal plan is not
unique, different optimal plans may also induce different W5 geodesics.

Proposition 3.36 (Optimal-plan interpolation is a ‘W3 geodesic). Let (a¢)se[o,1] be defined by Definition 3.35.
Then, forevery 0 < s <t <1,
Walas, ar) = (t —s) Wa(ao, a1).

Thus t — ay is a constant-speed geodesic for the metric W.
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Algorithm 3.4 Displacement interpolation from a transport plan

Input: Measures «,  on R?, time t € [0, 1].
Output: Displacement interpolant a;.
Let 7 be any minimizer of the quadratic Kantorovich problem.
Set interpolation map: e;(x,y) = (1 — t)x + ty.
Push forward: a; = (e;)ym*.
If* =3, P;]‘.(S(xi,yj) then:
Compute a; = }; ; P;é(l_t)xﬁtw.

Return «a;.

Proof. Push the optimal plan 77* forward by (es, e;). This gives a coupling s € U(as, at), and

/ |z = 2’|Pdyss(z,2') = / ler(x, y) — es(x, y)IPdm*(x, y) = (t — s)* Wi(ao, a1).

Hence Ws(as, ay) < (t —s) Wa(ag, @1). Applying this upper bound to the three pairs (0, s), (s, t) and
(t,1), and using the triangle inequality of Proposition 3.34, gives
Walao, a1) < Walao, as) + Walas, ar) + Waar, ar) < Walao, ai).

All inequalities are therefore equalities, in particular the middle segment has the claimed length. O

t=0 t=1/4 t=1/2 t=3/4 t=1

) * 4
S ot e Sy .t ~t
00. : oy .‘: o ..: - * ° ¢

Figure 3.6: McCann interpolation induced by a non-deterministic optimal transport plan. In every panel, the
red and blue endpoint measures are shown with low opacity, thin gray segments display the support P;; > tol
of the coupling, and the moving atoms are colored from red to blue along the interpolation.

General geodesic spaces. For Dirac masses in Euclidean space, the ‘W, geodesic from 0, to 0, is
t > O(1-t)x+ty- The same idea extends to any geodesic metric space (X, d), meaning that each pair of
points can be joined by a constant-speed metric geodesic. For each pair (x, i), one replaces the Euclidean
segment by a curve y*¥ : [0,1] — X such that yg’y =x, yf’y =y, and

A,y = |t —sld(x, y).

If this geodesic is unique and depends measurably on (x, y), one defines e;(x,y) = y'tx’y and sets
ar = (e;)ym* for an optimal coupling 7*. When geodesics are not unique, there is no canonical
interpolation of a pair of Diracs unless a choice is made: one may select a particular geodesic between x
and y, or randomize among several such geodesics. The intrinsic formulation is to choose a probability
measure 1 on the path space of constant-speed geodesics, called a dynamical optimal plan, such that
(eo, e1)yn is an optimal coupling, and to set a; = (e;)yn. Different measurable choices, or different
conditional distributions over geodesics with the same endpoints, can give different ‘W, geodesics; the
constant-speed identity remains the same. This path-space viewpoint is standard in the general theory
of Wasserstein spaces [7, 226, 202].

Comparison with Monge. This distance ‘W), defined through the Kantorovich problem (3.8) should
be contrasted with the directed distance ‘W obtained using Monge’s problem (2.6). The Kantorovich
feasible set is never empty, since it contains the product coupling, although the p-cost may still be infinite
without moment assumptions on non-compact spaces. By contrast, Monge’s constraint set {T ; Ty = ﬁ}
can be empty. When an optimal Monge map exists, Kantorovich gives the same value by choosing the
graph coupling (Id, T)ya; in this sense the Kantorovich problem is the convex relaxation of Monge’s
problem, with much better stability properties.



3.6 Metric Properties: Topology and Applications 45

3.6 Metric Properties: Topology and Applications

This section shifts from metric axioms to topology and uses. Wasserstein distances metrize weak
convergence under moment control, sit between weak and strong topologies, and provide quantitative
estimates in probability and robust optimization.

Convergence in law topology. On a bounded metric space, all ‘W, distances define the same topology,
although they are not equivalent as distances.

Proposition 3.37 (Equivalence of Wasserstein distances on compact spaces). One has for p < q

W,(a, ) < W,(a,p) < diam(X)'T W,(a,p)T

where diam(X) = sup d(x, y).
Xy

Proof. The left inequality follows from Jensen inequality, ¢( / c(x, y)dn(x,y)) < f plc(x, y))dn(x,y),
applied to any probability distribution 7 and to the convex function ¢(r) = 9/ with c(x, y) = d(x, y)?,
so that one gets

1
(/ d(x,y)Pdn(x, y)) ' < / d(x, y)1dn(x, y).
The right inequality follows from
d(x, y)T < diam(X)7Pd(x, y)*.
O

The Wasserstein distance W), is a weak distance: it compares singular distributions, such as discrete
measures, and quantifies spatial shifts between supports. Its topology is studied in detail in [226, 202, 6],
while empirical rates are quantified in [82, 92, 232, 37, 38].

Definition 3.38 (Weak" topology). (ax)x converges weakly” to a in ML(X) (denoted ay — a) if and
only if for any bounded continuous function f € Cp(X), /X fday — fX fda. On compact spaces,
Cy(X) = C(X), which is why the boundedness is often left implicit there.

Remark 3.39 (A Riemann-sum weak limit). On X = R, the empirical measures on a regular grid satisfy

1 n
> kz_l Ok/n — Upo,1)-

Indeed, for every continuous bounded function f,

1< !
2 D) — | s

which is precisely the convergence of Riemann sums. This convergence is weak but not strong: for every n, the
discrete measure and the uniform density are mutually singular, hence their total variation distance is equal to 2.

Remark 3.40 (Weak convergence for discrete measures). In the special case of a single Dirac, 0, — 0y is
equivalent to /fdéx(n> = f(x(”)) — /fdéx = f(x) for any continuous f. This in turn is equivalent to x(M S x.
(n)

For a fixed number of atoms, if ), = Zﬁ 1 a?")éx(”) and, after extracting a subsequence and relabeling, a:
i

1
and xl(") — x;, then a;, converges weakly to }; a;0y;, with atoms at identical limits merged. Without a uniform

bound on the number of atoms, weak limits of discrete measures can be non-discrete; empirical measures are the
standard example.

—a;

In terms of random vectors, if X,, ~ a, and X ~ a (not necessarily defined on the same probability
space), weak convergence corresponds to convergence in law of X, toward X.
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Remark 3.41 (Modes of convergence for random variables). Convergence of laws should be distinguished from
stronger notions of convergence for random variables. If X, and X are defined on a common probability space,
then X;;, — X almost surely means pointwise convergence outside a null set, while convergence in probability
means
Ve>0, P(|X, — X| > €) = 0.

Almost-sure convergence implies convergence in probability, and convergence in probability implies convergence
in law. Convergence in law is exactly weak™ convergence of the probability measures (Xn)ﬁP — Xﬁ P, and does
not require all variables to live on the same probability space. Strong convergence of measures, for instance
convergence in total variation, is different and usually much stronger: it controls the mass assigned to all
measurable sets, not only averages against continuous test functions. In particular, total variation convergence
implies weak convergence, but the converse fails for empirical approximations of continuous laws.

Remark 3.42 (Central limit theorem). The central limit theorem states that if (Xy,..., X,) are i.i.d. random
vectors with finite second moments, E(X;) = 0, and E(X; XZT) = Id, then the rescaled average Z, := \/%7 Z?:l X;

converges in law toward a Gaussian N(0,Id). This means that the measure a;, representing the law of Z,
converges weakly toward the measure a of the centered normalized Gaussian.

The total variation norm was introduced in Definition 2.6 and Proposition 2.7. Its induced topology
is often called the “strong” topology on measures. In the present section we only use the recall that, for
a signed difference a — g,

la = Blrv = la = BI(X),

so densities give an L! norm and discrete signed measures give an ¢! norm of the signed weights.
The following proposition shows that the TV norm can be seen as a Wasserstein distance, but for a
“degenerate” 0/1 metric.

Proposition 3.43 (Total variation as Wasserstein for the discrete metric). Denoting d the 0/1 distance such
that d(x,x) =0and d(x,y) = 1ifx # y, then

Wl B = 3l = hrv.

Proof. For the sake of simplicity, we do the proof for discrete measures with weights (a, b) and without
loss of generality assume they have the same support (x;); and we denote D := (d(x;, x;)); ; which is 0
on the diagonal and one outside. Also since d” = d we consider p = 1. We denote ¢; = min(a;, b;). By
conservation of mass, for every P € U(a, b), P; ; < ¢;, thus

(P,D)=>"Pii=1->Py>1->c.
i

i#] i
We need to show that this bound is tight, namely to construct P € U(a, b) such that diag(IS) =c. Let
a=a-c=(a-b); >0 and bi=b-c=(b-a); >0
Ifa =b =0, then a = b and the diagonal coupling is optimal. Otherwise, one has
a®b
@ 1)
and we remark that (3, 1) = (b, 1) =1 - (¢, 1). Thus denoting

e U@a,b)

satisfies _
Pl=c+a=a and P'1=c+b=Db

so that P € U(a, b) is a coupling so that diag(P) = diag(c) since diag(a ® b) = 0. We thus conclude that

R aib; -1 -1
Wi@b) = (D, Py = ) e = ) i = ) b= 5 ) (ai+B) = 5la—blv.
ij ! i i i
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As explained in Remark 3.40, in the special case of Diracs, 6y, — 0y is equivalent to x, — x. One
can then contrast the strong topology with the Wasserstein distance if x,, # x,

[0x, = Oxlltv =2 and  Wy(6y,,0x) = d(xy, x).

This shows that for the strong topology, Diracs never converge, while they do converge for the Wasserstein
distance. It is a powerful property of the Wasserstein distance: on compact spaces, it metrizes weak
convergence.

Proposition 3.44 (Wasserstein metrizes weak convergence on compact spaces). If X is compact, ay — a if
and only if Wp(ay, a) — 0.

Proof. For p = 1, this is the Kantorovich-Rubinstein metrization theorem: by duality, ‘W is the
supremum over 1-Lipschitz test functions, and on a compact metric space this class is compact modulo
constants by Arzela—Ascoli. Thus convergence in ‘W1 is equivalent to weak convergence. Proposition 3.37
then shows that all Wasserstein distances ‘W, induce the same convergent sequences on compact spaces.
Hence weak convergence is equivalent to convergence in W for every p > 1. m]

On non-compact spaces, one needs also to impose convergence of the p-th moments. More precisely,
on a Polish metric space, W,(ax, a) — 0 if and only if ¢y — a and, for some reference point xo,

/ d(x, xo)’ dag(x) — / d(x, xg)’da(x).
On a discrete space, the strong and weak topologies coincide, and the following proposition relates
the TV and Wasserstein distances.

Proposition 3.45 (Comparison with total variation on discrete spaces). One has

Amin = g&li d(x,y)

Ami d
’;m la = Blrv < Wi(a, B) < ’;ax la—Blrv  where

Amax = sup d(x,y)
XYy

Proof. We denote do(x, i) the distance such that do(x, x) = 0 and do(x, y) = 1 for x # y. One has
dmindo(x,y) < d(x,y) < dmaxdo(x, y)

so that integrating this against any = € U(a, f) and taking the minimum among those 7 gives the result
using Proposition 3.43. O

This bound is sharp, as this can be observed by taking a = 6, and 8 = 6,, in which case the bound
simply reads if x # y
dmin < d(x/ ]/) < dmax'

This shows that the ratio between the two distances can blow up as dmax/dmin increases. On non-discrete
spaces, if dmin = 0, then the two distances are not equivalent, in line with the fact that the strong and
weak topologies do not coincide.

3.7 Wasserstein over Wasserstein

The construction can be iterated. Once (X, d) is a metric space, the set of probability measures on
X becomes a metric space through ‘W,. It can therefore serve as a new ground space. This is useful
whenever the objects to compare are themselves random probability measures, or mixtures whose
components are meaningful objects rather than only a collapsed density.

The standard setting is that of Polish spaces, introduced in Definition 2.3. These assumptions rule
out many measure-theoretic pathologies: probability laws can be approximated by countable objects,
tightness gives compactness criteria, regular conditional probabilities exist on the associated Borel
spaces, and weak convergence is stable. The next proposition records that Wasserstein spaces preserve
this structure, so the construction can be iterated without leaving the same well-behaved category.

Proposition 3.46 (Wasserstein spaces as ground spaces). If (X, d) is a Polish metric space, then Pp(X)
endowed with W, is Polish. If X is compact, then P (X) is compact for the Wasserstein topology, and the
construction can be iterated to form P(P (X)), P(P(P(X))), and so on.
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Proof. This is a standard structural theorem for Wasserstein spaces [226, 202, 7]. Completeness follows by
representing a ‘W ,-Cauchy sequence through almost optimally glued couplings, which gives a Cauchy
random sequence whose law is the desired limit; separability follows by approximating measures
with finitely supported measures on a countable dense subset and rational weights. If X is compact,
Prokhorov compactness gives compactness of $(X) for weak convergence, and Proposition 3.44 identifies
this topology with any Wasserstein topology. O

We denote elements of P»(X) by a, B, . . .. Elements of P,(P2(X)) are denoted by fraktur letters, for
instance U, B; they are probability laws over probability measures, or random probability measures. A
basic parametric example is obtained from a family («¢)cez and a probability law ) on the parameter
space:

A= (C agyy. (3.9)

Ify= le-il a;6¢,, then

"
Vi

aiéali.
i=1

Definition 3.47 (Collapsed, or barycentric, mixture). For U € P(P»(X)), the collapsed, or barycentric,
mixture associated with U is the measure @y defined by

/Xf(x)do'z«u(x) = /PZ(X) (/X f(x)doc(x)) d¥(«), (3.10)

for bounded continuous f.

In the finite case, ay = 3; a;ag;.
The Wasserstein distance on the Wasserstein space is

WU, 8) = inf / W2(a, B)dI(a, B). 311
(9 NeU,B) Jp,(X)xP5(X) 2, f)dIT(a, B) (3.11)

For Gaussian mixtures, this separates two levels of geometry. A mixture }}; a;N(m;, ;) can either be
viewed as the collapsed measure on X, or as the component law

A=) 00N,
i

on the Bures-Wasserstein space of Gaussian components. Given two component laws

A= Z i ON(m;, L), B = Z bj(SN(Vlj/Aj)’
i j

the discrete problem induced by (3.11) uses the component cost
Cij = Imi = nj* + B(Zi, Aj)*.

Let IT* be an optimal coupling between the weights a and b. If A;; denotes the Brenier linear part from
L; to Aj, then each active component pair is interpolated by

Mijp = 1-tym; + tnj, Zij,t = ((1 —t)d + tAij)Zi((l - t)Id + tA,']‘),

and collapsing these component geodesics gives

&t = Z H;}N(mi]’,t/ Zij,t)'
i)j

This component-level interpolation transports Gaussian components as atoms of the Wasserstein space
before returning to measures on X. It is generally not the same as the true W5 interpolation between
the collapsed mixture densities, which can split and recombine mass inside and across components.
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component law on Gaussian atoms collapsed mixture law

Figure 3.7: Two interpolations between the same three-component one-dimensional Gaussian mixtures. On
the left, each mixture is represented as a discrete law over Gaussian components, and the components are
matched using the Bures-Wasserstein distance between Gaussians. On the right, the mixtures are first
collapsed into ordinary one-dimensional densities and then interpolated by the true quantile formula for W5.
The two constructions encode different geometries.

Proposition 3.48 (Collapsing is non-expansive). Let U, B € Po(Pa(X)), and let ay and By be the collapsed
mixtures defined by (3.10). Then

Waaq, ps) < Wao (2, B).

Proof. FixIT € U(Y, B). For every (a, f) choose, by a standard measurable selection argument and up
to an arbitrarily small error, a coupling 7, 5 € U(a, f) whose quadratic cost is W;(a, ). Integrating
this Markov kernel against I'T gives a coupling 7@ between dy and . Its cost satisfies

/ d(x, yPd(x, y) < / Wi(a, )dTI(a, §)
XxX Pa(X)?

up to the arbitrary selection error. Taking first the infimum over 7 and then over I1 proves the claim. O

The following remark records a useful way in which this iterated construction reappears later for
Gromov-Wasserstein lower bounds.

Remark 3.49 (Local profiles as Wasserstein-over-Wasserstein laws). Given a metric-measure space X =
(X, dyx, ix), each point defines a local distance distribution

ay = (dx(x,)gux € PR+),  Dx = (x = ax)yux € P(PR4)).

The Mémoli profile lower bound in Proposition 11.11 is precisely a Wasserstein-over-Wasserstein comparison of
these laws of local profiles. It replaces the full pairwise distortion by an ordinary OT problem whose ground cost
is itself a one-dimensional Wasserstein distance. Note that there exist alternative distances which also metricize
weak convergence. The simplest ones are Hilbertian kernel norms, which are detailed in Section 6.1.

3.8 Distributional Robustness and W

DRO ambiguity sets. Wasserstein distances are also used to define ambiguity sets around an empirical
law. Given samples z; and &, = 1 3, 6.,, a distributionally robust optimization (DRO) problem replaces

the empirical risk % i lo(zi) by
sup / bo(2)d(2),

B:Wp(B,an)<p

or, in Lagrangian penalized form, by supy f todp — A Wy(B, &n)P. The constrained and penalized
formulations are linked by the choice of multiplier A, but are not the same problem for an arbitrary fixed
A. Both ask for performance against distributions that can be reached by transporting the empirical
mass within a budget. The radius p is expressed in the geometry of the data space, so it can encode
feature perturbations, domain shift or model misspecification [166, 33, 100].
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The basic computational reason for the popularity of Wasserstein DRO is a dual reformulation.
Under the usual upper-semicontinuity and growth assumptions on the loss, one has

n

1
sup / lodB =inf Ap? + — » sup{ilo(z) — Ad(z,z;)P}. (3.12)
ﬁ:(Wp(ﬁ,&u)Kp” A=0 n ; 5 { 1 }

Thus the robust risk is an empirical risk in which each sample is replaced by its worst penalized
perturbation. For p = 1 and an Lg-Lipschitz loss, the Kantorovich-Rubinstein dual gives the transparent
upper bound

sup / f@dﬁ < l Z lo(z;) + pLe,
B: Wi(B,an)<p n i

which exhibits Wasserstein robustness as a Lipschitz regularizer. The bound is sharp for worst-case

optimization over a full Lipschitz ball of losses, while a fixed loss may not realize all extremal Lipschitz

directions.

In machine learning, the inner supremum in (3.12) has the form of an adversarial perturbation
problem: the adversary moves each datum away from z; but pays a transport penalty. This connects
Wasserstein DRO to adversarial training and certified robustness [208, 207]. In sequential decision
problems, the same idea places Wasserstein ambiguity sets around transition kernels or rewards,
producing robust Bellman operators and robust reinforcement-learning models [234, 235].

Proposition 3.50 (Convexity of transport costs). For any nonnegative lower-semicontinuous cost c, the value

(a, ﬁ) — L(a, ﬁ)

is jointly convex. In particular, for a ground metric d and p > 1, the map (a, p) = Wp(a, p)P is jointly convex.
The distance ‘W is jointly convex, but ‘W, itself need not be convex for p > 1.

Proof. Let g € U(ao, fo) and w1 € U (a1, f1) be n-optimal. Then (1 — t)rg + t11 is a coupling between
(1 -t)ap + tag and (1 — ¢)Bo + tB1, and its cost is the corresponding convex combination of the two
costs. Letting 7 — 0 proves joint convexity of L.. Taking ¢ = d” gives convexity of (Wﬁ. For
p = 1, this is convexity of ‘W itself. For p > 1, the root can destroy convexity: on the real line,
F(t) :== Wy((1 - £)d0 + 61, 89) = t1/P satisfies F(1/2) > (F(0) + F(1))/2. o

This convexity is useful when distributions themselves are decision variables. In the usual DRO
problem, however, the ambiguity set is fixed once the data are fixed. Therefore, if z — fg(z) is measurable
and 6 — {p(z) is convex for every z, then

0 sup / lodp

ﬁ5(W;7(ﬁ/&vl)<P

is convex as a supremum of convex functions of 0. This explains why Wasserstein DRO can preserve
convex learning formulations while still modeling adversarial distributional shifts.

‘W robustness. The limiting distance

Wola,B) = iInf esssupd(x, 3.13
(a,B) e (x,yw?( Y) (3.13)

is the limit of W,(a, f) as p — oo on bounded spaces, not the limit of the convex programs defining W Z.
It minimizes the worst displacement rather than an average displacement, and the resulting optimization
is no longer a linear convex program because of the essential-supremum objective. This makes ‘W, less
convenient algorithmically, but very natural in robust formulations where one wants to guarantee that
every transported sample stays within a prescribed perturbation radius.

Proposition 3.51 (‘W robust envelope around an empirical law). Let (Z,d) be a Polish metric space.

Let & = )1, ;0 with a; > 0and }; a; = 1, and assume that the closed balls E(zi, p) are compact. For any
real-valued upper-semicontinuous loss ¢,

sup /E(z)dﬁ(z)zZai sup {(z).

B:We(B,d)<p i=1  z€B(zi,p)
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Proof. If W(B, @) < p, then, by symmetry, there are couplings 7, € U(&, ) whose essential dis-
placements are at most p + 1/m. Since the two marginals are fixed probability measures on a Polish
space, U(a, B) is tight and closed, hence weakly compact by Prokhorov’s theorem. After extraction,
m — 1 € U(&,P). For every n > 0, the closed set F;, = {(x,z) : d(x,z) < p +n} has n,,(F;) = 1
for all sufficiently large m. Portmanteau’s theorem gives n(F;) = 1. Letting n | 0 along a countable
sequence gives n({(x, z) : d(x,z) < p}) = 1. Disintegrating 7 with respect to the first marginal gives
7 = };8;0; ® v, where each v; is supported in the closed ball E(zi, p)and § = ; a;v;. Hence

/fdﬁ:Zai/Zdvi<Zai sup {.
i

i B(zi,p)

The reverse inequality follows by choosing, for each i, a maximizer z* € B(z;, p) and setting f = 3, 2;0,+.
The coupling }’; a;6(;, .») has essential displacement at most p, so this § is feasible and attains the
displayed value. O

3.9 Quantitative Central Limit Theorems

The weak topology only says whether laws converge; Wasserstein distances also quantify how fast
they converge. The next result is a representative theoretical application: the central limit theorem
becomes a rate estimate in ‘W1. This is useful because W1 is exactly the supremum over 1-Lipschitz
observables, so the bound controls the error of all stable numerical or statistical measurements of the
normalized sum at once. Figure 3.8 illustrates the elementary Bernoulli case.

n=1 n=2 n=4 n=16 n =64

T T T T T T T T T T T T T T T
-2 0 2 -2 0 2 -2 0 2 -2 0 2 -2 0 2

Figure 3.8: Central-limit theorem for normalized Bernoulli sums. Starting from ag = %(6_1 + 01), the law of

Zy =n"12 2~ Xi remains discrete, but its rescaled atom heights approach the standard Gaussian density
shown in gray. The Wasserstein Berry-Esseen bound below quantifies this weak convergence by a ‘W1
distance.

The following estimate is the Wasserstein form of the classical Berry—Esseen theorem [24, 88]. The
proof sketch uses Stein’s method, whose modern normal-approximation formulation is developed
in [57].

Proposition 3.52 (Berry-Esseen bound in ‘W1). Let (X;)!_, be i.i.d. real random variables such that EX; = 0,
EXZ.2 =1and E|X;]? < +c0. If ay, is the law ofn‘l/2 >, Xi and y is the standard Gaussian law, then

CE|X?
Wilay,y) < ——,
1( n 7/) \/E

where C is a universal constant.

Proof. We give the standard Stein-method sketch. By Kantorovich-Rubinstein duality,

Wi(an,y)= sup [ER(S,)—ER(G),  Sy=n2)'X;, G~y.
Lip(h)<1 7

For each such F, solve Stein’s equation
fi(x) = xfu(x) = h(x) — ER(G).

The solution satisfies uniform derivative bounds depending only on the Lipschitz constant of i. Hence

Eh(sn) - Eh(G) = E[f];(sn) - Snfh(sn)]-
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Expanding f/(Sx) and f,(S,) by replacing the summands one at a time, the first- and second-order terms
cancel because EX; = 0 and EXI.2 = 1. The Taylor remainder is bounded by C Y, E|X;/+/1n|?, which gives

the displayed 77!/ rate. Sharper constants and higher-order transport-distance refinements are studied
in [34, 194]. o
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CHAPTER 4

Dual Problem

Duality turns the transport problem into a search for potentials rather than couplings. This chapter
explains why potentials certify optimality, how c-transforms regularize them, and why the quadratic
case reveals convex analysis behind Brenier maps. Linear-programming duality gives the discrete
picture [28], while the continuous form is one of the central theorems of OT [225, 202].

4.1 Discrete dual

The discrete dual gives finite-dimensional certificates of optimality. Its complementary slackness
conditions identify where an optimal coupling can put mass.

The Kantorovich problem (3.2) is a linear program so that one can equivalently compute its value by
solving a dual linear program.

Definition 4.1 (Admissible potentials). For a discrete problem with marginal sizes n, m and cost
matrix C € R a pair (f, g) € R"” x R™ is admissible if it lies below the cost:

R(a,b) = {(f,g) € R"XR"; ¥ (i,j) € [n] x [m], fi + g; < Ci;}. (4.1)

Equivalently, f ® g < C entrywise. The notation suppresses the dependence on C, which is fixed in
the surrounding problem.

The two vectors play the role of source and target prices; admissibility means that no transported pair is
priced above its travel cost.

Proposition 4.2 (Discrete Kantorovich duality). One has

Lc(a,b) = ma f,a)+ (g, b 4.2
clb)= max (fa)+ (g b) @2
Proof. For the sake of completeness, let us derive this dual problem using Lagrangian duality. The
Lagrangian associated to (3.2) reads
min max (C,P)+{a-Pl,, f)+(b-P"1,, g). (4.3)
P>0 (f,g)eR"xR™
For a linear program, if the primal constraint set is non-empty, one can always exchange the min and the
max and get the same value. We thus consider

. _ T _ T
(ﬂg)rg&);Rm (a, f) + (b, g) + %1;1(;1 (C-f1,-1,8", P).

We conclude by remarking that

0 if Q=0
—oo  otherwise

ip @ 0=

so that the constraint reads C - f1], - 1,g" =C—-f& g > 0. O

The primal-dual optimality relation for the Lagrangian (4.3) allows locating the support of the

optimal transport plan
Supp(P) € {(i, ) € [n] x [m]; f; +g; = Ci}. (4.4)

Figure 4.1 shows these finite-dimensional certificates on a one-dimensional quadratic problem. The
potentials are not transport maps themselves; rather, their contact set with the cost matrix is where an
optimal coupling is allowed to put mass.

The formulation (4.2) shows that (a,b) — Lc(a,b) is a convex function (as a supremum of linear
functions). From the primal problem (3.2), one also sees that C — Lc(a, b) is concave.
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e B

balanced target strongly shifted target three-mode target

Figure 4.1: Discrete Kantorovich dual potentials for the quadratic cost C; ; = |x; = i |2. In each panel the
upper strip shows the fixed source histogram in red and the target histogram in blue: a balanced bimodal
target, a more strongly shifted target, and a three-component mixture. The lower strip shows an optimal pair
of dual vectors (f, g), with gauge chosen so that (f, a) = 0. Complementary slackness states that mass can be
transported only through entries where f; + g; = C; ;.

4.2 Auction Algorithm and Dual Prices

The assignment algorithms mentioned in Chapter 1 become more transparent once one has dual
variables. The auction algorithm is a dual price method: it updates target prices and maintains an
approximate complementary-slackness certificate. The small tolerance ¢ removes ties, stabilizes the
price updates and gives a quantitative optimality certificate [25, 26, 164].

Consider the square assignment problem with costs C; ; and rewrite it as the profit maximization
problem with a; ; = —C; ;. The auction algorithm keeps prices p; on the target points and a partial
assignment. For an unassigned source i, define the best and second-best reduced profits

v = m]aX(ﬂi,j -Pi) ji € argmax(a;,j — pj), w; = I}Ex(ai,j - pj)-
/' i

Source i bids for j; and increases its price by the gap to the second-best target, plus a margin:
Pj; < pj; +vi —w; + €.

The target j; is then assigned to 7, and its previous owner, if any, becomes unassigned. The iteration
stops when all sources are assigned. Algorithm 4.1 records the bidding loop. Figure 4.2 displays actual
auction iterates using the same assignment-state convention as Figure 1.8: flat rows denote unassigned
bidders, and one-hot rows denote currently owned targets.

Algorithm 4.1 Auction bidding with target prices

Input: Profit matrix A = (a;;), bid increment ¢ > 0.
Output: Assignment map o.
Initialize: Set prices p; = 0, ownership map o(j) = 0,and U = {1, ..., n}.
While the unassigned set U is nonempty do:
Seti = minU.

Set j; = minargmax;(ai; — p;).
Set v; = a;j, — pj; and w; = max;xj,(a;; — p;)).
Update price: pj, < pj, +v; —w; + ¢.
If o(j;) = i’ # 0 then:
SetU « U U {i'}.
Seto(j;) =iand U « U\ {i}.

Return (i) = j iff o(j) = i.

For fixed prices p, eliminating the bidder utilities u; in the dual minimization gives the convex

objective
D(p) = i+ ) max(a;;—pj),
(p) % Pi Ei ax(aij = pj)
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m

initial 2 bids 5 bids 7 bids final

Figure 4.2: Matrix view of actual auction iterates on the same diagonally dominant one-dimensional
squared-distance assignment as Figure 1.8. Each panel records the current ownership state: unassigned
bidders are shown as flat rows, while assigned bidders are shown as one-hot rows at their currently held
target. The snapshots show initialization, intermediate price updates, and the final identity assignment
satisfying complementary slackness.

which comes from the dual constraints u; + p; > 4; ;. The auction update should thus be viewed as a
price-adjustment method on this nonsmooth dual landscape, rather than as a generic gradient step: the
proof of correctness is through approximate complementary slackness.

Definition 4.3 (¢-complementary slackness). An assignment ¢ and prices p satisfy e-complementary
slackness if, for every source i,

Ai0(i) = Poli) = m]aX(ﬂi,j —-pj)—e.

Proposition 4.4 (Auction optimality certificate). If a complete assignment o satisfies e-complementary
slackness, then it is ne-optimal for the profit maximization problem, or equivalently n e-optimal for the original
cost minimization problem. If all costs are integers and € < 1/n, then o is optimal.

Proof. Let T be any assignment. By ¢-complementary slackness,
i,2(i) = Pali) S m]aX(ﬂi,j = Pj) < io(i) = Poli) + €

Summing over i cancels prices, because both ¢ and 7 are permutations:

Z Aj (i) S Z aj q(i) + NE.

i i

Thus no assignment has profit more than n¢ above that of ¢. Since a = —C, the same statement says that
the cost of o is at most ne above the minimum cost. If the costs are integers, all assignment costs are
integers; a gap strictly smaller than one therefore forces the gap to be zero. o

During the bidding process the last bid made by a source makes its chosen target better, up to
the margin ¢, than all alternatives. Subsequent price increases can only make targets less attractive,
and one checks by induction that currently assigned pairs satisfy e-complementary slackness. The
standard finite-termination proof normalizes prices by subtracting their minimum, observes that each
bid increases one target price by at least ¢, and bounds the normalized price spread in terms of the range
of the profits; see [26, 164] for the full bound and implementation details.

Remark 4.5 (¢-scaling and relation with Sinkhorn). In practice one starts with a coarse ¢ and repeatedly
decreases it, warm-starting the prices and assignment. This e-scaling strategy is a homotopy method: large ¢
regularizes the combinatorial problem by enforcing a visible margin between the best and second-best reduced
profits, while small € recovers the exact dual certificate. If one wants a continuous-optimization analogy, the
margin is closer to an exact-penalty or proximal continuation parameter than to a literal quadratic penalty.

Sinkhorn scaling plays a parallel role for entropic OT. There, the hard minimum in the dual c-transform is
replaced by a soft minimum, or log-sum-exp, with temperature ¢; in the auction algorithm, the hard maximum is
kept but the complementary slackness condition is relaxed by ¢. Both methods therefore use an e-controlled dual
continuation, and both recover the unregularized transport certificate as ¢ — 0 under the usual assumptions. The
outputs are different: Sinkhorn produces dense entropic couplings, whereas auction keeps a sparse assignment
throughout.
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4.3 General formulation

The continuous dual is the analytic counterpart of the discrete linear program. It uses continuous
potentials because measures are probed through integration.

To extend this primal-dual construction to arbitrary measures, it is important to realize that measures
are naturally paired in duality with continuous functions, using the pairing (f, a) = f fda.

Proposition 4.6 (Kantorovich duality). Assume that X and Y are compact metric spaces and that c € C(X X Y).
Then

Liap = max [ fwdac+ [ swap), @)

where the set of admissible dual potentials is

R(c) ={(f,g) e CX)XCWY); Y(x,y), f(x)+ g(y) <c(x,y)}. (4.6)

Here, (f, ) is a pair of continuous functions, often called “Kantorovich potentials”. The same formula extends
under the usual lower-semicontinuity and integrability assumptions, replacing maxima by suprema when dual
optimizers need not exist.

Proof. Weak duality is immediate: if f(x) + g(y) < c(x, y) and 7 € U(a, B), then

[ raa+ [ gap= [0+ gtnance < [ ean.

Taking the supremum over admissible potentials and the infimum over couplings gives “<”.

For the reverse inequality, view the primal problem as a linear program over the locally convex
space of Radon measures, paired with C(X x ). The affine map 7 — (71, 72) is continuous for the
weak topology, the feasible set is non-empty because it contains a ® f, and the cost is continuous and
bounded on compact sets. Since the set of probability measures on the compact product is weakly
compact, the set of attainable cost-marginal triples is closed after adding the epigraph variable below.
The separating-hyperplane theorem applied to the convex set of attainable triples

{(nl,nz,/cdn+r):n >0, r 20}

gives a continuous affine separator, hence functions (f, g) and a scalar multiplier which can be normalized
so that f ® g < c. The separating inequality then states that the supremum over such potentials is at
least the primal value. This proves equality. The same argument is the infinite-dimensional analogue of
the finite linear-programming proof in Proposition 4.2. O

Remark 4.7 (Dual attainment from c-transforms). Under the compactness and continuity assumptions of
Proposition 4.6, the maximum in (4.5) is attained. If ¢ is Lipschitz, Proposition 4.10 shows that one may replace
an admissible pair by its c-transforms without decreasing the dual objective; after fixing one additive gauge,
the transformed potentials are uniformly bounded and equi-Lipschitz. Arzela—Ascoli then gives a converging
maximizing subsequence, and the closed constraint f @ g < ¢ passes to the limit.

The discrete case (4.2) corresponds to the dual vectors being samples of the continuous potentials,
ie. (fi,gj) = (f(xi), g(y;)). The primal-dual optimality conditions allow for tracking the support of the
optimal plan, and (4.4) is generalized as

Supp(n) c {(x,y) e XX VY ; f(x)+g(y) =c(x,y)}. 4.7)

For the one-dimensional quadratic cost, the continuous potentials can be read from the monotone map
T = F;l o Fy: on the active graph, f’(x) = 2(x — T(x)) and g = f°.

Note that in contrast to the primal problem (3.5), showing the existence of solutions to (4.5) is
non-trivial, because the constraint set R(c) is not compact and the objective is not coercive. Using the
machinery of c-transforms detailed in Section 4.4, one can show that optimal (f, g) are necessarily
Lipschitz regular, which enables the replacement of the constraint by a compact one.
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Figure 4.3: Continuous Kantorovich potentials for the same source and target families as Figure 4.1. The upper
strips show the source density « in red and the target density f in blue, including the strongly shifted and
three-mode targets. The lower strips show potentials f and g = f¢ for the quadratic cost c(x, y) = |x — y|?,
with the same gauge convention as in the discrete figure. The equality set f(x) + g(y) = c(x, y) contains the
monotone transport graph.

4.4 c-transforms

The c-transform is the operation that improves potentials without changing feasibility. It is both a
proof device for dual attainment and the route from duality to Brenier’s convex potentials.

Best-response potentials and the c-transform. Keeping a dual potential f fixed, one can maximize in
closed form over the second potential in the dual problem (4.5), which leads one to consider

sup { / gdB; V(x,y),g(y)<c(x,y)—f(x)}-

geC(Y)

The constraint can be replaced by
VyelY, sy <f

Definition 4.8 (c-transform). For a function f : X — RU {—oo}, its c-transform is
Yyel, [y = ;g)f( c(x,y)— f(x). (4.8)
For a function g : Y — RU {—o0}, the ¢-transform associated with ¢(y, x) = c¢(x, y) is

VxeX, g°x):=inf c(x,y) - g(y).
yey

Since f is positive, the maximization of f gdp is thus achieved at those functions such that g = f¢ on
the support of §, which means $-almost everywhere.

p=1 p=2 p=4

Figure 4.4: Discrete c-transform as a lower envelope for costs cp(x, ¥) = |x — y|P. The red circles are four
source atoms x; with potential values f;; the gray curves are the translated functions y = ¢, (x;, y) — f;; the
colored curve is their lower envelope f°(y) = min; cp(x;, y) — f;. This is the semi-discrete situation where X is
finite, equivalently the source measure «a is discrete; Chapter 5 studies the complementary case where the
eliminated potential is supported on finitely many target atoms.



58 4 Dual Problem

Proposition 4.9 (c-transforms solve the semi-relaxed problems). For fixed f, the maximizers of the dual
objective over all g such that f ® g < c are exactly the functions satisfying § = f° B-almost everywhere.
Equivalently, f¢ gives the value of the one-marginal primal problem

Jnt [ ctenten - [ rodmeo = [ Foasm.

Symmetrically, for fixed g, the maximizers over f are the functions satisfying f = ¢ a-almost everywhere.

Proof. The constraint f(x) + g(y) < c(x, y) for all x is equivalent, for each fixed y, to
g(y) <infe(x, y) = f(x) = f(v)-

Since B is nonnegative, the largest possible value of / gdp is obtained by saturating this pointwise upper
bound on the support of 8. The proof for f = ¢ is identical after exchanging the two marginals.
For the primal formula, disintegrate any feasible 7 as 7t(dx, dy) = 7, (dx)g(dy). Then

[ean- [ sam= [ ( / <c<x,y>—f(x>>dny<x>) apw> [ s

If minimizers admit a measurable selection, equality is obtained by choosing 71, supported on minimizers
of x = c(x, y)— f(x). Otherwise one uses approximate measurable selections and lets the approximation
error vanish. O

The map (f, g) — (g, f¢) replaces dual potentials by better ones, in the sense that it preserves
feasibility and improves the dual objective. Functions of the form ¢ and g° are called c-concave and
c-concave functions. These partial minimizations define maximizers on the supports of & and 8, while
Definition 4.8 defines functions on the whole spaces X and . This gives a canonical extension of dual
solutions beyond the active supports.

Proposition 4.10 (Lipschitz stability of c-transforms). If ¢ is L-Lipschitz with respect to its second variable,
uniformly in the first one and for the metric dy on Y, then f¢ is L-Lipschitz.

Proof. For each x, set Fx(y) = c(x,y) — f(x) and F(y) = f°(y) = inf, F,(y). Since all the functions F, are
L-Lipschitz,

[F(y) = F(y")| = |inf Fx(y) —inf Fx(y")| < sup [Fx(y) = Fx(y)] < Ldy(y, y").

O

This stability is crucial for dual attainment. When c is Lipschitz on compact spaces, one can replace
arbitrary admissible potentials by c-transformed ones with a uniform Lipschitz bound; after fixing the
harmless additive gauge, compactness follows from the Arzela—Ascoli theorem.

Euclidean case. The Euclidean quadratic cost is the model case where c-transforms become ordinary
convex conjugates after removing the quadratic terms. This is the algebraic bridge between Kantorovich
duality and Brenier maps.

The special cost c(x,y) = —(x, y) on X = Y = R? is central because it reduces the quadratic
Wasserstein problem to convex duality. Indeed, for any = € U(a, B),

/ Ix - ylPdn(x, y) = / IxPda(x) + / lyPdp(y) -2 / (x, yydn(x, y).
For c(x,y) = —=(x, y), one has

fiy) =inf~(x, y) = f() = =(=f)"(y), K (y) = sup(x, y) - h(x).

Thus c-concave functions are negatives of convex functions. In the one-dimensional bilinear model case,
the hard double c-transform is therefore an operation of taking concave envelopes.
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Remark 4.11 (Proof of Brenier’s theorem). For c(x,y) = |x — y||2, subtracting the harmless quadratic terms
reduces the geometry to the bilinear cost —(x, y). The primal-dual relationship, together with the fact that one
can replace (f, g) by (f¢¢, f¢), shows that an optimal plan satisfies

supp(n) € {(x,¥); (x) + @™ (y) = (x, ¥)},

where ¢ = —f¢C is convex and —g = ¢*. By the Fenchel inequality, equality holds exactly when y € d¢(x). If &
has a density, convex functions are differentiable Lebesgue-almost everywhere, hence a-almost everywhere, so
dp(x) is a singleton for a-almost every x. This yields the Brenier map T = V¢ and explains why the optimal
coupling is concentrated on a graph.

The failure of alternate optimization. A crucial property of the Legendre transform is that f™* = f~,
and that f* is the convex envelope of f (the largest convex function below f). These properties carry
over for the more general setting of c-transforms. The required convex-analytic background is standard
in Rockafellar’s theory [195].

Proposition 4.12 (Algebra of c-transforms). The following identities, in which the inequality sign between
vectors should be understood elementwise, hold, denoting f<¢ == (f¢)°:

Df<fr=f=>f @f°>f (G)gc>g ) fC=f"

Proof. The first inequality (i) follows from the definition of c-transforms (because of the — sign). To
prove (ii), expanding the definition of f°“ we have

() (x) = myin clx,y) = f(y) = myin c(x, y) = min(e(x’, y) = f(x'))-

Now, since —miny (c(x’, y) = f(x)) = —(c(x, y) - f(x)), we recover
(f)(x) > min c(x,y) —clx,y) + f(x) = f(x).

The relation g >gis obtained in the same way. Now, to prove (iv), we first apply (ii) and then (i) with
f" = f“ tohave f° > f“. Then we apply (iii) to g = f to obtain f¢ < f°. o

This invariance property shows that one can “improve” only once the dual potential this way. Indeed,
starting from any pair (f, g), one obtains the following iterates by alternating maximization

(f/ g) N (f/fc) — (fCE’fC) — (fCE,fC5C) — (chIfC) . (4.9)

so that one reaches a stationary point.

Algorithm 4.2 Hard alternating c-transform closure

Input: Source potential f on X, cost c.

Output: Closed c-concave pair (f, §).

Set target best response: g = f°, gy) =infrex c(x,y) — f(x).

Set source closure: f = g¢ = f,

Set closed target potential: § = f€ = f° = f°. Return (f, §) = (f°¢, f°).

This failure is the classical behavior of alternating maximization on a non-smooth problem, where
the non-smooth part of the functional (here the constraint) mixes the two variables. The workaround
is to introduce smoothing, which is the classical method of augmented Lagrangian, and that we will
develop here using entropic regularization, which corresponds to Sinkhorn’s algorithm.

For the bilinear cost ¢(x,y) = —xy on a compact interval, the c-concave functions are ordinary
concave functions and f°C is the smallest concave majorant of f. In that model case, a hard transform
removes non-concave oscillations in one closure step rather than producing a gradual ascent.
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T T T T T T T T T T

source-side closure target-side closure

Figure 4.5: Hard c-transforms for the bilinear cost c(x, y) = —xy. The source-side panel uses a reddish palette
and starts from a sharply oscillatory potential f; the target-side panel uses a blueish palette and starts from a
visually different potential g. Dark curves are the double-transform closures f°¢ and g, which are concave
majorants, while dashed lighter curves are the one-sided best responses ¢¢ and f€ after a harmless vertical
gauge shift. The figure illustrates why exact alternating best responses are useful for dual certificates but do
not give the smooth iterative dynamics later provided by entropic regularization.
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CHAPTER 5

Semi-discrete and Wy

This chapter focuses on two computationally useful degeneracies of the dual problem. Semi-discrete
OT turns a continuous-to-discrete map into finite-dimensional geometry, while ‘W replaces convex
potentials by Lipschitz functions and flow fields. The material connects computational geometry [14,
161, 162] with the Kantorovich—-Rubinstein and Beckmann formulations [129, 16].

5.1 Semi-dual

The semi-dual eliminates one potential by an exact c-transform. It keeps concavity while removing
explicit inequality constraints.
Write the dual problem (4.5) as

sup &(f,8)
£,8ECX)XC(Y)

where E(f, ) is the dual objective, with value —co when the feasibility constraint fails. One can optimize
out g exactly and obtain the following semi-dual problem

sup &(f) = &(f, f) =sup &(f,9) = [ fda+ [ feap, 1)

feCX) 8

Partial maximization of a concave problem preserves concavity, so & is still concave. The major advantage
of the semi-dual is that it removes the explicit inequality constraint, which allows the use of simpler
optimization algorithms.

5.2 Semi-discrete

The semi-discrete case is the setting where dual potentials become weights of Laguerre cells. This
gives both geometry and algorithms for quantization and density fitting.

Discrete target and Laguerre cells. A case of particular interest is when = 3}, b;0,, is discrete (of
course the same construction applies if « is discrete by exchanging the role of «, ). One can adapt the
definition of the ¢ transform (4.8) to this setting by restricting the minimization to the support (y;); of g,

VgeR", VxeX, g'(x):= min c(x,y))—gj. (5.2)

jellm]

This transform maps a vector g to a continuous function g¢ € C(X) under the same regularity assumptions
on ¢ as in the continuous setting. Note that this definition coincides with (4.8) when the target space Y
is restricted to the support of .

Crucially, using the discrete c-transform, when f is a discrete measure, yields a finite-dimensional
optimization,

L(a,p) = g;%)é &(g) = /XgE(x)doz(x) + ; gib;. (5.3)

The geometric object encoded by the dual weights is a weighted nearest-neighbor diagram: each point
of the source space is assigned to the target atom that realizes the discrete c-transform.

Definition 5.1 (Laguerre cells and power diagrams). For sites (y; );.":1 and weights g € R"™, the Laguerre
cell associated with y; is

Li(g) ={xeX;Vj #jclx,y)-gi<clx,yp)—gj}. (5.4)
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The cells cover X after arbitrary tie-breaking on common boundaries, they induce a disjoint partition.
When c(x, y) = |x — y|?, this Laguerre decomposition is also called a power diagram. If g is constant,
it reduces to the ordinary Voronoi diagram.

For quadratic costs, varying the dual weights moves the walls between adjacent cells while keeping
them parallel; this is the geometric mechanism by which the cell masses are adjusted.

zero weights intermediate weights balanced cells
L] [ ] L]
.' :‘. ° .‘ :‘. ° .0 :‘. ]
L] ... L) ... L] ...
L] o L]

Figure 5.1: Laguerre cells for semi-discrete quadratic transport. The red contours show a continuous source
density a given by a three-component Gaussian mixture on the right. The twenty-one colored circular sites
are the atoms of the discrete target § sampled from a compact Gaussian cloud on the left; each site color
matches its Laguerre cell. Starting from ordinary Voronoi cells, semi-dual weight updates deform the cells so
that the a-mass captured by each cell approaches the prescribed target mass.

Mass balance. This allows one to conveniently rewrite the semi-dual energy as
m
8@ =) [ (et -g)dato) + g b) 65
j=1 /L&

The following proposition provides a formula for the gradient of this concave function.

Proposition 5.2 (Gradient of the semi-discrete dual). If @ gives zero mass to the Laguerre cell boundaries,
then & is differentiable at g and

Vje[[m]], Vg(g)j=b]'—/l_()daf.
Av:S

Proof. For a-almost every x, the minimizing index in min; c(x, y;) — g; is unique. If this index is j(x),
then the directional derivative in a direction h € R is

dt

mjin(c(x, Yj) = (gj +th))) = =hj().
t=0

Dominated convergence gives

d&(g)[hl = - >k / da+ )" Iyb;,
i Li(g) 7

which is the announced gradient formula. m]

The first-order optimality condition shows that solving the dual semi-discrete problem amounts to
choosing the weights g so that /L © da = bj, i.e. each cell captures the prescribed amount of mass. In
]

this case, the optimal transport T with Tya = f8 is piecewise constant and maps x € L;(g) to y;; for the
quadratic cost, uniqueness follows from Brenier’s theorem when «a has a density.

The quadratic power diagrams of Definition 5.1 have polyhedral cells and can be computed efficiently
using computational geometry algorithms [13, 14, 161]. One classical construction lifts the sites to points
(yj, lyil? — gj) € R¥*! and obtains the power diagram by projecting the lower envelope of their convex
hull. In dimensions two and three, Chan’s output-sensitive convex-hull algorithm [56] has complexity
O(mlog Q) for m sites and Q hull vertices.
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Algorithm 5.1 Semi-discrete Laguerre descent

Input: Source measure a, target atoms (y;, b;), cost c, steps 7.
Output: Semi-discrete dual weights g and Laguerre cells.
Initialize: Set g = 0.
Fork=0,1,...do:

Compute cells: L]-(g(k>) = {x ;olx,y) — g}k) < c(x, ye) — gﬁ,k) Vf} .

B

Compute masses: ;" = /l_j(g<k>) de.

Update g+ = g® + 74 (b — m®)).

If max; |m](.k) - bj| < tol then:

Return g**1 and the cells.

Stochastic optimization. The semi-discrete formulation (5.5) is useful because the objective is an
expectation with respect to «,

&(e) = | Elg o) = Ex(Elg X)), E(gx) = () + (5, b 66)
Here X ~ a. Away from cell boundaries, the stochastic gradient of the integrand is
m
ViE(g,x) = (b~ 1)

which is an unbiased estimator of V&(g) when cell boundaries have a-measure zero. One can therefore
maximize (5.5) without first discretizing a: the measure is used as a black box from which independent
samples are drawn, a natural setup in high-dimensional statistics and machine learning.

Starting from g® = 0, stochastic gradient ascent draws x; ~ a and performs

g+ = o 4 Tlng(g(e)le)‘ (5.7)
Equivalently, if
ji € argminj(c(xg,yj) - g;-[)),

then the coordinate update is

e+1) _ ()
g =g +ulbj—Tyzy).

The step size must decay so that the sampling noise averages out. A typical schedule is

To
Ty -

where {) is a warmup scale. Under standard stochastic-approximation assumptions, one obtains the
usual sublinear rate
&(g") -E(E@g") = 01,

where g* is a maximizer and the expectation is over the i.i.d. samples. This stochastic viewpoint is one
of the main algorithmic advantages of the semi-discrete formulation [161, 104].

5.3 Optimal Quantization

Optimal quantization asks for the best discrete approximation of a measure by m codepoints. It is
the geometric core of vector quantization, compression and k-means clustering.
The optimal quantization problem for a measure « is

m
(@) Y:(y/r)ﬁr,lbezm . 121 T™Yi 69

This problem is classical in approximation theory and information theory [111, 149]. The OT formulation
emphasizes that one optimizes both the support locations Y and, unless prescribed, the masses b.
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Algorithm 5.2 Stochastic semi-discrete ascent

Input: Source sampler x ~ a, target atoms (y;, bj), steps 1.
Output: Stochastic semi-discrete dual weights g.
Initialize: Set g = 0.

For{=0,1,...do:
Draw x; ~ a.
(l’))'

Set j; = minargmin, (c(x¢, y;) — 8
Forj=1,...,mdo

{+1 0)
g§ = g§ +1e(bj = Lyjjiy)-

Return g(‘}) or its running average.

Proposition 5.3 (Quantization rate and curse of dimensionality). Let Q C R? be a bounded Lipschitz
domain and assume a = pdx on Q, with 0 < p_ < p < p4 < +o0. Then, for fixed p > 1, there exist constants
0 < ¢ < C < +o0 such that

em ™M < Qu(a) < Cm~Ve,

Proof. For the upper bound, partition Q into m cells of diameter at most Cm /%, up to boundary effects,
and put one codepoint in each non-empty cell. Sending each point to the codepoint in its cell gives a
transport distance bounded by Cm~1/%.

For the lower bound, fix any set Y of m codepoints and write dy(x) = min; |x — y;||. Since the density
is bounded above, the mass of the t-neighborhood of Y is at most C mta. Choosing to ~ m~14 gmall
enough gives a({dy > t}) > c for 0 < t < to. Hence

+00
/dy(x)pda(x) = / ptPra({dy > t})dt > ctg ~cm P/,
0

Taking the p-th root and minimizing over Y proves the lower bound. m]

This deterministic rate mirrors the empirical OT sample-complexity rate: both are governed by the
spacing m /4 of points in dimension d. Quantization is best-case and deterministic, while empirical OT is
random, but both display the same curse of dimensionality. For fixed codepoints Y, the problem is convex
with respect to the weights b. The dependence on Y is non-convex and is generally computationally
hard. The one-dimensional case is substantially simpler: monotonicity fixes the ordering of the cells,
reducing the problem to interval endpoints and centroids; for the uniform law with the quadratic cost,
the optimal centroids are equally spaced.

Proposition 5.4 (Free masses give Voronoi cells). For the cost c(x,y) = d(x,y)?, fix distinct codepoints
Y = (y]-);.”zl. Duplicate codepoints can be merged beforehand. Minimizing over the weights b € L, gives

min(Wﬁ a,ijéyj =/X1I<I}1£n c(x, yj)da(x).
j

beX,,

An optimal coupling is induced by sending each x to a nearest codepoint. The corresponding cells are the Voronoi
cells

Vi(Y) = {x ; Vi, elx,yp) < C(X,]/j’)} ,
up to arbitrary tie-breaking on common boundaries.
Proof. For any coupling between «a and a measure supported on Y, the conditional destination of a

point x belongs to Y, hence its conditional cost is at least min; c(x, y;). Integrating gives the lower
bound. Conversely, choose a measurable nearest-codepoint map Ty(x) € argmin; c(x, y;), breaking ties

measurably, and set b; = a(T,, 1(yj)). Then (Ty)ga = X;b;dy, and the induced transport reaches the
displayed lower bound. m]

Consequently, the quantization energy can be written in the nearest-centroid form

Qu(a) = rrg/in F(Y), FY) = /Xl];r}g}n c(x, yj)da(x).
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At a differentiability point of this energy, each local minimizer satisfies the centroid condition
Yy € argmin / c(x, y)da(x).
y V;j(Y)

For the squared Euclidean cost, this becomes the fixed-point equation

= /v,-(y) xda(x)
j— - .
/\/]-(Y) da

Lloyd’s algorithm, also known as the k-means algorithm, iterates this fixed point: assign points to
nearest sites, then replace each site by the centroid of its cell [149]. With standard tie-breaking, the
objective decreases at each step. Since the problem is non-convex in Y, the iterates generally converge
only to a local minimum. Good seeding matters; for the squared Euclidean objective, k-means++ gives a
logarithmic approximation guarantee in expectation [12].

Algorithm 5.3 Lloyd quantization

Input: Source measure «, initial codepoints YO = (y;O));”zl, squared Euclidean cost, tolerance tol.
Output: Codepoints Y = (y; ;.”:1.
Initialize: Set dy = +co and k = 0.
While d; > tol do:
Setk «— k+1.
Compute Voronoi cells: Vj(Y(k‘l)) = {x ; clx, y;k_l)) < c(x, ygk_l)) W} .

For each nonempty cell V; do

* _ f\,],(y(k—l))Xda(X)

i T /Vj(y(k—l))da(x).

For each empty cell V; do:

Set y](.k) = y;k_l).

k k-1
Set dy = max; ||y](. ) y](. .
Return Y,
initialization after 6 iterations after 36 iterations
.. .g A ¢ p o .. ° = . o o ® >
< ... ° 5 L] \ . L ] L ® L]

Figure 5.2: Lloyd quantization for the same continuous density and twenty-one initial sites as Figure 5.1. The
red contours show the density a, while the colored disks are the current codepoints and have the same colors
as their Voronoi cells. The iterations move the initially left-located sites toward the high-density region and
reshape the cells according to centroidal Voronoi geometry.

5.4 Wasserstein-1 norm

The ‘W distance has an especially transparent dual: the admissible potentials are exactly 1-Lipschitz
test functions. This makes ‘W; the meeting point between transport, PDE formulations and weak norms
on signed measures.



66 5 Semi-discrete and W1

c-transform for Wi. Assume that d is a distance on X = Y and take the ground cost ¢(x, y) = d(x, y).
We denote the Lipschitz constant of f € C(X) by

Definition 5.5 (Lipschitz constant). For a function f : X — R on a metric space (X, d), its Lipschitz

constant is
f@-fl ., y}_

Ty (5.10)

Lip(f) = sup {

The function is 1-Lipschitz when Lip(f) < 1.

Proposition 5.6 (c-transforms and 1-Lipschitz functions). Suppose X = Y and c(x,y) = d(x,y). Then
there exists g such that f = ¢° if and only if Lip(f) < 1. Furthermore, if Lip(f) < 1, then f¢ = —f.

Proof. First suppose f = g¢ for some g. For x,y € X,
£ (x) = f(y)] = |infld(x, 2) = g(z)] - infld(y, z) - g(2)]| < sup |d(x,2) = d(y, 2)| < d(x,y),

where the last inequality is the reverse triangle inequality. Thus Lip(f) < 1.

IfLip(f) < 1,then f(x) < f(y) +d(x,y),sod(x,y)— f(x) = —f(y) for all x and hence f(y) > —f(y).
Taking x = y gives f°(y) < —f(y). Therefore f¢ = —f. Applying the same property to —f gives
(=f)° = f, so every 1-Lipschitz function is c-concave. m|

Using the alternating c-transform scheme (4.9), one can replace the dual pair by (f, —f) with
Lip(f) < 1. The Kantorovich dual therefore becomes the Kantorovich-Rubinstein formula

Wi(a,B) = mfax {./de(az —-B); Lip(f) < 1}. (5.11)

This expression depends only on the signed measure « — . It therefore extends to finite signed measures
of total mass zero and defines the Kantorovich-Rubinstein norm on that space [129].

For a discrete signed measure o — § = > 140, with )}, r¢ =0, (5.11) becomes the finite-dimensional
linear program

Wi(a, ) = max {Zk: fere ;s YO 1fe— fil < d(zk,Zg)}. (5.12)

This linear program can be solved by generic interior-point or first-order methods; structured graph
versions admit the flow formulations described below. When d(x, y) = |x —y| on R, ordering the support
points z1 < z3 < - -+ reduces the constraints to neighboring pairs,

Wi(a,B) = max re; Yk, — il € Zks1 — zK b -
1(a, B) na> {Zk:fkk | fer1 = fil < zkn k}

In one dimension this is equivalent to the closed-form cumulative formula introduced earlier.

‘W, on Euclidean spaces. In the special case of Euclidean spaces X = Y = R?, using c(x, y) = |x - y|,
the global Lipschitz constraint in the Kantorovich-Rubinstein formula can be made local as a uniform
bound on the gradient of f,

Wi(a,B) = sup {/ fda—dp); IVfle < 1} . (5.13)
f R

Here the constraint |Vf|w. < 1 signifies that the norm of the gradient of f at any point x is upper
bounded by 1, [Vf(x)]2 < 1 for any x.
Considering the dual problem to (5.13), denoting & := «a — 8, and using the equivalent form

~ge<1 () = inf (1, 0) + [olge,
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one has a maximization on flow vector fields s : R? — R4

Wi(a, ﬁ)—sup inf /fd£+/(Vf(x) s(x))dx+/||s(x)||Rddx

s(x)eRd

= inf / [s(x)[dx + sup / f(x)(dE = div(s)dx)
s(x)eRd f
one obtains an optimization problem under a fixed divergence constraint

Wi(a,B) = irs1f {./Rd Is(x)|gedx ; div(s) = a — [3} , (5.14)

which is often called the Beckmann formulation [16]. Here the vectorial function s(x) € R? can be
interpreted as a flow field, describing locally the movement of mass. Outside the support of the two
input measures, div(s) = 0, which is the conservation of mass constraint. Once properly discretized
using finite elements, Problems (5.13) and (5.14) become a nonsmooth convex optimization problem.

The previous formulations (5.13) and (5.14) of ‘W can be generalized to the setting where X is
a Riemannian manifold, i.e. c(x,y) = d(x,y) where d is the associated geodesic distance (and then
for smooth manifolds, the gradient and divergence should be understood as differential operators on
manifolds).

Definition 5.7 (Graph geodesic distance). Let G = (V, E) be a connected finite graph with positive
edge lengths ({;).ce. The graph geodesic distance between two vertices is

dg(i,j) = mme

EE)/

The minimum is over all paths y joining i to j.

This graph distance turns ‘W into a finite-dimensional flow problem.

Proposition 5.8 (‘W1 and Beckmann flow on a graph). Let G = (V, E) be a connected finite graph with
positive edge lengths (£, )ecg and graph geodesic distance dg. For two probability vectors a,bonV,setr =a—b
and orient each edge e = (i, j). If

(Ve f)e = f] - fi, divg = —VE

are the finite-difference gradient and its negative adjoint, then a positive flow on the oriented edge i — | has
positive divergence at i and negative divergence at j. With this convention,

Wic(a,b) = m}ix {Zf,rl ; —fil <l Ve= (i,j)} = rrEn {Z lo|m,|; divgm = r}.

ieV e€k
The vector m, is an oriented edge flow, and the constraint divg m = r is conservation of mass at each vertex.

Proof. The edge constraint |f; — f;| < {, implies, by summing along paths, that |f; — fj| < dg(i, j) for all
vertices. Conversely, any 1-Lipschitz function for dg satisfies the edge constraints because each edge is a
path of length £,. The first equality is therefore the Kantorovich-Rubinstein formula on the metric space

For the second equality, write the graph Beckmann problem and dualize its equality constraint with
a potential f:

i{,}fz Ce|me| + sup Z fi(ri = (divg m);).
e f i

Using divg = =V, the coupling term is ., me(VGf).. The minimization over each scalar flow m, is
finite exactly when [(V¢f).| < {,, and is then equal to zero. The dual problem is therefore precisely the
graph Lipschitz dual above. Strong duality holds because this is a finite-dimensional linear program
with a non-empty feasible set: connectedness and ;; r; = 0 allow the signed surplus to be routed along
paths. This proves the graph Beckmann formula. o
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quasi-regular Delaunay graph denser nonuniform Delaunay graph

Figure 5.3: Graph Beckmann formulation of ‘W1 on two Delaunay graphs G = (V, E). The left panel uses a
quasi-regular vertex set, while the right panel uses a denser nonuniform vertex set sampled from a
two-component Gaussian mixture. Red and blue disks encode the positive and negative parts of r = a — 3,
localized on six vertices each. The darker graph edges show the triangulation, while the violet arrows display
the optimal signed edge flow m: orientation gives the sign, width is proportional to +/|m|, and the flow
satisfies divgm = r.

Remark 5.9 (Sparse LP and network simplex). Let N = |[V| and M = |E|. The graph Beckmann problem is a
linear program, but it is much smaller than the dense Kantorovich LP on the same vertex set. Indeed, writing
m=m* —m" gives

mp}lﬂin}(); le(mf +m;) subjectto divg(m™ —-mT)=r.

This formulation has 2M nonnegative variables and N — 1 independent balance constraints, whereas the standard
transport LP between two measures on V has N2 coupling variables and 2N — 1 independent marginal constraints.
For sparse geometric graphs, such as planar Delaunay graphs where typically M = O(N), the graph formulation
is therefore linear-size rather than quadratic-size.

The same LP is a minimum-cost transshipment problem. Replace each undirected edge {i, j} by the two
directed arcs i — j and j — i, both with cost {,, and impose the node balances }’ jUij— > jUji = 1i. This is exactly
the setting of the network simplex method: a basis is a spanning tree, a pivot adds one non-tree arc, creates a
unique cycle, sends flow along this cycle, and updates the node potentials and reduced costs [27, 175]. A basic
implementation needs O (M) work to price all arcs and O(N) work to update the tree at each pivot, hence O(PM)
arithmetic operations for P pivots on a sparse graph. The pivot count P depends on the rule and can be large
in worst-case simplex analyses, but network-simplex variants and general minimum-cost-flow algorithms give
polynomial guarantees in N and M; in practice, this edge-based formulation is often far cheaper than solving the
dense N2-variable transport LP.

Algorithm 5.4 Graph Beckmann network-simplex pivot

Input: Graph G = (V, E), edge lengths £, node balances r; with }}; #; = 0.

Output: Minimum-cost graph flow u.

Replace each undirected edge by two directed arcs.

Impose balances: Zj ujj — Z]‘ uj =1i.

Initialize: Add artificial root arcs and compute a feasible tree flow on a spanning tree T with node
potentials.

While min,¢7 ¢, < 0 do:
Set entering arc e to the first minimizer of ¢, over a ¢ T in the prescribed arc order.

Add it to the tree.

Set C = unique induced cycle, oriented in the direction of the entering arc e.

Set 6 = min{u, : a € C”}, where C™ are the arcs opposed to the cycle orientation.
Update u, «— u, + 0 fora e C*and u, «— u, — 0 fora e C.

Remove the first arc in C™ attaining the minimum 6, using the prescribed cycle order.
Update the tree, potentials, and reduced costs.

Return u.

This graph formulation is the transshipment version of ‘Wj. It is the natural discrete analogue
of (5.14): gradients are edge differences, divergences are incidence-matrix balances, and geodesic
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distance is the shortest-path length. It can be solved by min-cost flow methods on sparse graphs, and
entropic or KL-projection variants lead to flow-Sinkhorn algorithms for graph ‘W1 [16, 183].
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CHAPTER 6

Divergences and Dual Norms

This chapter compares OT with divergence-based and adversarial ways of measuring discrepancy.
The main stake is topological: @-divergences are cheap but strong, while dual norms and GAN objectives
can be weak enough to compare singular measures. The discussion connects classical information
divergences [67, 3] with modern integral probability metrics and generative modeling [216, 109, 11].

6.1 Dual norms (Integral Probability Metrics)

Dual norms generalize the ‘W test-function principle. They are useful in statistics because they
compare distributions by restricting the discriminator class.

Integral probability metrics. Formulation (5.13) is a special case of a dual norm. This viewpoint
designs “weak” discrepancies by testing signed differences of measures against a controlled class of
functions.

Definition 6.1 (Dual norm and integral probability metric). For a symmetric convex set B of
measurable functions, define on signed measures &

I€]B = sup {/ f)dé(x); f € B}' (6.1)
Fo Wx

When this quantity is applied to a — § for probability measures, it is often called an integral probability
metric.

The choice of the test-function class B determines both the topology and the statistical behavior of the
discrepancy; see [217, 216, 218].

Example 6.2 (Total variation). As recalled in Definition 2.6 and Proposition 2.7, total variation is the dual norm
associated with the unit ball of continuous functions

B={feCX); |fle <1}.

Total variation is the canonical nontrivial example of a discrepancy that is both a ¢-divergence and a dual norm;
see [216].

Example 6.3 (W1 norm). W1, as defined in (5.13), is the dual norm (6.1) associated with

B= {f, Lip(f) < 1}

the set of 1-Lipschitz functions.

Example 6.4 (Flat norm and Dudley metric). If the set B is bounded and separates measures, then | - |p is a
norm on the whole space M(X) of finite measures. This is not the case of ‘W1, which is only finite on signed
measures & such that / x d& = 0; otherwise [€lp = +0co because constants belong to the Lipschitz ball. This is
remedied by imposing a bound on the value of the potential f, which leads for instance to the flat norm,

B={f; Lip(f)<1 and |fle <1}. (6.2)
On compact metric spaces, it metrizes weak convergence on the whole space M(X) of finite measures. The
finite-dimensional version is obtained from the usual ‘W dual linear program by adding the box constraints
|fx] < 1. The flat norm is sometimes called the “Kantorovich—Rubinstein” norm [118] and has been used as a
fidelity term for inverse problems in imaging [140]. The flat norm is similar to the Dudley metric, which uses

B={f; IVfleo+1flleo <1}.
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W1 witness MMD witness total variation witness
1.0 1 1.0 1 1.0
. 0.5 - " 0.5 /\ /\ 2 057
£ 00; £ 00; £ 00;
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Figure 6.1: Dual witnesses for integral probability metrics. The red and blue curves are two one-dimensional
probability densities and the violet curve is a normalized optimal dual witness fa*/s for the IPM variational
problem (6.1). ‘W1 restricts the slope through Kantorovich-Rubinstein duality (5.13), MMD restricts the
RKHS norm as in Proposition 6.10, and total variation can saturate pointwise and therefore reacts sharply to
signed density differences.

The following proposition gives a useful compact-space criterion. The dual ball should be rich
enough to approximate continuous observables, but compact enough for weak convergence to imply
uniform convergence over the discriminator class.

Proposition 6.5 (Metrization by dual norms). Assume that X is compact, that B = —B, and that the measures
considered are probability measures.

1. If every function in C(X) can be uniformly approximated by elements of Span(B), then |a, — afp — 0
implies a, — a.

2. If B c C(X) is compact for | - |0, then oy, — a implies |, — a|p — 0.
Proof. For the first implication, |a, — a|p — 0 and the symmetry of B imply
[f, an —a)| < lan —alp for feB.

By linearity, integrals converge for every h € Span(B). Let u € C(X) and choose h € Span(B) with
lu = h|e < 7. Since a, and «a are probabilities,

[(u, an — )| < [h, an — )| +21.

Taking the limsup as n — oo and then letting n — 0 gives (u, a,) — (u, a) for all u € C(X), which is
weak convergence.

For the second implication, assume a,, — « and choose a subsequence (@, ) such that |a,, —a|p —
limsup,, |, — a|p. Since B is compact and the map f + (f, a,, — a) is continuous on B, the supremum
is attained by some f,;, € B. Extracting a further subsequence if needed, f,, — f uniformly for some
f € B. Then

<fl’lk/ ank —OZ> = <f/ ank —0[) + <fnk _f/ ank> - <fl’lk _f/ 0().

The first term tends to zero by weak convergence and the last two by uniform convergence. Hence every
limsup subsequence has limit zero, proving |a, — a|z — 0. m]

Corollary 6.6 (Wasserstein metrizes weak convergence). On a compact metric space, W, metrizes weak
convergence on probability measures for every p > 1.

Proof. Forp =1, take B = { f; Lip(f) < 1}. The span of B contains all Lipschitz functions, and Lipschitz
functions are dense in C(X) on compact metric spaces. This gives the implication Wy(a,, a) - 0=
a, — a by Proposition 6.5.

Conversely, constants do not change the pairing with a;, — a. Fix xo € X and normalize potentials by
f(x0) = 0. The normalized unit Lipschitz ball is uniformly bounded by diam(X) and equicontinuous,
hence compact in | - | by Arzela—Ascoli. Proposition 6.5 gives ‘W1(ay,, @) — 0. Proposition 3.37 shows
that all ‘W, distances induce the same topology on a compact space, so the result follows for every
p=L m]
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6.2 Dual RKHS Norms and Maximum Mean Discrepancies

Kernel methods turn probability measures into mean elements of a reproducing kernel Hilbert space
(RKHS). The resulting Hilbertian dual norms are quadratic discrepancies, handled with Euclidean
geometry while retaining a weak test-function interpretation. We first recall the positivity assumptions
under which the quadratic form on signed measures is nonnegative.

Definition 6.7 (Positive and conditionally positive kernels). A symmetric function k : X x X — Ris
positive definite if for every n > 1, every x1,...,x, € X and every r € R",

n

Z ririk(xi, xj) > 0. (6.3)
ij=1

It is conditionally positive definite if the same inequality is required only for zero-sum vectors,
(r, 1,) =0.

The conditional version is the right notion for probability distances, because one applies the quadratic
form to signed measures £ = @ — 8 of total mass zero. Adding a term of the form a(x) + a(y) to the
kernel does not change // k(x, y)d&(x)dE(y) on such measures, and many natural distance kernels are
only conditionally positive definite.

Example 6.8 (Riesz, energy and Matérn-type kernels). On R?, translation-invariant kernels are most transparent
in Fourier variables. The Riesz family associated with (—A)™® has multiplier lw| =2 and defines a nonnegative
quadratic form on zero-mass measures for which the low-frequency singularity is integrable; this is the kernel
counterpart of classical Riesz potentials [22]. The energy distance corresponds to the conditionally positive
kernel k(x, y) = —||x — y|, whose Fourier multiplier is proportional to lwl=@*D; for & = a - B,

_ // Ix - yldE(x)dE(y)

is the squared energy distance up to a dimensional constant [204, 222].
Shifted kernels replace (—A)~° by (=A + AI)~* with A > 0. Their Fourier multiplier (|w|? + A)~% is bounded
at the origin, hence the kernel is positive definite without imposing zero mass. These are Matérn kernels; in

closed form they are radial and involve a modified Bessel function [233]. The Laplacian kernel e~l=vl/o is 4

low-smoothness Matérn example, while the Gaussian kernel e =¥~ I?/(20%) js the infinite-smoothness limit after
the usual rescaling of the Matérn smoothness parameter.

Definition 6.9 (Kernel norm and MMD). Let k be positive definite. More generally, let k be
conditionally positive definite and restrict attention to signed measures of total mass zero. For a
signed measure & with finite kernel energy, the associated norm is

2 .
€2 = //X ki PG, (6.4)

For two probability measures, the maximum mean discrepancy associated with k is
MMDg(a, ) = |a = Blk-

These norms are usually called maximum mean discrepancies in statistics and machine learning [112,
169], and kernel norms in shape analysis [123]. If X, X’ are independent with law «, then ||0z||i =
Ex, x/(k(X, X)), whenever this expression is finite.

Proposition 6.10 (Kernel norm as an RKHS dual norm). Let H be the RKHS with reproducing kernel k, and
assume that the kernel mean embedding

Mme ::/k(x,-)dé(x)

is well-defined for the signed measure £. Then

1€l = sup / h(x)d(x),

Il#<1
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s0 | - |k is the dual norm in the sense of (6.1) associated with the RKHS unit ball.

Proof. By the reproducing property,

/ h(x)da(x):<h, [ . -)dé(x)) = (h, med.
H

Cauchy-Schwarz gives

sup / hdE = Imelye.

Illg<1

Finally,
et = [[ ke piacde),
which is exactly (6.4). O

Proposition 6.11 (Universal kernels metrize weak convergence). Assume that X is compact and that the
RKHS generated by the continuous kernel k is dense in C(X) for the uniform norm. Then

MMDy(ay,a) > 0 — a;,—«
for probability measures on X.

Proof. 1If MMDy(ar,, ) — 0, then integrals of all RKHS functions converge. For any h € C(X) and any
n > 0, choose g € H with |l — gl < 1. Since @, and « are probabilities,

‘/hd(an—oc) /gd(an—a)

and the last term tends to zero. This proves weak convergence. Conversely, if &, — «a, then a, ® a,,,
a, ® @ and a ® a converge weakly on the compact product space. Applying this to the continuous
bounded function k in the identity

MMDk(an,a)z=//kdandan—2//kdanda+//kdada

gives convergence to zero. O

<2n+

7

We refer to [23, 123, 205] for more details on RKHS functional spaces.
Remark 6.12 (Universal kernels). The hypothesis in Proposition 6.11 is called universality of the kernel.
Equivalently, finite sums of the form Z?:l a;ik(x;,-) are dense in C(X) for the uniform norm. For translation-

invariant kernels on X = R?, k(x, y) = ko(x — y), this is equivalent, in the usual sense on compact sets or with
suitable decay assumptions, to the Fourier transform not vanishing on its support [218, 217].

In the special case where « is a discrete measure, one thus has the simple expression

n n
lal? = Z Z a;ark; i = (ka, a) where k;; = k(x;, xr).
i1 =1

In particular, when a = Y ;a;0y; and p = X b;0, are supported on the same set of points,
e — ,B||i = (k(a—b), a—Db), so that | - |« is a Euclidean norm (proper if k is positive definite, degenerate
otherwise if k is semidefinite) on the simplex Z,. To compute the discrepancy between two discrete
measures, one can use

lor—BIE = > asark(xi, xi)+ > bibik(y;,yp) =2 ) abjk(xi, ;). (65)
Ji’

i i

6.3 @-divergences

This section develops divergences based on pointwise density ratios. They are computationally
simple and statistically classical, but they do not see small spatial displacements between singular
measures.



74 6 Divergences and Dual Norms

Definition by density ratios. We now consider a radically different class of methods to compare
distributions, which are simpler to compute (O(n) for discrete distributions) but never metrize weak-*
convergence. Note that yet another way is possible, using Bregman divergence, which might metrize
weak-* convergence when the associated entropy function is weak-* regular.

Definition 6.13 (Entropy function). A function ¢ : R — R U {0} is an entropy function if it is lower
semicontinuous, convex, dom ¢ C [0, co[, and satisfies the feasibility condition dom ¢ N (0, +co) # 0.
The speed of growth of ¢ at oo is described by

Pho = lirP p(x)/x € RU {co}.
X—>+00

If @f, = oo, then ¢ grows faster than any linear function and ¢ is said to be superlinear. Any entropy
function ¢ induces a @-divergence (also known as Ciszar divergence [67, 3] or f-divergence) as follows.

Definition 6.14 (¢-Divergences). Let ¢ be an entropy function. For o, € M(X), let 3—;‘ B+ at be

the Lebesgue decomposition of a with respect to §: this means that « is uniquely decomposed as
a® + at, with *° < B, a* L B, and a*® = (da/dp)p. The divergence D,, is defined by

Dy(alp) = /X fp(j—g)dﬁﬂp;a%\’) (6.6)

if a, B are nonnegative and co otherwise.

The additional term ¢/ ,a*(X) in (6.6) is the recession contribution of the perspective functional.
It gives the weak-* lower-semicontinuous extension of the density-ratio integral when singular mass
appears. This is essential for entropies with linear growth at infinity, such as the absolute value (6.10)
defining the TV norm. If ¢ has superlinear growth, e.g.the usual entropy (6.9), then ¢/, = +c0 so that
Dy(al|p) = +oo if a does not have a density with respect to 5.

In the discrete setting, assuming

1

a= Z a;dy, and p= Zbiéx,. 6.7)
i
are supported on the same set of n points (x;)!_; C X, (6.6) defines a divergence on L,
- S E Y .
Dy(alb) = > (p(bi)b, ol >, 6.8)
ieSupp(b) i¢Supp(b)
where Supp(b) = {i € [n] ; b; # 0}.

Proposition 6.15 (Basic properties of ¢-divergences). If ¢ is an entropy function, then D, is jointly
1-homogeneous, convex and weak-* lower semicontinuous in (a, ).

Proof. One defines the associated perspective function

2 | eu/vyo if v=#0,
V(M,U) € (R+) 7 1;z}(u/v) - { u(P:x; lf v = O
The joint 1-homogeneity follows from the definition of this perspective. We prove convexity in the
discrete case, where

D, (alb) = Z Y(a;, bi),

and it is enough to show that ¢ is convex on (R+)2. We first prove this on R, X R}; the extension to v = 0
follows by lower semicontinuity of the recession value u@{,. Indeed, forany A € [0,1], T =1 - A, set

TU1 Avy

= — ) B ——
To1 4+ Avy” TU1 + Avg
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Then 61 + 6, =1 and

Tuy + Aup U1 U
———=061— +6,—.
TU1 + Avp U1 (%)

Convexity of ¢ therefore gives

(Tul + Auy

u Uz
< — —1.
pr— /\02) (tv1 + Avp) < V1@ (01) + Avpp (vz)

In the general measure case, weak-* lower semicontinuity is the standard lower-semicontinuity theorem
for convex integral functionals with recession extension; in the discrete case it is immediate from the
lower semicontinuity of . O

The following proposition records when D, is nonnegative.

Proposition 6.16 (Non-negativity of ¢-divergences). Assume that ¢ is normalized by (1) = 0. For probability
distributions (a, B) € ML(X), one has Dy(alp) > 0. If @ is strictly convex, then one has Dy (a|p) = 0 if and
only if a = B. This property extends to arbitrary distributions (a, B) € M4(X) if one furthermore imposes that
¢ 20.

Proof. Letm = a + p and write a = 31_51 and b = g—fq. Using the perspective function ¢ from the previous
proof,

Dy(alp) = / W(a, b)dm.

Since a and g are probabilities, f adm = f bdm = 1. Jensen’s inequality and (1, 1) = ¢(1) = 0 give

Dy(a|p) > ¢ (/ adm,/ bdm) =0.

If ¢ is strictly convex, equality in Jensen forces a = b m-almost everywhere, hence @ = . In the general
non-probability case, if ¢ > 0 then the divergence is positive by construction. m]

Classical examples and topology. The following examples calibrate the strength of ¢-divergences. KL
is sensitive to absolute continuity, while total variation gives the strong topology and therefore behaves
very differently from Wasserstein-type weak metrics.

Example 6.17 (Kullback-Leibler divergence). The Kullback-Leibler divergence KL := Dy, , also known
as the relative entropy, was already introduced in (7.12) and (7.6). It is the divergence associated to the
Shannon-Boltzmann entropy function ¢k, given by

slog(s)—s+1 fors >0,
exL(s) =41 fors =0, (6.9)
+00 otherwise.

Example 6.18 (Total variation). The total variation distance TV := Dy, is the divergence associated to

|s—1| fors >0,
= 6.10
#1v(s) {+oo otherwise. (6.10)

It actually defines a norm on the full space of measures M(X) where
TV(alp) = la = Bltv, where |alrv = |al(X) = /Xdlal(x)- (6.11)

If a has a density py on X = RY, then the TV norm is the L! norm on functions, ||a|ty = /X [pa(x)ldx = |paly1.
If a is discrete as in (6.7), then the TV norm is the £! norm of vectors in R”, |a|ty = ; [a;| = a];1-



76 6 Divergences and Dual Norms

Remark 6.19 (Strong vs. weak topology). The total variation norm (6.11) defines the so-called “strong” topology
on the space of measures. On a compact domain X of radius R, one has

Wila,p) < Rla = Blrv

so that this strong notion of convergence implies the weak convergence metrized by Wasserstein distances. The
converse is, however, not true, since 6x does not converge strongly to oy, if x — y (note that |6y — oy|Tv = 2
if x # y). A chief advantage is that M}r(X ) (once again on a compact ground space X) is compact for the
weak topology so that from any sequence of probability measures (a)g, one can always extract a converging
subsequence, which makes it a suitable space for several optimization problems.

Main families of ¢-divergences. Several classical divergences fit in the same template. The power-
divergence family

sV —ys+y-1

y(r -1

interpolates between the Pearson x? divergence at y = 2, the Hellinger-type behavior at y = 1/2, and, by
taking limits, the KL divergence as y — 1 and the reverse KL or Burg entropy ¢o(s) = —logs +s — 1
as y — 0. The Hellinger divergence is often written separately with ¢p(s) = (vs — 1)?, giving
b(a, B) = |v/pa — v/Ppli2 when both measures have densities. The Jensen-Shannon divergence is the
symmetrized and bounded KL-to-the-mixture divergence

(P)/(S) = (7/ #0,1)

a+p 1
> ) +3 KL(‘B
and is generated by a bounded entropy equivalent to @js(s) = slogs — (s + 1)log((s + 1)/2) up to an

irrelevant affine term. Total variation corresponds to the non-smooth entropy ¢tv(s) = |s — 1| and is
exceptional because it is both a @-divergence and an integral probability metric.

IS(a, B)* = %KL((X 5

a+ﬁ)

generator functions discrete ratio penalties
— KL 24 si=a;/b
2.0 4| — reverse KL =
154 2
& Hellinger E 1 -

Y i =1
1.0 S
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Figure 6.2: @p-divergences through density ratios. The left panel shows normalized generators for common
divergences as functions of s = da/dg; all curves vanish at s = 1 up to affine normalization. The right panel
shows the discrete formula Dy (alb) = 3; b;jp(a;/b;): hollow blue circles encode b;;, filled red circles encode a;,
the violet curve gives the ratios a;/b;, and orange lollipops show local KL-type contributions.

Remark 6.20 (¢-divergences versus Bregman divergences). Except for KL-type entropies, p-divergences should
not be confused with Bregman divergences. A @-divergence compares measures pointwise through the density
ratio de/dpB and is invariant under measurable changes of variables. A Bregman divergence is generated by
a convex functional on a linear space and compares two points through first-order Taylor error. KL is special
because the integral entropy a f plog p produces a Bregman divergence whose density-ratio form is also a
@-divergence.

Variational dual formula. The following formula turns a pointwise density-ratio penalty into a dual
optimization problem over test functions. It is the analogue, for ¢-divergences, of the Kantorovich dual
formula for transport costs.

Proposition 6.21 (Dual expression). A ¢-divergence can be expressed using the Legendre transform

@%(s) = sup st — p(t)

teR*
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(notice that we restrict the function to the positive real) of ¢ as

Dyalp) = sup [ ot~ [ g (seoap) (612)

f:X—=R

which equivalently reads that the Legendre transform of D (+|) reads

VfeCW), Diflp) = /X " (£ (x)dB(x). (6.13)

Proof. We first consider the superlinear case ¢, = +oo, so that Dy (a|f) = +oo if a does not have a
density p > 0 with respect to §, da = pdp. Thus the Legendre-Fenchel transform of D, (-|3) reads

D:(F1) = sup /X Fp(0dB) - /X P (p(x))dB(x)

p=0

- / sup (F(x)p(x) — (p(x)) dB(x) = / )
X X

p(x)=0

Fenchel-Moreau then gives the displayed dual expression. For a general entropy, the same argument is
applied to the perspective with its recession term; the singular part is exactly encoded by the effective
domain of ¢*>Y. m

6.4 GANSs via Duality

GANEs fit naturally into the dual viewpoint: the discriminator is a parameterized potential and the
generator moves a reference measure. This section first explains the original divergence-based GAN
objective, then contrasts it with integral probability metrics such as MMD and Wasserstein distances.

The goal is to fit a generative parametric model ag = gy 4C to empirical data = % 2.j 0y, where

C € ML(Z) is a fixed density over the latent space and gg : Z — X is the generator, often a neural
network.

Divergence-based adversarial losses. Any ¢-divergence can be written in adversarial form through
the dual formula (6.12):

. . . . 1 .
min Dy, (ag|B) = min sup / f(x)dao(x) — DL (f|f) = min sup / f(ge(z))dl(z) — — Z P (f(y))).
0 o 5 Jx o 5 Jx m <
Replacing the unrestricted potential f by a neural network f gives a saddle problem
minmax [ figo()dc(s) - 20 e

The original vanilla GAN [109] is this construction for the Jensen-Shannon generator discussed above,

@js(s) =slogs — (s +1)log #, (pfs(u) =—-log(2—-e"), u<log2,

up to affine normalizations and the usual reparametrization of the potential by a discriminator with values
in (0,1). In practice the min—max problem is solved by alternating stochastic gradient descent/ascent
on (0, &). Unlike the convex-concave variational formula, the neural parametrization is non-convex in
0 and non-concave in &, which explains the instability and mode-collapse pathologies of divergence-
based GAN training. These losses estimate density ratios, which is statistically meaningful when the
measures overlap but can saturate when the model and data are mutually singular; for example, the
Jensen-Shannon divergence is maximal for disjoint supports.
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Dual norms and integral probability metrics. Instead of a density-ratio divergence, one can minimize
a dual norm (6.1), also called an integral probability metric,

min las ~pls = min sup [ foxdtao ~ ) = minsup [ Flso(=)ac - %;ﬂw.

0 feB

MMD-GAN:Ss take B to be a unit ball in an RKHS [85]; Wasserstein GANs take B to be a Lipschitz
ball, following Kantorovich-Rubinstein duality [11, 95]. The advantage of such choices is topological:
for bounded continuous RKHS balls, or for bounded Lipschitz balls on compact spaces, the resulting
objective is weak-* continuous. It can therefore compare singular empirical and generated measures
through test functions, instead of requiring pointwise density ratios. The price is that the discriminator
class must be controlled geometrically, either by a kernel norm, a Lipschitz constraint or a related
regularization.

Remark 6.22 (Weight clipping is only a proxy). Wasserstein GANs originally used weight clipping, constraining
I€le < 1 as a proxy for enforcing f;: € B = {f ; Lip(f) < 1}. This parameter set is both smaller than the true
Lipschitz ball and non-convex, so clipping should be understood as a practical heuristic rather than a faithful
implementation of the Kantorovich-Rubinstein dual constraint.
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CHAPTER 7

Entropic Regularization: Sinkhorn Algorithm

Entropic regularization makes optimal transport smooth, strictly convex and scalable. This chapter
first explains the discrete KL-regularized problem, derives Sinkhorn’s alternating matrix scaling
algorithm, and then rewrites the same construction as a relative-entropy projection problem. It then
records the general continuous formulation, explains the path-space Schrodinger problem behind the
static coupling formulation, develops the dual soft-transform picture, and presents the main convex
regularization variants and the debiased Sinkhorn divergence. The presentation connects the older
matrix-scaling literature [209, 211, 210] with modern entropic OT [70, 185].

7.1 Entropic Regularization for Discrete Measures

Entropy turns a possibly non-unique linear program into a unique smooth problem. The price is
bias, but the reward is differentiability and fast scaling algorithms.

The idea of the entropic regularization of optimal transport is to penalize concentrated couplings by
adding the negative of the discrete Shannon-Boltzmann entropy.

Definition 7.1 (Discrete Shannon-Boltzmann entropy). For a nonnegative matrix P, its Shannon—
Boltzmann entropy is

H(P) = - ) P log(Pi,),
i
with the convention 01log(0) = 0.

Using this entropy as a regularizing function gives approximate solutions to the original transport
problem (3.2)

Li(a,b) = min (P, C) - ¢H(P). 7.1
c(a,b) Peﬁ(}g}b)hQ ¢H(P) (7.1)

Proposition 7.2 (Existence and uniqueness of entropic OT). Assume that a, b are probability histograms and
that C is finite. For every € > O, problem (7.1) admits a unique minimizer. If all entries of a and b are positive,
then this minimizer is positive on every entry.

Proof. The transport polytope U(a, b) is non-empty and compact, and the objective is continuous on it
with the convention 0log 0 = 0, so a minimizer exists. On the relative interior of the polytope,

—d*H(P) = diag(1/P;,))

is positive definite on every non-zero feasible direction. Hence —H is strictly convex on the polytope and
(P, C) — eH(P) is strictly convex, which implies uniqueness.

If a;,b; > 0 and a minimizer had P; ; = 0, then for small ¢ > 0 the perturbation Py = (1-t)P+ta®b
remains feasible. The directional derivative of the entropic part at t = 0 is —co because the derivative
of rlogr at 0 is —oco along a positive direction. Thus the objective decreases for small ¢, contradicting
optimality. Therefore the minimizer is strictly positive. m]

Smoothing effect. By Proposition 7.2, problem (7.1) has a unique optimal solution. This smoothing,
beyond providing uniqueness, actually leads to L¢.(a, b) being a smooth function of a, b and C whenever
these variables stay in the relative interior of their domains. In finite dimension, this follows from strict
convexity and the envelope theorem applied to the dual problem. The effect of the entropy is to act as a
barrier function for the positivity constraint. As we will show later, this forces the solution P to be strictly
positive on the support of a ® b. We will also show that as ¢ — +o0, the solution satisfies P — a ® b.
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medium ¢ small ¢ entropic path

LP slack barrier intermediate low temperature barrier path

Figure 7.1: Entropic regularization and slack barriers. The first row shows the penalized objective

(c, p) + €Y pi(logp; — 1) on a triangular face of the transport polytope; color and level sets represent the
regularized functional itself, not only the linear part. The second row shows the analogous entropy-on-slacks
objective {7z + eH(b — Az) on a two-dimensional polyhedron Az < b, with H(s) = }; s;(logs; — 1). Large ¢
selects an interior reference point, while small ¢ moves the minimizer toward a low-cost face.

Entropy barriers versus generic LP barriers. For a generic linear program min, {7z subject to Az < b,
one can introduce positive slacks s = b — Az and use an entropy-on-slacks penalty H(s) = }; s;(logs; —1)
as a smooth interior regularization. This is a useful analogy for Figure 7.1, but it is not the standard
interior-point barrier for linear programming. The canonical barrier on the positive orthant is the
Burg, or reverse-KL, logarithmic barrier — }; log s;; it is self-concordant and therefore fits the Newton
theory of interior-point methods [172]. The price is that a generic Newton step solves a dense linear
system, leading to cubic per-iteration scaling in the relevant number of variables or constraints. Optimal
transport is special: the entropy is placed on the entries of P, while the constraints are only the row and
column marginals. This separable structure turns the associated Bregman projections into diagonal
rescalings, hence into the Sinkhorn matrix-vector iterations developed next.

7.2 Sinkhorn’s Algorithm

Sinkhorn’s algorithm is alternating normalization of rows and columns. This section derives the
scaling form of the optimizer and explains why each iteration only needs matrix-vector products.

The underlying matrix-scaling iteration has a long history, including iterative proportional fitting
and the work of Sinkhorn and Knopp [209, 211, 210]. Its modern role in OT was transformed by Cuturi’s
entropic formulation [70]: the algorithm became a practical large-scale tool for machine learning,
and also changed the way OT is viewed in ML, from a mostly geometric distance to a differentiable
computational primitive.

The following proposition shows that the solution of (7.1) has a specific form, which can be
parameterized using n + m variables. That parameterization is therefore essentially dual, in the sense
that a coupling P in U(a, b) has nm variables but n + m constraints.

Proposition 7.3 (Scaling form of entropic OT). P is the unique solution to (7.1) if and only if there exists
(u,v) € R X R such that

Ci

V(i,j) e [n]] X [m], P,‘,]‘ = uiK,‘,]‘V/' where K,‘,]‘ =e ¢, (7.2)
and P € U(a,b).
Proof. Without loss of generality, we assume a;, b; > 0 (otherwise, rows or columns with zero mass are

fixed to zero and can be removed). By Proposition 7.2, the minimizer is strictly positive on the remaining
support.
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We can thus ignore the positivity constraint when introducing two dual variables f € R", g € R™ for
each marginal constraint so that the Lagrangian of (7.1) reads
E(P,£,g) = (P, C) + ¢ Y P;j10g(P; ) +(f, a=PLy) + (g, b—PT1,).
i
Considering first-order conditions (where we ignore the positivity constraint as explained above), we
have

JdE(P, 1, g)
Tg = Ci,j + 8(10g (Pi,]‘) + 1) - fl’ -8 = 0.
i
fi+gi—-Ci i
which results, in an optimal P coupling of the regularized problem, in the expression P; ; = e Tl
which can be rewritten in the form provided in the proposition using non-negative vectors u; := efile-1
and v; := e8ile. O

The factorization of the optimal solution exhibited in Equation (7.2) can be conveniently rewritten
in matrix form as P = diag(u)K diag(v). u, v must therefore satisfy the following nonlinear equations
which correspond to the mass conservation constraints inherent to U(a, b),

diag(u)K diag(v)l,, =a, and diag(v)K' diag(u)l, =b, (7.3)

These two equations can be further simplified, since diag(v)1,, is v, and the multiplication of diag(u)
times Kv is
uo®(Kv)=a and vo(K'u)=b (7.4)

where © corresponds to the entry-wise multiplication of vectors. This problem is known in the numerical
analysis community as the matrix scaling problem (see [171] and references therein).

The problem of normalizing a positive matrix K has a long history, from iterative proportional fitting
in statistics and economics [135, 236, 97] to modern matrix balancing algorithms [125, 68]. The problem
of normalizing a positive matrix K by diagonal scaling is well known, in particular when n = m and
a and b are uniform. This corresponds to diagonal scaling toward bistochasticity, which is a very old
problem. The previous result shows that there is a unique such scaled matrix P, thanks to the strong
convexity of the regularized problem. The remaining question is how to compute this scaled matrix
in practice. If some entries of K vanish (equivalently, if the cost matrix C can have infinite values),
additional support conditions are needed; here we focus on the strictly positive case.

An intuitive way to try to solve these equations is to solve them iteratively, by modifying first u so
that it satisfies the left-hand side of Equation (7.4) and then v to satisfy its right-hand side. These two
updates define Sinkhorn’s algorithm

e+1) . _ @ 0+1) . b

1.1( ) = m and V( ) = W,
initialized with an arbitrary positive vector, for instance v{¥) = 1,,. The division operator used above
between two vectors is to be understood entry-wise. Note that a different initialization will likely lead to
a different solution for u, v, since u, v are only defined up to a multiplicative constant (if u, v satisfy (7.3)
then so do Au, v/A for any A > 0). The alternating normalization can be read directly on the coupling
matrix: a row update enforces the source marginal and generally perturbs the target marginal, while the
next column update does the converse.

(7.5)

initial K row 1 column 1 row 2 column 2

Figure 7.2: Marginal constraints during Sinkhorn scaling on a twelve-bin one-dimensional problem. Violet
circles represent the current coupling matrix, framed by the thin black box; the red source marginal is
displayed on the left and the blue target marginal below the matrix. Hollow side circles show the prescribed
marginals, while filled circles show the current marginals. Row normalizations align the red marginal and
leave a blue defect; column normalizations align the blue marginal and leave a red defect.
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Algorithm 7.1 Sinkhorn scaling

Input: Weights a, b, cost matrix C, regularization ¢ > 0, tolerance tol.
Output: Entropic coupling P.

Initialize: Set K;; = e Cile v =1, 7y = +00, and k = 0.

While 7, > tol do:

Setk — k+1.
k) _

u® = KVEk—D
k) _

vk = 2

P®) = diag(u®)K diag(v¥).
Set r = max{|P®)1,, —aly, |[(P®)T1, —b:}.

Return P,

The same alternating projection mechanism is clearer on a dense one-dimensional discretization,
where the marginal defects appear as continuous side curves.

”
"
’ , ’f

after 12 cycles

~

after one row scaling

initial K
Figure 7.3: Dense Sinkhorn scaling for one-dimensional Gaussian-mixture marginals. The grayscale matrix is
the current coupling, with a thin box delimiting only the matrix and not the side marginal plots. The red and
blue side curves are the prescribed source and target marginals, while the violet side curves are the current
row and column sums. A row scaling makes the violet curve coincide with the red source marginal, a column
scaling makes it coincide with the blue target marginal, and the alternation rapidly stabilizes both sides.

after one column scaling

After convergence, the regularization strength controls how much of the Gibbs kernel remains visible
in the optimal plan. Small € produces a concentrated transport band, while larger ¢ spreads the same
marginals into a smoother coupling.

A e 2 e /2 e D

f’

-~

¢ =0.010

e =0.030

/ J, -!' S

e =0.085

e =0.240

Figure 7.4: Final Sinkhorn couplings for the same one-dimensional Gaussian-mixture marginals and four
regularization strengths. Each boxed matrix is the converged solution of the KL-regularized problem and uses
a common grayscale normalization; the side curves display the fixed source and target marginals. Decreasing
¢ sharpens the plan toward an optimal-transport graph, whereas increasing ¢ keeps more of the diffuse
product-measure structure.

Chapter 8 gives the formal convergence analysis. Before that, the following figure shows how the
dual potentials stabilize along the same scaling iteration.

Complexity bounds for Sinkhorn and comparisons with accelerated first-order methods are discussed
in [4, 84, 132]. A chief computational advantage of Sinkhorn’s algorithm, besides its simplicity, is that the
only expensive step is multiplication by the Gibbs kernel. Its complexity therefore scales like Cnm, where
C is the number of Sinkhorn iterations. Chapter 8 gives a more precise convergence statement: for a fixed
regularization strength ¢, the entropic dual gap has an O(1/k) bound with constants proportional to 1/¢,
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w

k=0 k=1 k=3 k=12
Figure 7.5: KL-normalized Sinkhorn dual potentials along the scaling iteration for the same one-dimensional
Gaussian-mixture setting as Figure 7.7, with fixed regularization strength ¢ = 0.045. The bottom silhouettes
show both the source histogram a in red and the target histogram b in blue, while the red and blue curves are
the logarithmic scaling potentials. All panels share the same axes, making stabilization visible.

while Hilbert-metric arguments give eventual linear convergence when the Gibbs kernel is uniformly
positive. To approximate the unregularized OT value to accuracy 0, one must also balance the entropic
bias, which is typically O(¢) in finite dimension. Choosing ¢ proportional to 6 and solving the entropic
problem to accuracy O(6) leads to the familiar iteration scaling of order 1/6? for the unregularized value,
up to logarithmic and cost-range factors [4, 84].

10-1 4 60 020
=0.045
10-3 4
/
10 - / —
1077
1072 ¢ =10.180
10-11 4 ' '
- .
T T T T T T T T ' -
0 25 50 75 100 125 150 175 200
marginal violation limiting plans P,

Figure 7.6: Marginal violation along Sinkhorn half-steps for four values of ¢ on the same one-dimensional
Gaussian-mixture problem, together with the corresponding limiting plans. The plotted error is

%(HPk]l —allp + ||P;('—]l —bl|1) on a logarithmic scale. The colored boxes on the right use the same colors as the
convergence curves. For fixed positive ¢, the curves enter a linear regime; smaller ¢ gives a sharper transport
geometry but a more peaked Gibbs kernel and slower scaling.

In many applications, however, one does not need a highly accurate optimizer for the OT subproblem.
Downstream performance is often tied more to the geometric bias of the discrepancy than to exact
optimality. In such settings, C is often moderate. This should be contrasted with generic interior-point
methods, which use the logarithmic barrier discussed above and require solving Newton systems. For a
dense transportation linear program, these algorithms typically have worst-case complexity of order
O(n®log(1/9)) to reach accuracy 6, up to problem-dependent conditioning factors.

The second crucial aspect of Sinkhorn is that matrix-vector multiplication streams extremely well
on GPU. Even better, if one is interested in computing many OT problems with a fixed cost matrix C,
one can replace many matrix-vector multiplications with matrix-matrix multiplications, so that the
computational gain can be substantial.
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Remark 7.4 (Separable Gaussian kernels on grids). When the samples lie on a Cartesian grid and c(x, y) = |x—y|?,
the Gibbs kernel is Gaussian and factorizes along coordinates. If the grid has g points per axis in dimension d, so
that N = qd grid points are used, then

I -
K(x,y) = exp(_M) _ ]—[exp(—(” v )

&
=1

Multiplication by K can therefore be applied by successively multiplying along each coordinate direction,
equivalently by applying one-dimensional Gaussian kernel operators along the axes. On a periodic or sufficiently
padded uniform grid these are literal discrete convolutions. A direct dense one-dimensional multiplication costs
O(g?) on each of the qd_l coordinate lines, and this is repeated for d axes. Hence one Sinkhorn half-step costs

o qd+1) =0(d N1+1/d)

instead of O(N?). With FFT-based or truncated Gaussian convolutions, the same separability can be pushed
further, but the simple tensor-product estimate already explains why grid-based Sinkhorn can scale much better
than a generic dense coupling.

7.3 Reformulation using relative entropy

The KL formulation identifies Sinkhorn as a projection method. It also prepares the continuous and
unbalanced settings, where a reference measure is essential.

A convenient tool to reformulate and “normalize” this discrete entropy is relative entropy. It is the
finite-dimensional divergence that turns entropy regularization into a projection problem and admits a
direct measure-theoretic extension.

Definition 7.5 (Discrete relative entropy). For nonnegative matrices P, Q of the same size, the
generalized relative entropy, or Kullback-Leibler divergence, is

KL(PIQ) = ) Pi;lo (ﬁ)—P--JrQ-- (7.6)
c 4 i,jlog Q, ij i i
The convention is 01og(0) = 0, and KL(P|Q) = +c0 if there exists (i, j) such that Q; j; = 0 but P; ; # 0.

For the specific case of comparing probability distributions, where P and Q have the same total mass,
this further simplifies to

P
ij

KL(P|Q) = IZ‘ P; ;log (Q—) .
For the reference matrix Q = 1,,x,,;, one has
—KL(P|Lyxm) = H(P) + Z P;; —nm.
i
On fixed-mass couplings the last two terms are constant, so KL regularization with reference 1, is
equivalent to subtracting Shannon-Boltzmann entropy. KL is a particular instance of both a ¢-divergence
(as defined in Section 6.3) and a Bregman divergence; up to standard affine rescalings, it is the canonical

overlap between these two families. This special property is at the heart of the fact that this regularization
leads to elegant algorithms and a tractable mathematical analysis.

Proposition 7.6 (Relative entropy is distance-like). Let P,Q € R have the same total mass and assume
Qi j > 0 on the support of P. Then KL(P|Q) > 0, with equality if and only if P = Q.

Proof. Write ¢(s) = slogs — s + 1. Convexity gives ¢(s) = ¢(1) + ¢’(1)(s — 1) = 0, and strict convexity
gives equality only at s = 1. Hence

KL(P|Q) = Z Qi,jp(Pi;/Qi ) =0,
i,j

with equality only when P; ;/Q; ; = 1 for all entries with Q; ; > 0. The support convention rules out
positive P where Q = 0, so equality is equivalent to P = Q. m]
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Equivalently, when P and Q have the same total mass, it reads

KL(PIQ) = > ¢(Pi;/Qi,1)Qi -
0

where ¢(s) = slog(s). For any convex ¢ such that ¢(1) = 0, one has indeed by Jensen
Z PP ;/Qi;)Qi,; > (P(Z P;;/Qi,iQi ) = @(Z P;j)=¢(1) =0.
i i ij

For instance, one can use as reference measure the tensor producta ® b = (a;b;); ; and consider

min (P, C) + eKL(Pla®Db). (7.7)
PeU(a,b)

This normalization will matter again for unbalanced OT, where changing the reference measure is no
longer merely a harmless notational choice.

For the balanced problem with fixed positive marginals, however, the choice of tensor-product
reference does not affect the selected coupling: it only adds a constant to the objective, as shown in the
following proposition. In particular, (7.7) and (7.1) have the same unique solution.

Proposition 7.7 (Reference measure shift for KL). After removing zero-mass rows and columns, assume that
a,a’ € L, and b,b’ € L,, have positive entries. For every P € U(a,b), one has

KL(PJ]a® b) = KL(P|a’ ® b') — KL(ala’) — KL(b|b").

Consequently, for fixed positive marginals, changing the positive tensor-product reference measure only adds a
constant on the transport polytope. In particular, (7.7) and (7.1) have the same unique minimizer.

Proof. Expanding the logarithm and using the marginal constraints gives

_ ’ ’ . a; . ;

KL(Pla®b) = KL(Pla’ ® b’) + Zal log P + ;b] log E
= KL(P|]a’ ® b’) — KL(ala") — KL(b|b’).

m|

The tensor-product reference is nevertheless useful when supports vary, because it makes explicit
which entries are allowed to vanish. It is also the normalization that passes cleanly to the continuous
formulation below, where the reference measure is a ® § rather than an ambient Lebesgue measure.

¢ =0.010 e =0.045 £=0.20
Figure 7.7: KL-normalized Sinkhorn dual potentials for the same one-dimensional Gaussian-mixture
histograms. The bottom silhouettes show both the source histogram a in red and the target histogram b in
blue. The red and blue curves are the logarithmic scalings f; = ¢ logu; and g]? = ¢log Uf, with gauge

(f¢, a) = 0, computed from P; j = u; a,-b]-e_c'?f/ o) j- The squared Euclidean cost is normalized by its median
positive entry, and all panels use the same axes; increasing ¢ turns the hard c-transform geometry into
smoother log-sum-exp potentials.

The KL-normalized formulation also makes the two limiting regimes of the regularization parameter
transparent.
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Proposition 7.8 (Convergence with ¢). Assume, after removing zero-mass rows and columns, that a and b
are positive and that C is finite. The unique solution P of (7.1) converges to the optimal solution with maximal
entropy within the set of all optimal solutions of the Kantorovich problem, namely

P, 3 argmin {~H(P); P € U(a,b), (P, C) = Lc(a, b)} 79
P

so that in particular
Li(a,b) = Le(a, b).

Moreover,

E—00

P. — a®b. (7.9)

Proof. Case ¢ — 0. We consider a sequence (&), such that ¢, — 0 and &, > 0. We denote P, the solution
of (7.1) for € = &. Since U(a, b) is bounded, we can extract a sequence (that we do not relabel for the
sake of simplicity) such that P, — P*. Since U(a, b) is closed, P* € U(a, b). We consider any P such that
(C, P) = Lc(a,b). Using the equivalent KL-normalized formulation (7.7), optimality of P and P, for
their respective optimization problems (for ¢ = 0 and ¢ = &) gives

0 < (C, Py) — (C, P) < &/(KL(P|a ® b) — KL(P;]a ® b)). (7.10)

Since KL is continuous, taking the limit £ — +co in this expression shows that (C, P*) = (C, P) so that
P* is a feasible point of (7.8). Furthermore, dividing by &, in (7.10) and taking the limit shows that
KL(P*|]a ® b) < KL(P|a ® b), which shows that P* is a solution of (7.8). Since the solution P} to this
program is unique by strict convexity of KL(-Ja ® b) on the optimal face, one has P* = Pj, and the whole
sequence is converging.

Case ¢ — +oo. Subtracting min; ; C; ; from the cost changes every feasible objective by the same
constant, so it does not change the minimizer. We can therefore assume C > 0. Evaluating the energy at
a ® b (which belongs to the constraint set U(a, b)), one has

(C, P.)+ eKL(P;la®b) < (C,a®Db) + ¢ x0

and since (C, P.) > 0, this leads to

_ Clleo
KL(P:Ja®b) < e (C, a®b) < ” !'
so that KL(P.|a ® b) — 0 and thus P, — a ® b since KL is a valid divergence. O
. ? . o ! ? o et .
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Figure 7.8: Entropically regularized couplings between the canonical red disk and blue annulus point clouds
for four fixed regularization strengths. The squared Euclidean cost is normalized by its median and each plan
is computed by log-domain Sinkhorn until the marginal residual is below the notebook tolerance. Violet
segments display the largest visible entries of the computed plan, with thickness and opacity proportional to
transported mass. The plans are strictly positive for every ¢ > 0, but the visible mass pattern evolves from
nearly radial and sparse to diffuse as ¢ increases.
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7.4 General Formulation

The continuous formulation replaces matrices by measures and discrete KL by relative entropy. It is
the static endpoint problem solved by Sinkhorn; the next section explains how it is obtained from an
optimization problem on stochastic paths.

One can consider arbitrary measures by replacing the discrete entropy with the relative entropy with
respect to the product measure da ® df(x, y) := da(x)df(y), and propose a regularized counterpart
to (3.5) using

Li(a,p) = min / c(x, y)dn(x,y) + e KL(nt|a ® B) (7.11)
nel(a,p) Jxxy
The measure-theoretic definition is the exact analogue of Definition 7.5, with absolute continuity
replacing the entrywise support condition.

Definition 7.9 (Relative entropy of measures). For nonnegative measures 7w and & on X x Y, the
relative entropy is

dn
KL(7|&) = / log (E(x, y))dn(x, y)+ / (dé(x, y) —dn(x, y)). (7.12)
XxY XxY
By convention, KL(7t|£) = +c0 if 7 is not absolutely continuous with respect to &.

For fixed balanced marginals, the specific product reference in the entropy only matters up to additive
constants, exactly as in Proposition 7.7, provided the alternative reference marginals are mutually
absolutely continuous with @ and f. Its support and absolute-continuity structure are nevertheless
essential: they determine which couplings have finite entropy. This distinction becomes substantive
in the unbalanced setting, where the marginal constraints no longer freeze the additive terms. The
path-space meaning of this static problem is developed next. The main point is that a noisy reference
dynamics first defines a probability law on trajectories; after optimizing out the conditional law of the
path given its endpoints, only the endpoint coupling remains.

7.5 Path-Space Schrodinger Problem

Schrodinger’s reciprocal problem is naturally posed on paths rather than on endpoint pairs. The
Sinkhorn problem appears after the path law is reduced to its two endpoint marginals.

Unregularized path-space transport. Throughout this section, both endpoint measures live on the
same state space X; this is the setting relevant to dynamic transport and Brownian bridges. The static
coupling formulation above also makes sense between two different spaces X and Y. Let Q = C([0, 1]; X)
be a path space and denote by

e QQ— X, er(w) = wy

the evaluation maps. A probability M € P(Q2) is a law of random trajectories. Imposing the endpoint
constraints
(eo)yM = a, (e1)yM =B

means that the random path starts with law a and ends with law . Given a path action A : QO — [0, +o0],
the unregularized path-space problem is

Mg;{()) {/Qﬂ(a)) dM(a)); (Eo)ﬁM =aq, (El)ﬁM = ﬂ} . (7.13)

For the quadratic Wasserstein geometry on R?, one takes

1
.2 . . .
Alw) = '/0 la*dt, if w is absolutely continuous,

+00, otherwise.

This is the Lagrangian version of the Benamou—-Brenier formulation recalled in Remark 12.4.
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The endpoint cost induced by the action is
calx,y) = inf {A(w); eolw) = x, erw) =y} (7.14)

For the quadratic action above, the minimizing path is the straight segment w; = (1 —t)x + ty, and
calx,y) = lx -yl
Proposition 7.10 (Endpoint reduction of path-space transport). Assume that minimizing paths in (7.14)

can be selected measurably, or more generally that the infimum can be approximated by measurable selections.
Then (7.13) has the same value as the Kantorovich problem

inf calx,y)dmn(x,vy).
nf /X  ealx, ) dn(z,)

Moreover, if w* is an optimal endpoint coupling and w*"¥ is an optimal path from x to y, then

M* = / Sy dt*(x, y)
XxX

is an optimal path law.

Proof. Let M be any feasible path law and set 7 = (eg, e1)3M. Then 1t € U(a, f) and, by the definition of
CA,

/ﬂ(w)dM(w) > / calx,y)dn(x,y).
Q XxX

This proves that the path-space value is at least the Kantorovich value. Conversely, given a coupling 7t
and a measurable selection (x, y) — w*¥ with action arbitrarily close to c#(x, ), the mixture of Dirac
path laws

M= / Oprw dri(x, y)

has endpoints a and  and action equal, up to the selected approximation error, to f ca dm. Optimizing
over 7t and letting the approximation error vanish proves equality. If exact minimizing paths are selected
for an optimal 7t*, the displayed M* is optimal. ]

Thus the classical coupling problem can be read as a path problem where the endpoints are chosen
first and the connecting path is then selected with minimal action. The Schrodinger problem changes
exactly this last step: between two endpoints, it keeps the random fluctuations of a reference dynamics
instead of collapsing onto a deterministic least-action path.

Entropic path-space problem. Let R € P(Q) be a reference path law, for instance a Brownian or
Langevin dynamics at noise level ¢. Schrodinger’s dynamic problem is the entropy projection

SBe(a, B) = Mg{g) {e KL(M|R?) ; (e0)yM = a, (e1)sM = B} . (7.15)

This is the dynamic Schrédinger bridge problem. It asks for the most likely path law, relative to the prior
dynamics R¢, among all path laws matching the observed endpoint marginals. This viewpoint goes
back to Schrodinger’s reciprocal problem [206] and is surveyed in modern OT language in [142, 143];
stochastic-control formulations are developed in [60].

Viscous Benamou-Brenier formulations. The Schrédinger interpolation also admits dynamic optimal-
control descriptions, which are viscous analogues of the Benamou—Brenier formula. Write ¢ for the
diffusion normalization in this paragraph; it is independent of the entropic temperature ¢ used elsewhere.
Formally, for smooth positive densities and with the convention

dipt +div(povy) = %Apt,

one minimizes, among curves joining the prescribed endpoint densities, the kinetic action

1
/0 / %"vt(")uzpt(ﬂf)dxdt.
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Equivalently, one can absorb the diffusion into the velocity by writing
Y .
Uy = 0y — EVIOg Pt/ 8tpt + dlv(ptut) =0.

Expanding v; = u; + §Vlog p; and using the continuity equation for (p;, u;) gives

Yra,o, (i, ., o2 )

[ [ steipeaxae= [ [ (Gl + Siviogpl?) prdrar
0 0

/pllogp1dx—/pologpodx}.

Since the entropy term depends only on the prescribed endpoints, the same minimizers are obtained
from the modified Benamou-Brenier action

L0
2

1 2
/0 / (%"”f(x)"”%"Vlogpt(x)llz) pe(x)dxdt.

Thus the Schrédinger bridge is a least-action interpolation with both transport kinetic energy and a

Fisher-information penalty. If one instead writes the viscous equation with diffusion coefficient cApy,

the same formula is obtained after replacing o above by 27, so the Fisher coefficient becomes 52 /2.
The reduction to endpoint couplings follows from disintegration. We write

Ré(dw) = / RV (dw) R, (dx, dy), Ry = (eo, e1)yRe,
where R%*Y is the reference bridge conditioned on endpoints (x, y). Similarly, for any feasible M, write
M(dw) = / MY (dw) n(dx, dy), 7 = (eo, e1)yM.

Proposition 7.11 (Endpoint reduction of the Schrédinger problem). Assume that the reqular conditional
laws above exist and that the relative-entropy chain rule applies, with value +oo when absolute continuity fails.
Then

SBe(a, f) = _ % e KL(7t|RE,). (7.16)

For a fixed endpoint coupling m with finite KL(7t|R(, ), the minimizing path law is the mixture of reference bridges
M™ = / REY dr(x, y). (7.17)

Consequently, if T* solves (7.16), then M™" solves the path-space problem (7.15).

Proof. If M has finite relative entropy with respect to R¢, then 7= = (eo, e1)4M is necessarily absolutely
continuous with respect to R{,. The chain rule for relative entropy gives

KL(M|R?) = KL(r|RE,) + / KL(M*Y|RE*Y) dn(x, y). (7.18)
XxX

The second term is nonnegative and vanishes exactly when M*Y = R¢*¥ for n-almost every (x, y).
Thus, once an endpoint coupling 7 with finite KL(rt|R, ) is fixed, the best path law is (7.17), and the
remaining minimization is precisely (7.16). If no such endpoint coupling exists, both sides are +co. O

This proposition makes the connection between the dynamic and static views precise. The static
Schrédinger problem stores only the endpoints of the optimal random trajectories; the full bridge is
recovered by filling each transported endpoint pair with the corresponding reference bridge. In the
zero-noise limit, these bridges concentrate on least-action paths and one recovers the unregularized
path-space transport problem, hence the Monge-Kantorovich problem [142].
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Brownian bridges and Sinkhorn couplings. For X = R, take R¢ to be a Brownian reference dynamics,
up to the conventional scaling of ¢. Its endpoint law has a heat-kernel density of the form

Ix - yl?
pe(x,y) o eXp(——y

€
after absorbing harmless constants into . More generally, suppose that the endpoint prior can be
written, up to a normalization constant independent of 7, as
¢ c(x,y)

Ry (dx, dy) oc exp - a(dx)p(dy).
This includes the usual heat-kernel reference after rewriting it with respect to @ ® 8, whenever the
one-time endpoint densities are fixed and mutually absolutely continuous. The additional one-body
density factors only add constants under the marginal constraints. Then, for every m € U(a, f),

e KL(n|R,) = / c(x,y)dn(x,y) + e KL(n|a ® ) + constant,

where the constant does not depend on 7. Hence (7.16) is exactly the continuous Sinkhorn problem (7.11),
up to an additive constant in the value. The optimal static coupling 7t} is the endpoint law of the most
likely controlled noisy dynamics, while the associated path law is

M} = / REXY As(x, y).

In words, Sinkhorn computes which endpoints should be paired; the path-space Schrédinger bridge
then connects each paired endpoint by a Brownian bridge rather than by a deterministic straight line.

Figure 7.9 illustrates this endpoint-to-path lifting on a small discrete example. The red atoms form a
compact source cloud and the blue atoms surround them. The first panel uses the unregularized OT
coupling and zero bridge noise; the next panels increase ¢, which simultaneously softens the endpoint
coupling and amplifies the Brownian fluctuations between paired endpoints.

Algorithm 7.2 Endpoint-to-path Schrodinger lift

Input: Endpoint laws «, 8, cost ¢, regularization ¢ > 0, reference bridges R**.
Output: Schrodinger path law M}.
Let 7} be a minimizer of the static entropic endpoint problem: 77 € argmin, ¢/, ) [ cdn+e KL(n|a®p).
For each endpoint pair (x, y) sampled from 7} do:
Draw bridge path: w ~ R&*Y.

Return M} = f RExY Ak (x, y).

./ ¥ } 3
£=0 ¢ = 0.035 ¢=0.10 =028

Figure 7.9: Endpoint couplings lifted to Brownian bridges. Each panel transports six equally weighted red
atoms concentrated near the center to six blue atoms distributed around them. For the displayed value of &,
the endpoint coupling is either the exact quadratic OT plan (¢ = 0) or the entropic Sinkhorn plan (¢ > 0). A
total of 60 paths is sampled by a multinomial allocation with probabilities 71;;, and each selected pair (x4, y]-) is
filled by a Brownian bridge with covariance proportional to ef(1 — t). Colors encode time from red to blue.
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Definition 7.12 (Mutual information). If (X,Y) ~ 7 have marginals X ~ @ and Y ~ B, the mutual
information of the pair is
I(X,Y) =KL(n|a ® B).

It is nonnegative and vanishes if and only if X and Y are independent.
With this terminology, the entropic problem (7.11) is equivalent to

X~zlxr,1{/~ﬁ E(e(X,Y)) +eI(X,Y).

Large ¢ therefore favors nearly independent endpoints, while small ¢ suppresses endpoint randomness

and recovers an optimal Monge—Kantorovich coupling in the limit. When the unregularized quadratic
problem has a Brenier map, this limiting coupling is deterministic.

7.6 Dual of Sinkhorn

The dual point of view replaces couplings by potentials and soft c-transforms. It is the right
formulation for stabilized implementations and differentiation.

Discrete dual. The following proposition details the dual problem associated with the KL-normalized
formulation (7.7). This formulation has the same minimizer as (7.1); its optimal value is shifted by the
constant eH(a) + eH(b).

Proposition 7.13 (Dual of entropic OT). The optimal value of (7.7) is

Perlr}(li}b) (P, C) + ¢eKL(Pla®b) = feéfrfl,gé(wn (f,a)+(g, b)—¢ lZ]: exp

fi+g —Ci:
(%)aibj +e (7.19)

The optimal (f, g) are linked to scalings (u, v) appearing in (7.2) through
u; = azel’t and vj = bjegf/g. (7.20)
Proof. We introduce Lagrange multipliers and consider

Il‘gli(r)l max (C,P)+ éKL(Pla®b) +{(a—PL, f) + (b —P'1, g).
20 tg

Finite-dimensional convex duality allows us to exchange the minimum over P with the maximum over

(f, g), giving
fog-C fog-C
max (f, a) + (g, b) + emin (KL(Pla@b) - <gT, P)) = (f, a) + (g, b) — eKL" (ng ®b) .
8 >

One concludes by using (6.13) for ¢(r) = rlog(r) —r +1

KL*(Hla®b) = Z @*(H; j)ab;.
7

Indeed, the scalar maximization

@ (s) =sup{rs —rlogr+r—1}

r=0

has first-order condition s —logr = 0, hence r = ¢® and ¢*(s) = ¢ — 1. O
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Discrete soft c-transforms. Since the dual problem (7.19) is smooth and concave, one can perform
alternating block maximization. For a fixed g, maximizing with respect to f leads to the following
equation after zeroing the derivative with respect to f:

: -~ Cij
ai—e%aiZexp (L)b] =0

‘ €
j
which leads to the explicit solution

fi = —elogZexp (—g] l'])b]-.
j

&

The log-sum-exp form is best read as a smoothed minimum. This gives the entropic analogue of the
hard c-transform.

Definition 7.14 (Soft-min and discrete soft c-transform). For & € R™ and weights b € L,,, the
weighted soft-min at temperature € > 0 is

ming (h) = —elogZe*h/‘/sbJ-.
j

It converges to min; i; as ¢ — 0. Given a cost matrix C, the discrete soft c-transforms are
f; = min (C;. — g) (7.21)

and
g;j = ming(C.; —f). (7.22)

Exponentiating these iterations recovers exactly the Sinkhorn algorithm. These iterations, however,
become unstable for small €. To apply the algorithm in this regime, one needs to stabilize it using the
celebrated log-sum-exp trick. This follows from noticing that, similarly to the minimum operator, one
has

ming (h — cst) = ming (1) — cst

and to replace the computation of min; (%) by its stabilized version (equal when using infinite precision
computation) ming (h — min(h)) + min(h).

Algorithm 7.3 Log-domain Sinkhorn by soft transforms

Input: Weights a, b, cost matrix C, regularization ¢ > 0, tolerance tol.
Output: Entropic coupling P computed from stabilized potentials.
Initialize: Set g(o) =0,10 =400, and k = 0.
While 7 > tol do:

Setk «— k+1.

Compute stabilized soft transform:

f(k) _ 1 gﬁ'k_l)_cff b
i =—¢logXliexp - -

&

*)_c
Compute stabilized reverse soft transform: g§k) = —clog}; exp(u) a;.

Set ) = max{|f¥) — f&-D|,, |g®) — g*=D| .}, with the first term ignored for k = 1.

eg-c
).

Return P,-]' = aib]- exp(

Continuous dual and soft-transforms. For general, not necessarily discrete, measures («, ), the
KL-regularized problem (7.11) has the concave dual

Li(a,p) = sup De(f,g), (7.23)
feC(X), geC(Y)
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Figure 7.10: Soft c-transforms for decreasing temperatures. The hard transform is the lower envelope of
shifted cost functions, while a positive ¢ replaces the pointwise minimum by a log-sum-exp soft minimum.
As ¢ decreases, the soft transform sharpens and approaches the non-smooth hard envelope.

where

Duf,9) = [ fodat+ [ gopap-e [ (1) datdpe). 029
X Y XxY
This is the smooth counterpart of the hard feasibility constraint f @ g < c from the Kantorovich dual:
violations are penalized exponentially and disappear in the limit ¢ — 0.
The corresponding soft c-transforms are the exact block maximizers of this dual objective. They are
the continuous log-integral counterparts of Definition 7.14.

Definition 7.15 (Continuous soft c-transforms). For f € C(X) and g € C(Y), define

(

_elog(/ PR da(x)) ,  yely, (7.25)
X

fC,é'(y) g

g5 (x) —elog(/ er‘B(y)) , xeX. (7.26)
Yy

In the case of discrete measures, these formulas reduce to (7.21) and (7.22). The same calculus also
gives the entropic semi-discrete problem: when one measure is discrete, one alternates between a
finite-dimensional potential and an integral soft transform, often estimated stochastically.

Proposition 7.16 (Existence and uniqueness of entropic dual potentials). Assume that X and Y are compact
and that c is continuous. The dual problem (7.23) has solutions, and the set of solutions is of the form

(f*+A,8"=7), A€ER.

Proof. Normalize potentials by imposing / fda = 0. Replacing any pair (f, g) by the corresponding soft
c-transforms does not decrease the dual objective, because each soft transform is the exact maximizer in
one block variable. For transformed potentials, the oscillations are bounded by the oscillation of the cost:

Iflv +lglv < 2(sup c —infc).
Moreover the modulus of continuity of the soft transforms is controlled by that of c; for instance

|87 (x) = g% (x")| < sup le(x, y) = e(x', ).
Yy

After normalization, maximizing sequences are therefore uniformly bounded and equicontinuous.
Arzela—Ascoli gives a uniformly converging subsequence, and continuity of (7.24) gives a maximizer.
For uniqueness, use strict convexity of

HH/eH/"d(aQZ),B)

on the image of (f, g) — H = f & g — ¢, modulo constants. If two optimal pairs exist, their midpoint is
also optimal; strict convexity forces the two functions f & g to agree @ ® f-almost everywhere. Since
the potentials are continuous on compact supports, this implies that f — f’ is constant and g — g’ is the
opposite constant. m]
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Remark 7.17 (Convexity properties of soft transforms). The log-sum-exp part behaves like a smoothed maximum
and preserves convexity. Since the soft transform takes the negative of this quantity after inserting the cost, it
preserves the usual c-concavity structure. In particular, for the bilinear cost c(x, y) = —(x, y), the transform f¢
is concave for any f. Therefore, for the quadratic cost c(x, y) = |x — y|>/2, the optimal potentials have the form
f*) = [xI?/2 - 9*(x) and g*(y) = [y]2/2  $*(), where ¢* and y* are convex.

Remark 7.18 (Gaussian marginals). For c(x, ) = |x — y|? and Gaussian marginals, the soft transforms preserve
quadratic functions, because products and convolutions of Gaussian functions remain Gaussian. Hence optimal
entropic potentials are quadratic and the optimal entropic coupling is Gaussian. Section 8.5 makes this
finite-dimensional closure explicit.

7.7 Other Convex Regularizers

KL regularization is the case that leads to multiplicative Sinkhorn scalings. Replacing the KL
divergence by another density-ratio penalty keeps the same transport constraints but changes the scalar
law linking the optimal density to the dual potentials.

Let ¢ be an entropy function in the sense of Definition 6.13, and recall the ¢-divergence D, from
Definition 6.14. For ¢ > 0, define the ¢-regularized transport value

Lg,:z'/ ,y)dn(x, y) + eD ®p). 7.27
o, p) Loin nyC(x y)dn(x, y) + eDy(n|a ® B) (7.27)

Proposition 7.19 (Dual and density law for g-regularized OT). Under the usual Fenchel-Rockafellar
qualification assumptions, for instance compact spaces, continuous c, and finite value in (7.27), one has

L y(a,p)= sup /fda + / ¢dp — e/ @*'>O(f(x) al g(i) —clx, y)) da(x)dB(y). (7.28)

feC(X), geC(Y)

If an optimal plan has density r* = d&’gﬂ)

() + g*(y) —clx, y)
&

and optimal potentials (f*, ¢*), then

€dp(r*(x,y))  a®pae

In the smooth interior this reads

P (x,y) = (qo')*(

fr(x) + g*(y) — clx, y)) .

&

Proof. Introduce dual variables (f, g) for the two marginal constraints. For fixed (f, g), the minimization
over 1 gives

ne M (XxY)

/fda+/gdﬁ+ inf {/ (c—(f@g))dn+ei)¢(n|a®ﬁ)}.
Using the Legendre formula (6.13) for the convex functional D, (:|a ® f), the infimum equals

[ (p*,>0(f )+ 5(0) = el y)) da(x)dB(y),

which gives (7.28). Equality in the Fenchel inequality is equivalent to the subgradient inclusion

fregr-c
3

€ dp(r*),

and inversion of ¢’ gives the density law when ¢ is differentiable and the optimizer is in the interior of
its domain. m]

For the KL entropy ¢(r) = rlogr — r + 1, one has ¢*>%(s) = e° — 1. Taking this parameter to be the
Sinkhorn temperature ¢ in (7.28) recovers exactly the continuous Sinkhorn dual (7.24). Other choices
replace the exponential law by another scalar transfer function:

p(ry=rlogr—-r+1 = r*=¢°,
p(r)=r-logr-1 = r*=(1-57"1 (s<1),

p=3r-12 = rr=(+s),

freg -c
§ = —m—m8.
&
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’ /

p(r)y=rlogr—-r+1 p(r)=r—-logr-1 (p(;’):%(;’—l)2
Figure 7.11: Density-ratio regularizers and coupling support. The red and blue side curves are fixed
one-dimensional Gaussian-mixture marginals. Dense violet level sets display the square root of the coupling
density on a common scale, using the smaller regularization strength ¢ = .06. KL regularization gives the
usual diffuse positive plan, the Burg barrier keeps a positive but differently tailed support, and the quadratic
density penalty can set entries exactly to zero through its positive-part law.

Bregman vs. @-divergence regularization. The previous construction regularizes OT by a density-ratio
divergence. This differs from using a Bregman divergence generated by a convex functional on the space
of measures.

Definition 7.20 (Measure Bregman divergence). If @ is a differentiable convex functional on a convex
class of nonnegative measures and ¢ is a reference measure in its domain, the measure Bregman
divergence generated by @ is

zmmww=¢my4ma—/ﬁ¢@mm—éx (7.29)

where 0®(&) is the first variation and the formula is understood whenever the right-hand side is
well-defined.

In finite dimension this reduces to Definition 8.1. The KL divergence is special because it is simultaneously
a density-ratio divergence and a Bregman divergence.

Proposition 7.21 (Dual comparison: Bregman vs. density-ratio penalties). Fix the marginals o, f and set
& = a ®p. Let O be a convex Gateaux-differentiable functional on nonnegative measures on X X Y. Its convex
conjugate is, for a continuous test function u,

®*(u) = sup {/ udm - q)(n)} .
>0
Define the Bregman-regularized value, using the same product reference as the density-ratio penalty,
tola,B) = inf dm + eB .
Liglap)= nf [ cdns chotrlo

Assume that Fenchel duality is exact for this constrained problem, as happens in finite-dimensional discretizations
and, more generally, under standard compactness and lower-semicontinuity hypotheses. Then

L p(a,p) =sup / fda + / gdB—¢ [CD*((S(D(E) + %) _ (p*(éq)(g))} . (7.30)
1.8
If (f*, g*) and t* are optimal and the solution is interior, then
* * _
SO(*) = 6D(E) + %.

By contrast, the density-ratio formulation (7.27) has the scalar-integral dual (7.28) and the pointwise density law

freg*-c dn*
: ea@(d(a@ﬁ))'
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Proof. Using (7.29), the Bregman-regularized objective can be written, up to a constant independent of
T, as

e®d(m) + / (c — €6D(&))dm — eD(&) + e/ SD(&)dE.

Introduce dual potentials (f, g) for the two marginal constraints. The inner minimization over nonnega-
tive measures 1 gives

Inf {E‘D(ﬂ) + / (c-fog- eé@(é))dn} = —e@*(é@(g) (1887 . C) .

Fenchel equality at £ gives
o)+ [ s0(e)de = o' 00(e),

which yields (7.30). Equality in Fenchel’s inequality gives the optimality condition for 7*. The density-
ratio dual and density law are exactly those of Proposition 7.19. Placing the two formulas side by side
shows the structural difference: Bregman regularization translates the reference measure in the dual
coordinate 0P, whereas @-regularization applies a scalar nonlinearity to the density with respect to the
moving product reference a ® 8. ]

When @ is separable with respect to a fixed dominating measure &, say ®(n) = / h(dm/d&g)d &y
with £ < &p, the Bregman optimality condition becomes

Sdr*\ [ dE frfeg*-c
h(dgo)_h(d_&))+—e .

This is an additive update in entropy coordinates. The density-ratio formulation instead uses the scalar
law associated with ¢ relative to a ® . These two laws coincide for the KL entropy, where h’(r) = log r
turns additive dual shifts into multiplicative scalings. The next proposition shows that, under natural
smoothness assumptions, this is the only overlap.

Proposition 7.22 (KL is the common Bregman and ¢ case). Let w be a finite reference measure with a
nontrivial measurable subset. Work on probability measures & = pw and p = qw whose densities are bounded
above and below away from 0. Assume that ® is twice Gateaux differentiable along bounded zero-mass density
perturbations, and that ¢ € C2(0, +o0) is convex with (1) = 0. If

Bo(alp) = Dy (alp)
for all such «, B, then there exist ¢ > 0 and a € R such that
@) =ctlogt+a(t—1).

Hence the common divergence is c KL(«|B), and ®(pw) differs from c f plogp dw by an affine functional on the
positive probability simplex.

Proof. Fix B = qw and perturb it by a; = (g + th)w, where h is bounded, f hdw = 0, and f is small
enough that g + th > 0. Differentiating twice at t = 0 gives

2
D2o(qth i = ¢"(1) [ Tdo.

Indeed the left-hand side is the second variation of the Bregman error, while

Dyl(alp) = / g (1+th/g)dw

has second derivative ¢”(1) / h?/gdw. Setting ¢ = ¢”(1) > 0, the functional ¥(pw) = ®(pw) —
c / p log pdw has zero second variation along every zero-mass line segment in the positive simplex. It is
therefore affine there, and By = 0. Thus Bg = ¢ KL.

It remains to identify the generator. Since D, = ¢ KL, the function g(t) = ¢(t) — c t logt generates
the zero @-divergence. Testing on densities for which the ratio p/q takes two values x < 1 < y, with
weights chosen so that the mean ratio is 1, gives (y — 1)g(x) + (1 — x)g(y) = 0. Hence g(t)/(t — 1) is
constant on (0, +o0) \ {1}, so g(t) = a(t — 1). This proves the claim. O
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Thus the two generalizations lead to different duals and different algorithms. Bregman regularization
by Ba(7|€) keeps the projection geometry of Section 8.1: linear costs tilt the reference in dual coordinates
and alternating marginal updates are Bregman projections. A density-ratio penalty D, (7t|a ® ) instead
gives the Fenchel dual (7.28) and, for interior solutions, the pointwise law r* = (¢’)"}((f ® g — ¢)/¢).
Proposition 7.21 makes the distinction explicit at the dual level. The Bregman dual contains the global
conjugate ®* and the product reference o ® §, whereas the ¢-dual integrates a scalar conjugate against
the moving product measure @ ® 3. Only for KL do these two viewpoints coincide and reduce to
multiplicative Sinkhorn scalings.

7.8 Sinkhorn Divergences

Sinkhorn divergences remove the entropic self-bias while retaining smoothness. They interpolate
between OT-like geometry and kernel-like norms, which explains their statistical behavior.

Entropic bias. A major issue with the value of the Sinkhorn problem (7.11) is that L{(«, ) > 0. In
particular,

a = argmin L (a, )
B

does not satisfy a, = a unless ¢ = 0. The following proposition shows that the bias induced by this
entropic regularization dominates the large ¢ limit.

Proposition 7.23 (Large-temperature entropic bias). Assume that c is bounded and continuous. Then

Li(a,p)— /fc(x,y)da(x)dﬁ(y) as € — +oo.

Proof. Let (f¢, g¢) be optimal dual potentials, normalized by / gedp = 0. The soft c-transform equation

gives
fe(x) = —elog/ exp(w) dp(y).

&

For bounded ¢, the oscillations of normalized entropic potentials are bounded uniformly in ¢ by the
oscillation of c. Hence the log-sum-exp expansion is uniform:

_mw:—/gaw—dmwMMW+owﬂ:/luﬁmmw+0@*>

At optimality the exponential penalty in the dual integrates to zero, so

Li(a,p) = /fgda +/g5dﬂ = ”//c(x,y)da(x)dﬁ(y)+0(e‘1).
This proves the limit. a

So in the large ¢ limit, L behaves like an inner product and not like a norm. The following special
case makes the resulting attraction explicit.

Example 7.24 (Large-temperature collapse for quadratic costs). The limiting functional minimized by a is
linear in the second argument:

pro [ Valwidp, Vel = [ et ypdate)
Thus any limiting minimizer is supported on argmin V,;. When this minimizer is unique,

oy — 6y*(a), y*(a) = argmin Vu(y).
y

For the quadratic cost c(x,y) = |x — y|?> on R?, assuming a has finite second moment, one has V,(y) =
ly — / xda(x)|? + const, so the collapse is toward the Dirac mass at the mean of a.
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Sinkhorn divergences. The raw entropic OT value has a large-temperature attraction toward the
product coupling. The standard debiasing subtracts the two self-interaction energies, in the same spirit
as passing from a positive kernel value to the associated squared distance.

Definition 7.25 (Sinkhorn divergence). For ¢ > 0, the debiased Sinkhorn divergence associated with
the entropic OT value L{ is

L) = L@ )~ 5.L5(a, @) = 5 LB ). 7.3

Although this formula is a debiasing by self-costs, its non-negativity is not automatic from the definition;
Proposition 7.29 proves it below by a kernel Cauchy-Schwarz argument.

= nd
P— 5
~ e ."J.'- i S >
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Figure 7.12: Visualization of the debiasing effect by point optimization. The red level sets show a fixed
two-Gaussian target density 8, while the blue atoms are an optimized empirical measure ay, initialized in the
same way in all panels. For small ¢, the entropic cost £¢ and the debiased Sinkhorn divergence £ both keep
the two overlapping modes. For large ¢, minimizing L collapses the atoms toward the barycenter predicted
by the large-temperature bias, whereas the self-cost subtraction in (7.31) keeps a bimodal cloud.

We first record a fundamental lemma: at an optimal dual pair, the exponential regularization term
integrates to zero, so the entropic cost can be read directly from the potentials. The same cancellation
holds along Sinkhorn iterations after each exact block update.

Lemma 7.26 (Entropic dual cost at optimum). Let (fa 8, §a,p) be optimal dual potentials, normalized arbitrarily.
Then

‘Eé(a/ ﬁ) = <f0£,ﬁ/ 0() + <g04,[3/ ,8> (732)
Proof. We first notice that at optimality, the relation

fap = —Slog/yli‘ < dB(y)

after taking the exponential, equivalently reads

fa,g()+8a,py)-c(x,y) fa,p®8a,p¢
1= / e € dg(y) = / e~ = -1]d(a®p)=0.
Y XxY

Substituting this identity in (7.23) gives the result. O
The next proposition records the two limiting regimes of this debiased quantity.

Proposition 7.27 (Asymptotics of Sinkhorn divergences). Assume that the two measures are supported on the
same space and that c is bounded, continuous, nonnegative and satisfies c(x, x) = 0. Then L:(a,B) — L.(a, B)
when ¢ — 0 and .
Lia,p) — 5/ —cd(a-B)@d(a—B) when & — +co.

Proof. The discrete convergence result above already gives the correct intuition; we now use the standard
continuous argument. Case ¢ — 0. The first limit follows from the standard I'-convergence argument
for entropic optimal transport: the entropy term is lower semicontinuous along weakly converging
couplings, while any finite-cost coupling can be approximated by couplings with finite entropy. Since
c(x, x) = 0, the two self-costs in the debiased expression converge to zero, and the cross term converges

to Lc(a, B).
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Case ¢ — +o0o. We denote by (f, g-) optimal dual potentials. After normalizing them and using
boundedness of ¢, their oscillations stay uniformly bounded, so the following expansion is uniform. The
optimality condition on f; (equivalently the Sinkhorn fixed point on f.) reads

fo=—etog [ exp (M) ap(v) = elog [ (1 P SDZLD 4 o176)) api)

&
~—ctog 1+ [ (0.0~ cC g +o01/6)) == [[giap+ [ et ypapn+ot

Plugging this relation in the dual expression (7.32)

zi@p = [ fda+ [ gdp= [[ ctxndadpm + o

Applying this expansion to («, ), (a, @) and (B, ) gives

L_E((x,ﬁ)—>/cdoc®d,8—%/cda®da—%/cdﬁ®dﬁ=—%/cd(a—‘g)qu(a_ﬁ)_
o

Remark 7.28 (Large-temperature Hilbertian limit). If —c defines a conditionally positive definite kernel, the
large-temperature limit in Proposition 7.27 is the square of a Hilbertian kernel norm. A typical example is
c(x,y) = |x —y|P for 0 < p < 2, which corresponds to the energy-distance kernel. This kernel norm is the dual of
a homogeneous Sobolev norm.

We now show that this debiased Sinkhorn divergence is positive.

Proposition 7.29 (Non-negativity of Sinkhorn divergences). If k(x, y) = e=*®¥)/¢ is positive definite, then
Li(a,p) > 0.

Proof. In the following, we denote by (fap, $a,s) optimal dual potentials for the dual Schrédinger
problem between a and . We denote by fy o« = ga,a (One can assume they are equal by symmetry) the
solution for the problem between a and itself. Using the suboptimal function (fs,, g5,6) in the dual
maximization problem, and using relation (7.32) for the simplified expression of the dual cost, one

obtains
fa,a®gg,g—c

Lé(a/ﬁ) > <fL¥,0u a>+<gﬁ,ﬁ/ ,B>_€<e € _1/ 0(®ﬁ>
Moreover (fao, @) = 3 LE(a, @), and similarly for B, so the previous inequality equivalently reads

fa,a ©8p,8—C

%Zé’(rx,ﬁ) >1-(e— ", a0p) =1-(a fx

where @ = efae/¢q, f = efé#/¢g and we introduced the inner product, valid because k is positive definite,
(@, By = f k(x,y)d@(x)dB(y). The self Sinkhorn fixed point equation, once exponentiated, reads
pointwise

efﬁc,w(x)/E / k(x, y)d&(y) =1 for a-a.e. X,

and hence

lal; = (k(a), a) = / el k(@) (x)da(x) = 1
and similarly | ﬁlli = 1. Therefore, by Cauchy-Schwarz, one has 1 — (&, ) > 0. O

Remark 7.30 (Strict positivity). Under additional assumptions on the kernel, one can furthermore show that
LE(a, p) = 0implies @ = B, and that this debiased divergence metrizes convergence in law.
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CHAPTER 8

Entropic Regularization: Convergence

Convergence for entropic optimal transport has two complementary meanings. At fixed marginals
and fixed temperature, one studies how Sinkhorn iterates approach the regularized optimizer; when
the marginals are empirical, one also studies how the regularized value and potentials behave as the
number of samples grows toward a mean-field limit. This chapter keeps these two scales together: first
the algorithmic convergence of matrix scaling and soft transforms, then the Gaussian closed forms and
sample-complexity consequences that explain the statistical role of the regularization.

The algorithmic part of the chapter revisits Sinkhorn convergence through three complementary
lenses. Bregman projections explain the alternating-projection geometry, Fortet’s order argument gives
qualitative fixed-point convergence, robust Bregman estimates give a non-asymptotic O(1/k) dual-gap
bound, and Hilbert’s metric gives a clean linear contraction when the kernel is uniformly positive. The
first and last viewpoints explain convergence mechanisms, while the robust estimate is often the most
useful for explicit complexity guarantees.

8.1 Sinkhorn Convergence: Bregman View

This section explains Sinkhorn as alternating Bregman projections. The main message is geometric:
each row or column rescaling is the KL projection onto one affine marginal constraint, so convergence
follows from the Pythagorean identity for Bregman divergences.

For simplicity, this section is written for discrete measures, but the same ideas carry over to general
measures. The robust-rate section later revisits the alternating-projection mechanism through convex
duality, with constants expressed through the oscillation of the potentials and of the cost range.

Alternating KL projections. The projection viewpoint explains Sinkhorn as repeated enforcement of
one marginal constraint at a time. It is not specific to entropy, although the KL case is the one where the
projections reduce to elementary row and column scalings.

Definition 8.1 (Bregman divergence). Let @ be a differentiable strictly convex function on a convex
domain Q. The Bregman divergence generated by ® is

Bo(P|Q) = ®(P) — D(Q) — (VP(Q), P - Q).

For the negative entropy ®(P) = }; ; Pj jlog P ; on the positive orthant, one obtains Bo(P|Q) =
KL(P|Q) up to the harmless convention at the boundary.

Bregman divergences are useful because their geometry can encode constraints. A Legendre-type
generator ® blows up, or has an infinite derivative, at the boundary of its domain. For negative entropy,
positivity is therefore built into the divergence, so one projects onto affine marginal constraints without
separately handling non-negativity.

Linear tilts and Gibbs references. The next proposition explains why adding a linear cost to a Bregman
penalty merely shifts the reference point in dual coordinates. The usual Gibbs—KL reformulation is the
entropy specialization.

Proposition 8.2 (Linear tilts of Bregman penalties). Let ® be differentiable and strictly convex, and let Bo be
its Bregman divergence. Fix a reference point Q in the interior of the domain. Assume that there exists QC such
that
VO(Q©) = VO(Q) - C/e.
Then, for all P in the domain,
(P, C) + ¢Bo(P|Q) = eBo(PIQ) + cst,

where the constant does not depend on P.
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Proof. Subtract the two Bregman divergences:

Ba(PIQ") — Ba(PIQ) = (VO(Q) ~ VO(QF), P) + cst.
Using VO(Q) — VO(Q) = C/¢ and multiplying by ¢ gives the claim. o

For the negative entropy ®(P) = }; ; P; jlog P j, one has By = KL. Taking Q = a ® b gives the tilted
reference
K¢, = (a®@b)oe /",

Thus
(P, C) + eKL(Pla®b) = eKL(PlK;b) + cst.

On the transport polytope, scaling K! | is equivalent to scaling the Gibbs kernel K = e~C/¢ because the
factors a; and b; can be absorbed into the Sinkhorn scalings.
Thus the unique solution P, of (7.1) is the KL projection of the tilted Gibbs reference onto U(a, b):

P, = Proji, ) (KS ) = ell)r%r(ng)l KL(P[KS ). (8.1)
cU(a,

Cyclic projection convergence. The convergence mechanism is the classical one of Bregman [42].

Proposition 8.3 (Cyclic Bregman projections on affine constraints). Let @ be a Legendre strictly convex
generator on a finite-dimensional convex domain, and let Cy, C, be affine constraint sets whose intersection meets
the domain. Define

Py = Projg;'ID Prong(Pk),

starting from an interior point Py. Assume the projections are well-defined and that the iterates remain in a
compact subset of the domain. Then Py converges to the Bregman projection of Py onto C1 N Cy. In particular, the
KL case converges for positive affine marginal constraints on a bounded transportation polytope.

Proof. We first prove the Pythagorean identity used by the projection argument. For three interior points
one has the Bregman three-point formula

Bo(QIP) = Bo(QIP™) + Bo(P[P) + (VB(PT) = VO(P), Q - PT).

If P* = Proqu’ (P) and C is affine, the first-order optimality condition for minimizing R +~ Bo(R|P) over
ReCis
(VO(P*)-VO(P), R-P*)=0 VReC,

because R — P* ranges over the tangent linear space of C. Taking R = Q € C cancels the last term and
gives
Bo(QIP) = Bo(QIP¥) + Bo(P*IP)  ¥Q €C.
Let (Z¢)¢ be the half-step sequence obtained by alternating projections onto C; and C, so that
Zyk = Pr and Zy12 = Pr41. Fix Q € G N Gy, Applying the identity at each half-step gives

Bo(Q|Z¢) — Bo(Q|Z¢4+1) = Bo(Ze+11Z¢) = 0.

Thus Bo(Q|Z,) decreases and the series }, Bo(Z¢+1|Z¢) is finite. The compactness assumption gives
cluster points. Since the projection drops tend to zero and @ is strictly convex on compact subsets of the
domain, |Z1 — Z¢| — 0. Every cluster point of the even subsequence is therefore also a cluster point of
the adjacent odd subsequence. Because these two subsequences lie alternately in the closed affine sets
C1 and G, every cluster point belongs to C; N Cs.

Let P be such a cluster point. For each half-step, the dual displacement

VO(Z41) = VO(Zy)

belongs to the normal space of the affine set onto which one projects. Telescoping and using the
convergence of Z; gives B
VO&(P) — VO(Py) € N¢, + N¢, = Ne,ne,,

where the last equality uses that the sets are affine. This is precisely the first-order optimality condition
for minimizing R +— Bg(R|Pp) over R € C; N Cp. Thus P is the Bregman projection of Py onto the
intersection. Strict convexity gives uniqueness of this minimizer, so all cluster points coincide and the
whole sequence converges. The KL statement follows by choosing the negative entropy generator. O
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Algorithm 8.1 Cyclic Bregman projections

Input: Constraint sets Cy, C,, Bregman divergence Bo, interior point Py, constraint defects defc,, defc,,
tolerance tol.

Output: Point in C; N C; when the intersection is feasible.

Specialize to entropic OT, if needed: C; = Cal, C = Cg,
Initialize: Set ry = +o0 and k = 0.

While r, > tol do:
Setk «— k +1.

Pr_1pp = Projﬁfj’ (Pr-1).
Pi = Proj? (Px-172).
Set 1 = max{defc, (Px), defc, (Px)}.

Return Py.

By = KL.

Denoting
Cl={P;Pl,=a} and C}:={P;P'1,=b}

the rows and columns constraints, one has U(a,b) = C; N CZ. One can use KL, or more generally
Bregman, iterative projections [42, 198, 199]

pD = ProjléalL(P“')) and P2 = Projléé(P(Hl)). (8.2)

Since the sets C! and C]f are affine, Proposition 8.3 applies with Py = K¢ | and shows convergence to the
solution of (8.1).

Row and column scalings. The two projectors are simple to compute since they correspond to scaling
respectively the rows and the columns, as explained in this proposition.

Proposition 8.4 (KL projections are scalings). One has
Projg“(P) = diag (%) P and Projgé“(P) = Pdiag (P:;]ln) .

Proof. Consider the problem along each row or column vector to impose a fixed sum s € Ry

rr}gin {KL(plq); {p, 1) =s}.
The Lagrange multiplier equation for this problem reads

log(p/q)+A1=0 = p=ugq where u=e">0.
The constraint (p, 1) = s is equivalent to (ug, 1) = s,i.e. u = s/}; q;, which gives the desired scaling
formula p =sq/3; qi. ]
These iterations are equivalent to Sinkhorn iterations (7.5) since defining

e diag(u(‘}))K diag(v(l)),

one has
P2D = diag(u“*V)K diag(v)
and P22 := diag(u“V)K diag(v!‘*D)

In practice, however, one should prefer using (7.5), which only requires manipulating scaling vectors
and multiplying by a Gibbs kernel, and can often be accelerated when the kernel has separable, sparse,
low-rank or geometric structure.

Such a convergence analysis using Bregman projection is of limited interest because it only works
directly in finite dimension. For instance, the linear convergence speed one can obtain from strong
convexity degrades with the dimension and with ¢. The robust dual analysis below gives a dimension-
free qualitative message: the constants are expressed through the oscillation of the potentials and the cost
range, and the resulting O(1/k) estimate explains what can be guaranteed before any asymptotic linear
regime becomes visible. It is also possible to anneal ¢ during the iterations and to rely on multiscale
strategies in low dimensions.
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8.2 Sinkhorn Convergence: Monotone Point of View

There is another, older way to understand convergence, going back to Fortet’s proof of the Schrodinger
system [91, 89, 144]. It does not primarily estimate a contraction factor. Instead, it uses the order
structure of the soft transforms.

Proposition 8.5 (Monotone fixed-point route to Sinkhorn convergence). Let ¢ be bounded and continuous
on compact spaces, and define the double Sinkhorn map, normalized by subtracting its a-mean,

Ay = (1 = [ (reda.

The map A is order preserving on the quotient by additive constants. If a representative of the initial class is chosen
so that fo < A(fo), then representatives of the iterates fir1 = A(fy) can be chosen to increase pointwise, remain
uniformly bounded in oscillation, and converge to a fixed point. Since constants are free, any bounded initialization
can be shifted downward to satisfy the subsolution inequality. The fixed point is the entropic potential, hence the
associated Sinkhorn scalings converge.

Proof. The soft c-transform is order reversing: if ¢ < g’, then

—elog/e@—”/fdﬁ > —glog\/e(g'—c)/sd‘g.

The composition of two order-reversing transforms is therefore order preserving. The transform also
commutes with additive constants in the projective sense, which is why the argument is naturally stated
for equivalence classes modulo constants. Starting from a subsolution representative gives fy < fi,
and order preservation gives representatives satisfying fi < fis1 for all k. Soft-transform oscillation
bounds, controlled by sup ¢ — inf ¢, prevent escape to infinity after normalization. Monotone pointwise
convergence, compactness of equicontinuous soft transforms, and continuity of A then give a fixed point.
Uniqueness of entropic potentials up to constants, Proposition 7.2 and the dual uniqueness statement
above identify this fixed point with the Sinkhorn solution. |

This proof is qualitative rather than quantitative, but it is conceptually useful: Sinkhorn is not only
alternating projection or projective contraction; it is also a monotone fixed-point iteration on potential
classes once constants are quotiented out.

Definition 8.6 (Variation seminorm). For a bounded real-valued function #, the variation seminorm
is
|Allv = sup h —inf h.

It vanishes exactly on constant functions, hence becomes a norm after quotienting by additive
constants.

This is the natural size for Sinkhorn potentials because adding constants changes their gauge but not the
coupling.

Proposition 8.7 (Topical maps are variation-nonexpansive). Let E be a vector space of real-valued bounded
functions, ordered pointwise, and write || - ||y for the variation seminorm of Definition 8.6. Let T : E — E be
monotone and additively homogeneous,

f<g=27(f)<T(Q), T(f+A)=T(f)+A VAE€ER.

Then
17(f) =7 (Dlv <If —glv-

The same conclusion holds for order-reversing maps satisfying 7 (f + A) = T (f) — A.
Proof. Seta =inf(f — g) and b = sup(f — g). Then
gta< f<g+b.
If 7 is order preserving and additively homogeneous, applying 7~ gives
T(g)+a<T(f)<T(g) +b.



104 8 Entropic Regularization: Convergence

Hence every value of 7 (f) — 7 (g) lies in [a, b], so its oscillation is at most b —a = |f — g|v. For an
order-reversing, additively anti-homogeneous map, the same inequalities give

T -b<T(f)<T(g)—a,
and the oscillation bound is identical. O

Corollary 8.8 (Soft transforms are nonexpansive). For every € > 0, the soft c-transforms (7.25)—(7.26) are
1-Lipschitz for the variation seminorm. Consequently, the double Sinkhorn map used in Proposition 8.5, after
quotienting constants, is also 1-Lipschitz for || - |y.

Proof. The soft transform is order reversing and satisfies (g + A)¢ = ¢%¢ — A, and similarly for the other
block. Proposition 8.7 applies to each block, and the composition of two 1-Lipschitz maps is 1-Lipschitz.
O

Remark 8.9 (Topical maps and projective geometry). Order-preserving additively homogeneous maps are
called topical maps in nonlinear Perron-Frobenius theory [141]. Proposition 8.7 is the basic nonexpansiveness
mechanism behind Fortet’s monotone argument. The Hilbert-metric analysis in Section 8.4 is stronger: under
strict positivity assumptions on the kernel it upgrades nonexpansiveness to a genuine projective contraction.

8.3 Sinkhorn Convergence: Sublinear Robust Rate

Sinkhorn is cyclic coordinate ascent on the smooth dual objective D, defined in (7.24); equivalently,
it alternates KL projections on the two marginal constraint sets. The following statement records the
rate most useful for complexity estimates: before any possible linear regime becomes visible, the dual
objective gap decreases at order 1/k. We state it for balanced entropic OT, which is the specialization
needed here. Related robust Bregman-projection rates are developed in [183, 4, 84], and statistical
consequences of entropic smoothing are analyzed in [103, 30].

Proposition 8.10 (Pinsker inequality). If p, q € L,, then
Ip = qlF < 2KL(p|q).

Proof. Let A= {i:p; > qi} and seta = Y;ca pi, b = Njcaqi- Thena —b = 1|p — ql1. Applying data
processing for relative entropy to the partition (A, A°) gives

a 1-a
KL(plg) = alogE +(1-a)log T
For fixed b € (0, 1), the function
_ a 1-a 2
h(a) = alog 2 +(1-a)log 75 2(a —b)
satisfies h(b) = h’/(b) = 0 and
1 1
” — _ > ,
W(a)=—+7—-4>0

because a(1 — a) < 1/4. Hence the binary relative entropy is at least 2(a — b)? = %H p—q ||% The boundary
cases follow by approximation. ]

Proposition 8.11 (A compact O(1/k) dual rate). Assume that X and Y are compact, that c is bounded, and
write R = sup ¢ —infc. Let (fx, gx) be Sinkhorn dual iterates normalized by / frda =0, and let

A = De(f*, 8%) = De(fr, 8k)

be the dual suboptimality gap for the entropic dual objective (7.24). Then there exists a numerical constant C such
that
CR?
kS ——-
e(k+1)
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Proof. The proof uses three elementary ingredients. First, the soft c-transform bounds the oscillation of
every normalized iterate and every normalized optimum:

[ felv + gkl + 11w +18*Iv < CR.

Here ||y := sup h —inf h is the variation seminorm, the same projective norm used in Hilbert’s metric
in Section 8.4. It is natural because dual potentials can be shifted by constants without changing the
coupling.

Second, each Sinkhorn half-step is an exact KL projection. The Pythagorean identity for KL projections
gives the ascent identity

De(fis1, &k+1) = De(fr, gx) = €| KL(*|mx) — KL(*|mxs1) |,

where 1t = ¢k®8)/¢q ® B and 71* is the optimal entropic coupling. The KL drop controls the marginal
residuals through Pinsker’s inequality, Proposition 8.10. Third, convexity of the exponential dual
objective gives a one-step estimate of the form

, _ CR?
AL < — (De(frr1, gk+1) — De(fr, 8k))-
This is the usual Bregman-projection estimate: the dual gap is controlled by the product of a bounded
dual radius and the marginal residual corrected by the next projection, while the residual squared is
controlled by the KL drop. Summing the reciprocal inequality obtained from the last display yields
1 1 €
>

Ak A~ CR
and therefore Ay < CR?/(e(k +1)). o

Corollary 8.12 (Approximating unregularized OT by regularized dual costs). Consider discrete histograms
a € XL,, b € X, and a finite cost matrix C. Let Dy x be the KL-normalized entropic dual value after k Sinkhorn
cycles, and let Ay be its dual gap. Define the entropy-corrected lower bound

Lo = Dex — eH(a) — ¢H(b),  H(a) = — Z a;log a;.

1

Then
0 < Lc(a,b) = Lek < elog(nm) + Ag.

Consequently, choosing € < 6/(2log(nm)) and running Sinkhorn until Ay < 0/2 gives a 6-accurate lower bound
on the unregularized OT value. Under Proposition 8.11, the intermediate condition is k + 1 > 2CR? /(). With
the above choice of ¢, it is sufficient to take

2
k41> 4CR log(nm),

52
hence k = O(R? log(nm)/8%), up to constants and logarithmic stabilization factors.

Proof. The KL-normalized objective differs from the entropy convention (7.1) by the constant eH(a)+<H(b)
on the transport polytope, because

KL(Pla ®b) = —H(P) + H(a) + H(b).

Let E, be the optimum of the entropy-regularized objective (P, C) — eH(P). Since 0 < H(P) < log(nm)
for any coupling matrix,
Lc(a,b) — elog(nm) < E; < Lc(a, b).

The corrected iterate satisfies L, x = E. — Ag, which gives the displayed value bound. The final iteration
estimate follows by combining Ay < CR?/(e(k + 1)) with the target Ay < 6/2. m|

The same identity also yields computable stopping diagnostics. The KL drops are exactly marginal
defects: after a row update the row marginal is correct and the remaining drop is measured by the
column marginal, and conversely after a column update. Thus marginal violations monitor both
feasibility and the remaining dual gap, up to the bounded-radius constant above.



106 8 Entropic Regularization: Convergence

Algorithm 8.2 Certified entropic approximation of discrete OT

Input: Cost matrix C € R™™", weights a, b, target accuracy 6 > 0.
Output: Certified lower bound L, x for exact OT.

_ 5
Set ¢ = TToglim -

Initialize stabilized Sinkhorn potentials and set k = 0, ZO = +oo.
While A, > 5/2 do:
Setk «— k+1.
Compute one row soft-transform update and one column soft-transform update in stabilized log-
domain variables. _
Compute the entropic dual value D, ; and the certified gap upper bound A.

Return L; = D, , — eH(a) — eH(b), 0 <Lc(a,b) = L. < 0.

8.4 Sinkhorn Convergence: Linear Hilbert Metric Rate

Hilbert’s projective metric gives a complementary convergence mechanism. Instead of following
objective values, it measures distances between positive scaling vectors modulo global multiplication.
Positive kernels are contractions in this geometry, yielding a global linear convergence statement.

As initially explained by [93], the global convergence analysis of Sinkhorn is greatly simplified using
Hilbert’s projective metric on positive vectors.

Definition 8.13 (Hilbert metric). On R ,, Hilbert’s projective metric is
V(uu) e RE)?, du(u, W) = |log(u) - log(u)|v. (8.3)
where, for vectors, ||z|y = max; z; — min; z;.

Multiplying both vectors by arbitrary positive constants does not change this quantity, so it is a distance
only after passing to projective classes.

Proposition 8.14 (Hilbert metric on the projective cone). The function dg defines a complete distance on the
projective cone R} ,/~, where u ~ u’ means that u = su’ for some s > 0.

Proof. The map u + logu identifies R} ,/~ with the quotient vector space R"/Span(1,), because
multiplying uby s > 0 adds the constant vector log(s)1,. The variation seminorm |z[y = max; z;—min; z;
vanishes exactly on constant vectors, so it induces a norm on this quotient. Symmetry, the triangle
inequality and separation therefore follow from the corresponding norm properties. Completeness
follows because R" /Span(1,) is finite-dimensional and all finite-dimensional normed spaces are complete.

m]

It was introduced independently by [32] and [200] to provide quantitative proofs of the Perron-
Frobenius theorem (convergence of iterations of positive matrices). Sinkhorn should be viewed as a
nonlinear generalization of Perron-Frobenius.

Theorem 8.15 (Birkhoff contraction theorem). Let K € R\, then for (v, V') € (Rﬁr”,*)2

AK) = YIOL g
dy(Kv, Kv') < A(K)dg (v, V') where V”(K)Ele”

Proof. We recall the finite-dimensional Birkhoff-Hopf estimate. For a positive linear map A on a cone,
define its projective diameter
A(A) = sup dey(Au, Av).
u,v>0
Then
dg(Au, Av) < tanh(A(A)/4)dg (1, ).

Indeed, after quotienting by positive scalings, write ry = uy/vx and normalize so that e M2 < < ehf?,
where I = dg((u, v). The ratio between two coordinates of Au/Av is a quotient of two weighted averages
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of the numbers . A two-point extremal argument shows that the largest possible contraction is obtained

when the mass of the two weights is placed on the two endpoints e~"/2 and e”/?; the cross-ratio bound
defining A(A) then gives

eAA/Ah[2 | p=AA)/4p=h/2

de(Au, Av) < 2log A /Ap /2 5 oA AghT2 < tanh(A(A)/4)h.

For the matrix K, its projective diameter is

A(K) = log 1(K) (K) = max ARSI
S OB TR = e K iKi
Therefore tanh(A(K)/4) = (4/n(K) = 1)/(+/n(K) + 1), which is the claimed contraction factor. O

This result extends to arbitrary convex cones and affine mappings from the cone to its interior.
The following theorem of [93] uses Theorem 8.15 to show the linear convergence of Sinkhorn’s
iterations.

Theorem 8.16 (Linear convergence of Sinkhorn). One has (u'®), v(¥) — (u*,v*) and

dg(u,u*) = OAKYY),  dg(v\¥,v*) = O(AK)Y). (8.4)
Omne also has © ©
dy(PO1,,, a) Ay (PO T1L,,b)
O y* < CHAE T msd) (v u* < G\ En,/B) ]
() < T and v, v < FE (55)
where we denoted PY) = diag(u¥)K diag(v'"). Lastly, one has
[1og(P®) - log(P*)le < dge(u?, u*) + dgy (v¥, v¥) (8.6)

where P* is the unique solution of (7.1).

Proof. Notice that for any (v, V') € (RT,*)Z, one has
dp(v,V') = dg (V' Ap) = dg (L [V, 1 [V'),
since indeed d¢(a/v,a/v’) = dgy(v,v’). This shows that

a a

(£+1) %y —
0, ) = o 2

) = dy(Kv¥, Kv*) < A(K)dg(vO, v¥).
where we used Theorem 8.15. This shows (8.4). One also has, using the triangular inequality,
dp(u?, u*) < dgy(uV, u®) + dg (Y, u*) < dgy (@,u“)) + A(K)dg (u?, u*)
= dy (a, u¥ o (KV(Z))) + A(K)dg (u?, u*),

which gives the first part of (8.5) since u® @ (Kvl¥) = P1,, (the second one being similar). The proof
of (8.6) follows from [93, Lemma 3]. O

Dual-potential form of the contraction. The Hilbert-metric contraction above can also be read directly
on the dual potentials (f, g) through their variation norms. For bounded cost ¢ (e.g. on compact spaces),

Ife = v = O(AF) and |gx - g*lv = O(A¥)

d .
l0g Skl = (i = )@ (g = ") < Ui = f*v +llgi = 8*1v

where the contraction ratio is the Birkhoff factor of the Gibbs kernel K, = e~¢/¢. Namely, with = n(K;)
as in Theorem 8.15 and R := sup ¢ —infc,

V-1
Vnt1

< tanh(R/(2¢)) < 1.
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One also has the following bounds

d
| log =32 oo

— f* <
Ifi— frly <

which can be used to provide a posterior estimate of the rate of convergence and serve as a stopping
criterion.

The bound (8.5) shows that some error measures on the marginal constraints violation, for instance,
[PO1,, —al; and IIP([)T]ln — b1, are useful stopping criteria to monitor the convergence. This theorem
shows that the Sinkhorn algorithm converges linearly, but the worst-case rate becomes exponentially
bad as € — 0, since the global contraction factor is controlled by the cost range divided by ¢. In practice,
one often observes a much better local linear regime after enough iterations. The same Hilbert-metric
mechanism extends beyond finite matrices to positive integral operators under suitable compactness and
positivity assumptions. An important limitation of this analysis is that it requires a uniformly bounded
cost and a kernel bounded away from degeneracy; Gaussian distributions with quadratic cost therefore
require a different approach.

8.5 Entropic Optimal Transport between Gaussians

Gaussian marginals provide an explicit finite-dimensional model of Sinkhorn’s behavior. The soft
c-transform preserves quadratic potentials, the optimal entropic coupling is Gaussian, and the value can
be written with matrix square roots [126]. This is the entropic counterpart of the Gaussian ‘W, formula
in Proposition 2.39.

Proposition 8.17 (Quadratic closure of Sinkhorn iterates). Let = N(mg, Xg) on R and take c(x,vy) =
lx = yI% If g(y) is a quadratic polynomial such that the Gaussian integral below is finite, then the soft transform

_ 8w = lx -yl
f(x) = —elog/ exp(f) dp(y)

is a quadratic polynomial in x. In particular, starting Sinkhorn from gy = 0 gives

€ 2% -1
filx) = 5 log det{Id + - + e(x —myg, (eld +2Zg) 7" (x — mp)).

Proof. The exponent is the sum of a quadratic polynomial in y and the logarithm of the Gaussian density
of B. Completing the square in y evaluates the integral as a positive constant times the exponential of a
quadratic polynomial in x. Taking —¢ log therefore gives a quadratic polynomial.

For go = 0, let Y ~ . The Gaussian identity

—_vI2 oy, \~1/2
EeXP(—M) = det(Id + Tﬁ) exp(—(x —mg, (eld + 225)—1(9( - mﬁ)))

gives the displayed expression. m]

Proposition 8.18 (Balanced entropic OT between Gaussians). Let a = N(m,, E,) and f = N(mg, Lg) with
positive-definite covariances, and let

ZZ/ZZ;/Z = U diag(o;)V"

be a singular-value decomposition. For the balanced objective

i — y|*dn(x, y) + e KL ®B),
min [ ke yPdne, )+ eKirla e

the optimizer is Gaussian with cross-covariance

\Je2+160% — ¢
1/2 i

S; =

K. = z}2Uu diag(s:)V L, o
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The optimal value is

Jmg — mg|? + tr(Eq) + tr(Zg) + » | (—ZGisi - glog(l - sf)) .
i

As € | 0, s; — 1and the full covariance contribution, including the two trace terms, converges to B(Z,, 25)2.

Proof. Let (X, Y) be any coupling with finite second moments and cross-covariance
K=E[(X-mu)(Y -mp)"].

Replacing (X, Y) by the Gaussian vector with the same mean and covariance leaves the quadratic cost
unchanged. Since the marginals are fixed,

KL(nla ® B) = —h(X,Y) + h(a) + h(B),

where /i denotes differential entropy when it is finite. Among laws with a fixed covariance, the Gaussian
maximizes entropy; if the entropy is not finite, the relative entropy is already +co. Thus the Gaussian
replacement cannot increase the objective, and it is enough to optimize over Gaussian couplings.
Any such coupling has covariance
r, K
KT XZg)”

Write K = ):i/ 2512 The block covariance constraint is equivalent to the singular values of S being at
most one, and finite entropy forces them to be strictly smaller than one. The cost depends on K through

lm, — myg ||2 +tr(Zn) + tr(Xg) — 2tr(K),

while
KL(ntla ® B) = —% log det(Id — SST).

By von Neumann’s trace inequality, the minimizer aligns S with the singular vectors of Z;/ 22;/ 2,50

S = U diag(s;)V . The problem separates into scalar minimizations

. ) _f 2
Orgslzll 20;s 2log(l s%).

The first-order condition is 20; = ¢s/(1 — s2), whose positive solution is the displayed s;. Substitution
gives the value formula. Since s; — 1 and ¢log(1 - 51.2) — 0 as ¢ | 0, the spectral sum converges to

—23; 0;. The identity
Dloi= tr(@yzzﬁzyz)m)

1

then gives the Bures—-Wasserstein covariance contribution. m]

Algorithm 8.3 Closed-form Gaussian Sinkhorn coupling

Input: Gaussian marginals a = N(m,, Z,), f = N(mg, Lg), scale ¢ > 0.
Output: Gaussian entropic coupling covariance.

Compute singular value decomposition 2(11/ 2)2!1;/ Z=Uu diag(o;)V'T.

For each 0; > 0 do
o Ve2+1607-¢
i =g —-
1/2
B
marginal covariances (X, Zﬁ), and cross-covariance K.

Set cross-covariance: K, = Z}X/ u diag(s;)V "L, . Return Gaussian coupling with means (m,, mg),
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Corollary 8.19 (Gaussian Sinkhorn divergence and smoothed Bures term). Let @ = N(m,, X,) and
B = N(mg, Xg) have positive-definite covariances. For r > 0, define

VELIOR e ) = —2rn() - g1 0)

If 0;(X, A) denotes the singular values of V2 AY? and A;(Z) the eigenvalues of X, then the debiased Sinkhorn
divergence (7.31) is

Te(r) =

L p(a,B) = Img —mgl? + Be(Za, ),

where the Gaussian covariance contribution is the debiased smoothed Bures term
1 1
Be(Z, AP = Z Pe(i(,A) - 5 Z Pe((D) - 5 Z e (Ai(A).
1 1 1

Moreover B.(Z, A)> — B(L, A)? as € | 0, where B is the Bures—Wasserstein metric of Proposition 2.39.

Proof. Proposition 8.18 writes the raw entropic value as the squared mean displacement plus trace terms
and a spectral sum. With the notation above, the spectral part is exactly 3’; ) (0i(Z4, Zg)). Applying the
same formula to the self-costs (a, @) and (B, B) replaces these singular values by the eigenvalues of X,
and Zg. In the polarization formula (7.31), the trace terms cancel:

1 1
trE, +trZp — §(2tr)2a) - E(Ztr):ﬁ) =0,

while the polarization of the squared mean terms leaves exactly [m, — mg|*. This gives the displayed
formula. Since 7.(r) — 1 and ¢log(1 — 7.(r)*) — 0, one has ¢.(r) — —2r. The limit is therefore

S +trA— 22 ai(Z,A) = B(Z, A)?,
i

which is the Bures formula (2.16). O

Proposition 8.20 (One-dimensional Gaussian Sinkhorn rate). Consider « = = N(0,1) on R with
c(x,y) = (x —y). If a dual potential has the form g,(y) = qy* + cst, then one soft transform has quadratic
coefficient

1
T"(q)_l_—l—q+e/z’ g<1+¢/2,

and one full Sinkhorn cycle acts as q — T,(T¢(q)). The fixed point q, = T,(q) is determined by

e e e+Ve2+16
A-5A-1=0,  Ac=loguts=—pr—

Consequently the local asymptotic contraction factor of one full Sinkhorn cycle on the quadratic coefficient is

4
4
-4
pomnite i)
T e+ Ve2+16

Proof. Completing the square in
2 (y— )2
i exp(w)d/v(o,l)(w

gives the coefficient T;(q). The fixed-point equation g, = 1—1/A,, together with g, = 1+ /2 - A, gives
€
A2 — 7A4x=1=0,
The positive solution is the displayed A,. Since

1

T/(q) = —m/

the derivative of the full-cycle map at the fixed point is T/(g4+)* = A;*. This gives the local asymptotic
rate. O

This scalar calculation illustrates the general Gaussian convergence picture of Chizat, Delalande and
Vaskevicius [64]: the rate improves when ¢ is large or the covariance scales overlap well, and deteriorates
in the small-temperature limit where the entropic coupling approaches a deterministic Brenier map.
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8.6 Sample Complexity

This section separates two statistical regimes. Exact OT resolves geometry at all spatial scales and
pays dimension-dependent empirical rates; fixed-temperature Sinkhorn divergences smooth the dual
potentials and recover parametric fluctuations, at the price of regularization bias.

The sample complexity of unregularized OT suffers from the curse of dimensionality. Entropic
regularization changes this picture: for a fixed ¢ > 0, Sinkhorn divergences have parametric n~/2
statistical rates, although the constant deteriorates when ¢ — 0[103, 30]. Related two-sample-testing
viewpoints are developed in [192], and the large-¢ kernel limit connects to classical MMD tests [112].
This improvement should be balanced against the regularization bias, which vanishes only when ¢ is
sent to zero.
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Figure 8.1: Empirical fluctuations in dimensions three and six. For each sample size 1, two independent

empirical measures a, and a/, are drawn from the same standard Gaussian law in R%. The curves show the
median of D(ay, @},), normalized by its value at the smallest displayed 1, with interquartile bands. Exact OT
follows a slower dimension-dependent scale, while MMD and the fixed-¢ Sinkhorn divergence behave closer

to the parametric n~1/2 guide. This is a statistical illustration, not a solver benchmark.

Proposition 8.21 (Empirical OT has dimension-dependent value rates). Let o and B be probability
distributions with densities bounded above and below on [0,1)%, and let &, and ﬁm be independent empirical
measures. For d > 2p, the expected empirical error for estimating the two-sample distance obeys

E i(wp(&n/,gm) - Wp(a,ﬁ)| <n Vi 4o/,

The exponent changes in low dimension, but the important message is that exact OT deteriorates with the ambient
dimension.

Proof. By the triangle inequality,
|(Wp(&n/ﬁm) - (Wp(a‘/ﬁ)| < (Wp(&n/ a) + (Wp(ﬁm/ﬁ)

We then recall the standard multiscale argument for each one-sample term, suppressing constants [82,
92, 232]. For the upper bound, partition [0, 1] into dyadic cubes. At scale 27/, the empirical mass
fluctuation over the cells is of order n71/22/%/2 while moving this excess mass inside cells costs 277,
Summing the multiscale contributions up to the scale where the expected number of samples per cell is
of order one gives 27/ with 2/% ~ 1, hence n~'/4. The same estimate with m samples gives the second
term. Matching lower bounds for empirical OT follow from packing arguments; they show that this
dimension dependence is intrinsic for exact OT. m]

Proposition 8.22 (MMD has a parametric value rate). Let k be a bounded positive definite kernel with RKHS
Hy, and define

MMDy(a, ) = | / k(x,)d(a = B)() 24 -
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If &, and B, are independent empirical measures, then

E |MMDk(&nlﬁAm) - MMDk(a,ﬁ)| <K (% + \/%)

when k(x, x) < k2.

Proof. Let ®(x) = k(x, ) be the feature map and m, = E®(X). The reverse triangle inequality for the
RKHS norm gives

IMMDy (&, fm) = MMDi(a, B)| < MMDy(&y, @) + MMDy (B, ).

Independence cancels the cross terms after taking the squared norm and expectation, giving
1 1
EMMDy(d, @) = +EID(X) ~ ma}, = ;(Ek(X, X) - EK(X, X’)).

The same estimate applies to 3,;, and Jensen’s inequality together with k(x, x) < k2 gives the displayed
bound. ]

Proposition 8.23 (Sinkhorn divergences interpolate the rates). Assume that o and p are supported in
a compact subset of R and that the cost is smooth. For fixed ¢ > 0, debiased Sinkhorn divergences satisfy
representative empirical bounds of the form

_ . _ 1 1
E|LE(@n, pn) = Li(a, p)| < C de-d”(—+—),
| c n ﬁm c ﬁ | c, \/ﬁ \/ﬂ_’l
up to constants and exponents depending on the precise smoothness class and support diameter. Thus reqularization
removes the n~'/% curse for fixed e, while the prefactor deteriorates as ¢ — 0.

Proof. The proof follows the empirical-process argument of [103]. By the envelope theorem, the
fluctuation of L with respect to its first marginal is controlled by the class of entropic dual potentials.
The soft c-transform smooths these potentials at spatial scale v/¢ for a quadratic-type cost. Covering
a bounded d-dimensional domain at this scale gives an effective complexity of order ¢~%/2. Standard
Rademacher or Dudley entropy bounds then give an empirical-process fluctuation of order ¢=4/2/+/n for
each marginal. Applying the same estimate to the three terms defining the debiased divergence gives
the stated bound. ]

Remark 8.24 (No free lunch when approximating exact OT). The parametric rate in Proposition 8.23 holds for
fixed e. If the goal is to approximate the unregularized OT value, one must also account for the regularization
bias. In a typical bounded-cost finite-dimensional regime,

|L(ar, ) - Le(a, p)| < Ce,  E|Li(Gn, pn) - L(a, B)| < Ce g™ 2n™12,

Balancing the two terms gives ¢ ~ n~1/(@*2) and total error of order n~1/(4+2) Equivalently, target accuracy 7
requires choosing ¢ ~ i and n =~ ~(#*2) samples under this bound. Thus entropic smoothing improves the
statistical behavior at fixed scale, but approximating exact OT still forces a bias-variance tradeoff whose exponent
deteriorates with dimension.
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CHAPTER 9

Generalized Wasserstein Distances

The first family of extensions keeps the idea of a distance between measures, but changes the
geometry used to compare them. The variants below relax mass conservation, reduce high-dimensional
transport to one-dimensional projections, or replace the trace quadratic cost by spectral gauges and
robust projected viewpoints. They are useful when standard ‘W, is too rigid or too expensive, while
still preserving a metric interpretation.

9.1 Unbalanced OT

Unbalanced OT allows mass creation and destruction by penalizing marginal mismatch. It is essential
when histograms are not normalized, when observations contain outliers, or when only part of the
source should match the target [146, 65, 66].

Relaxed formulation. For nonnegative measures (a, ) € M. (X) X M,(Y), a generic relaxed formula-
tion is
UW,(a, B) = inf ,yydn(x, y) + D +9D , 9.1
dapy= ok [ et ynte ) + Dol + Dyl o1
where 1, ¢, are convex entropy functior}s. Exact conservation (11, m2) = («, B) is replaced by a cost for
changing the marginals. Writing ¢s = 7; exposes the relaxation scale:

UW, .(a,B) = ;r;g‘/ cdm + 1Dy, (i]a) + 1Dy, (m2|p).

Large T makes marginal mismatch expensive and approaches balanced OT when the total masses are
compatible. Small T makes creation and destruction cheap; after rescaling by 7, the zero-transport part
reveals the pure divergence geometry.

Proposition 9.1 (Small-transport-scale limit for marginal penalties). Assume that o, § are finite measures
on a compact metric space X, that c is continuous, ¢ > 0, and c(x,y) = 0 if and only if x = y. Assume also that
the marginal divergences are nonnegative, weak-* lower semicontinuous, and have weak-* compact sublevel sets on
M (X). Then

1 .
1551 ~UWee(a,p) = pe}\fﬁfm Dy, (pla) + Dy, (plB)-

The right-hand side is the infimal gluing divergence obtained by matching the two measures through a common
zero-transport marginal p. In the dominated case, if « = aA, B = bA, and the minimizing common marginal is
absolutely continuous, p = rA, this divergence decouples pointwise as

/ mg, 5,(a(x), b(x))dA(x), mg, i,(a,b) = ir;ga U1(r/a) + b a(r/b),

with the usual recession conventions when a = 0 or b = 0. For superlinear entropies, and in particular for KL,
finite energy forces this dominated form. Thus, when 1 = 1 is the KL entropy,

_inf KLipla) +KL(plp) = [ (Vi = VEFaA

Thus the KL marginal relaxation contains the squared Hellinger distance as its local mass-variation limit.

Proof. For the upper bound, restrict to diagonal plans 7 = (Id, Id)3p, whose transport cost is zero and
whose two marginals are both p. This gives the desired upper bound after optimizing over p.

For the lower bound, let 7, | 0 and let 7, be almost minimizing plans with bounded scaled values
7,  UW, ,(a,B). Since the divergences are nonnegative, / cdmn, = O(ty), hence / cdm, — 0. The
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bounded scaled values also put the two marginals in compact divergence sublevel sets. Since a coupling
has the same total mass as each marginal, the couplings are tight on X x X. Up to subsequences, 7, — 7.
Lower semicontinuity of the transport cost yields / cdmy = 0, so g is concentrated on the diagonal.
Its two marginals are therefore equal to a common measure p. Lower semicontinuity of the marginal
divergences gives

o1
11n}11nf = UW¢ o, (a, B) = Dy, (pla) + Dy, (plB),

and optimizing over p gives the lower bound.
In the dominated case, writing p = rA gives

Dy, (plar) + Dy, (pIp) = / aP1(r/a) +bPa(r/b)dA,

so the minimization over p decouples into the scalar envelope my, ;.. For KL, no singular part is
admissible when «a and 8 are dominated by A. The pointwise objectiveis r log(r/a)—r+a+rlog(r/b)—r+b.
Its optimality condition is log(r/a) + log(r/b) = 0, hence r = Vab, and the minimum is a + b — 2Vab =
(Va = Vb). o

Proposition 9.2 (Dual of unbalanced optimal transport). Under the usual Fenchel-Rockafellar qualification
assumptions, one has equality between (9.1) and

UW.(a,p) = sup —Dj, (-fla) - D;, (~g|f).
fog<c

Proof. Use the variational formula (6.13) for the dual of a divergence and introduce the marginal variables
through continuous potentials:

inf sup/ cdm + / —fdmy + / —gdmy — Dy, (—fla) — Dy, (=glIp)-

7>0 f

Exchanging the infimum and the supremum gives
sup 1, (~fla)~ D}, ~slp) + inf [ (e~ (f & 9)an
The last infimum is 0 when f & ¢ < c and —oco otherwise, which gives the displayed dual. m]

Reverse and homogeneous formulations. The Liero-Mielke—Savaré formulation rewrites marginal
penalties as a local transport cost and then homogenizes it. Assuming first that the reference measures
and transported marginals have mutually absolutely continuous parts, one can factor the objective as

/ c(x, y)dn(x,y) + Dy, (m1|a) + Dy, (m2|p)

- [ (e(x,y>+¢1(d”1( )) (x)+1/’2(d7;2(]/)) —ﬁ(w) dn(x, ).

This motivates the local reverse cost

Lo(r,s) = c+rip1(1/r) +sya(l/s), 9.2)

with the usual recession conventionat* = 0ors = 0. If &« = Fri; + a* and B = Gnp + -+ are the Lebesgue
decompositions of the reference marginals with respect to the transported marginals, then the reverse
formulation reads

UWela, ) = inf [ Lo (G0, GG, 1) + 41000 () + a0 ).

The homogeneous formulation is obtained by taking the perspective transform of L.,

H.(r,s) = g;{) OL.(r/0,s/0), (9.3)

which is positively 1-homogeneous. It defines

HW.(a, ) = inf [ Hogoy) (FG0), Gdn(z, ) + $100)a(X) + Yo (). ©4)
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Proposition 9.3 (Homogenization does not change the unbalanced cost). One hasHW (a, B) = UW.(a, B).

Proof. The inequality HW < UW follows from H. < L. by taking 0 = 1. Conversely, take a feasible
measure 7t in the homogeneous formulation. By definition of the perspective transform, for every (x, y)
and every n > 0 there exists a scale 6(x, y) > 0 such that

He(x,y)(F(x), G(y)) + 1 > 0(x, y)Le(x,y) (F(x)/0(x, y), G(y)/0(x, y)).

Replacing 7 by the rescaled measure 77 = Om and the densities by F/6 and G/ gives an admissible
competitor for the reverse formulation with cost no larger than the homogeneous cost plus nr(X x Y).
Letting 7 — 0 yields UW < HW. The singular terms are unchanged because the same rescaling is
performed before taking the Lebesgue decomposition of the marginals. m]

Conic lifting. Assume now that X = Y and {1 = 1, = ¢. The last formulation lifts the problem to the
cone space €[X] := (X X R;)/~, where all points (x, 0) are identified at the apex. For an exponent p > 1,
define

Al(x,7),(y,s)) = Hc(x,y)(rp/ Sp)l/p‘

Several classical unbalanced geometries are obtained by choosing 1, c and p so that A is a distance on
the cone:

* Dy =KL, p =2, and c(x,y) = —log cos?(d(x,y) A 1/2) give the Hellinger-Kantorovich or
Wasserstein—Fisher-Rao cone metric

A((x,7),(y,s))* = r? + 5% — 2rs cos(d(x, y) A 7t/2).
e Dy =KL,p=2,and c(x,y) = d(x, y)2 give the Gaussian Hellinger cone metric
A(x, 1), (y,8))* = r* + % — 2rse 4?12,

* Dy =TV,p=1,and c(x,y) = d(x, y) give the partial-transport cone cost
A, 1), (y,8) = 7 +5 = (r AS)2 = d(x, )

The corresponding cone value is

CW(a, B) = inf[x]z) {/ Al(x,r), (y,s))Fdy ; / rPdyi(-,r) = a,/ sPdya(-,s) = [3} )

yeML(C

Theorem 9.4 (Cone formulation of unbalanced OT). One has UW = HW = CW. If A is a distance, then
CWUYP is a distance between nonnegative measures.

Proof. The equality UW = HW is Proposition 9.3. To prove HW = CW, disintegrate an admissible cone
coupling y with respect to its spatial variables (x, ) and radii (7, s). The cone marginal constraints say
precisely that the spatial marginals are recovered after weighting by r” and s”. Since A((x, ), (v, s))V =
He(x,y)(r?, s7), integrating the cone cost gives the homogeneous objective. Conversely, any homogeneous
competitor can be lifted to the cone by placing, over each (x, y), radii whose pth powers are the two
density factors appearing in H,.

If A is a distance on the cone, then CW'/* is the usual p-Wasserstein distance between lifted measures
under the linear cone-marginal constraints. Symmetry and the triangle inequality follow from the
corresponding Wasserstein properties and the gluing lemma on the cone. If the distance is zero, an
optimal cone coupling is concentrated on the diagonal of the cone, so the weighted projections agree
and therefore a = . m]

Entropic KL relaxation. A generic entropic regularization of unbalanced OT reads

neMiR:f\’xy)/ cdmt + Dy, (1t1|a) + Dy, (12|f) + eDyp(n|a & B).
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Its dual is

s;lp ~0,, (—fla) - Dy, (-gIp) — €Dy,
8

For D, = KL, the primal-dual relation is dn = ef®3=9/edadp. If in addition Dy, = Dy, = TKL, the
dual specializes to

sup —T/(e_f/T -1)da -1 /(e‘g/T -1)dp—¢ // (e(feag_c)/“’ - 1) dadp,
f.g

and coordinate maximization gives the damped soft transforms

)= =5 og [ exp (S50 ) agiy),

(M

&

az®ﬁ).

T+ €
gy) = —TT_;: log[Yexp (M) da(x).

In the discrete case, with K; ; = e~/ /fa;b jand p = 7/(7 + ¢), this gives the generalized Sinkhorn scaling

a; \° b; P . .
U — (m) , v} (m) , P = diag(u)K diag(v).

The exponent p < 1 is the visible difference with balanced Sinkhorn: marginal corrections are damped
because violating the marginals is allowed.

Algorithm 9.1 Unbalanced Sinkhorn scaling

Input: Weights a, b, cost matrix C, entropic scale € > 0, KL strength 7 > 0, tolerance tol.
Output: Unbalanced entropic coupling P.
Initialize: Set K;; = e‘Cf//Saib]-, P =7 u® =1, +0=1,, no =+, k=0.
While 7 > tol do:

Setk « k +1.

p p
(k) — a (k) = ([ b__
W= \weEn) - v =\ mam

Set 1 = max{Ju(®) = V], o) = 06D}

Return P%) = diag(u(k))K diag(v(k)).

small T medium 7 large 7

_AAN A AANA AN N

Figure 9.1: KL unbalanced OT on one-dimensional Gaussian-mixture densities. The central matrix is the
transported coupling. On the left, the red curve is the prescribed source marginal and the violet curve is the
transported source marginal; the red gap is destroyed mass. On the top, the blue curve is the prescribed target
marginal and the violet curve is the transported target marginal; the blue gap is created mass. Increasing t
makes marginal mismatch more expensive, so more mass is transported, including toward the far right target
mode.

The entropy used in the marginal relaxation also changes the qualitative behavior. A KL penalty
leads to smooth multiplicative rescaling. The reverse-KL, or Burg, penalty blows up when a transported
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marginal vanishes where the prescribed marginal is positive, so it discourages complete deletion of
small modes. Total variation has a linear kink and behaves closer to partial transport: mass is either kept
active or created and destroyed at nearly constant marginal price.

KL Burg total variation

A AANA A ANA AN

Figure 9.2: Effect of the marginal divergence in unbalanced entropic OT. The geometric cost, entropic plan
regularization ¢, and relaxation strength 7 are fixed; only the marginal penalty changes. KL allows smooth
mass variation, Burg keeps transported marginals from vanishing on prescribed modes, and total variation
gives a sharper active-mass selection. The side plots use the same convention as Figure 9.1.

9.2 Sliced Wasserstein Distances

Sliced Wasserstein trades exact high-dimensional geometry for many one-dimensional projections.
It is cheap, differentiable after sorting, and often effective in imaging and learning. For measures on R
and 0 € S%1, let Pg(x) = (0, x) be the projection on direction 0.

Definition 9.5 (Sliced Wasserstein distance). Let o be the uniform probability measure on the sphere
S?-1. The sliced p-Wasserstein distance is

SW, (o, p)P = /S Wy ((Po)ya, (Po)y) da(6). (9.5)

This construction is closely related to the Radon transform and is much cheaper to approximate
numerically than high-dimensional OT, since each projected problem can be solved by sorting or
quantiles [189, 40, 134]. It metrizes the same weak-plus-moment topology as ‘W, but its geometry is
not bi-Lipschitz equivalent to W), in high dimension [170].

Algorithm 9.2 Monte Carlo sliced Wasserstein

Input: Equal-weight point clouds (x;)"_;, (yi)!_,, exponent p, number of directions L.

Output: Monte Carlo estimate §\7\/§(0¢, B).
For{=1,...,Ldo:

Sample 0y ~ ¢ on S%1,

Set sf =(0y, xi) and tf =6y, Yi).

Let o4, ¢ be stable sorting permutations: s

p
{ _ 1t
Sou(i) tw(i)| :

TIV4
Return SW,(a, B) = % Zﬁzl Ey.

14 { <. .. < 14
oy eSSt

<
S To(n)°

{
< e
or(1)

Compute E, = 1 37|
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=

source density source slices target slices target density

Figure 9.3: Sliced Wasserstein projections between two planar densities. The source and target are rendered as
smoothed black-and-white density images obtained from dense farthest-point samples of two silhouettes.
Five fixed directions are drawn on both densities. For each direction, the middle panels show smoothed
one-dimensional density estimates of the projected measures (Pg)ya and (Pg)yp. Sliced OT averages
one-dimensional Wasserstein discrepancies over many such directions, replacing a difficult planar
comparison by a collection of sorted one-dimensional comparisons.

Proposition 9.6 (Metric properties of sliced Wasserstein). For p > 1, SW,, is a distance on P, (R?). Moreover,
SW,, metrizes weak convergence together with convergence of the pth moment. Finally,

SW(a,B) < Wy(a,p),

and, for p = 2 with the uniform probability measure on the sphere,

SWa(a, B)* < %Wz(a,ﬁ)z-

Proof. Non-negativity and symmetry follow from the one-dimensional Wasserstein distance. For the
triangle inequality, apply the triangle inequality of W, for each direction 0 and then Minkowski’s
inequality in LP(S9°1).

If SWy(a, B) = 0, then (Pg)ya = (Pg)yp for almost every direction. By continuity of characteristic
functions this holds for all directions, and the Cramér-Wold theorem implies « = . This proves
separation.

The bound SWp <wW v follows because Pg is 1-Lipschitz, so

Wp((Po)ga, (Po)gB) < Wy(a, )

for every 0. For p = 2, using any coupling 7 between a and 3,

/S » / I(x =y, B)*dm(x, y)da(6) = % / Ix = yIPdn(x, y).

Optimizing over 7t gives the sharper inequality. The weak-convergence statement follows from the same
Cramér-Wold mechanism plus the moment condition: convergence in SW, gives convergence of almost
all one-dimensional projections and tightness of the pth moments; conversely, weak convergence with
pth-moment convergence implies convergence of projected ‘W, distances and dominated convergence
on the sphere. ]

Remark 9.7 (Hilbert embedding for SW5). In one dimension, ‘W is the L2(0, 1) distance between quantile
functions. Hence

1 2
SWa(a, )2 = /S N /O [F5L 0 - Egl)|” dudo(),

where Fgla is the quantile of (P@)ﬁa. Thus SWj is a Hilbertian distance after embedding each measure into its

field of projected quantiles. Consequently, exp(—y SW%) is a positive definite kernel on probability measures for
every y > 0. Conversely, on compact sets, W p can be bounded by a dimension-dependent power of SWp ; such
inequalities are weaker than the direct bound of Proposition 9.6 and explain why sliced distances metrize the
same topology without being bi-Lipschitz equivalent to W) in high dimension [41, 170].
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Definition 9.8 (Max-sliced Wasserstein). The max-sliced distance replaces the average over directions
by the most discriminating one:

MaxSW(a, B) = sup W,((Pg)ya, (Po)yp).
fesd-1

It is useful when only a small set of projections carries most of the discrepancy, for instance in
generative modeling [79].

Subspace-sliced variants. One-dimensional slices are extremely cheap, but they may discard too much
geometry in high dimension. A natural compromise is to project onto k-dimensional subspaces: the
projected OT problems remain lower dimensional, while each projection retains correlations inside a
small block of coordinates. Varying k therefore interpolates between ordinary slicing and full OT.

Definition 9.9 (Subspace-sliced Wasserstein). Fix 1 < k < d. Subspace-sliced variants replace
one-dimensional lines by k-dimensional orthogonal projections. If U € R*™** satisfies UTU = Idy,
then

SW, 4(a, P = / W, (U, UT)pP UL

where dU denotes the normalized invariant measure on the Stiefel manifold St(d, k) = {U € Rk :
UTU = 1Idg}, and
MaxSW,, r(a, B) = sup W,((U" e, (UT)4B).
UTU=Idg
The case k = 1 recovers ordinary sliced and max-sliced Wasserstein, while k = d recovers the original
Wasserstein distance.

Proposition 9.10 (Basic bounds for sliced variants). Let p > 1 and let a,p € Pp(Rd ). With normalized
spherical and Stiefel measures,

SWp(a, B) < MaxSW(a, B) < Wy(a, p).
For k-dimensional subspace projections,
SWp k(a, B) < MaxSW,, r(a, B) < Wy(a, p).

Proof. The first inequality in each line follows because an L average over a probability space is bounded
by the corresponding supremum. The second inequality follows because orthogonal projections are
1-Lipschitz: pushing any admissible coupling between « and  through a projection gives an admissible
coupling for the projected measures with no larger transport cost. Optimizing over couplings and then
averaging or maximizing over the projection gives the result. m|

Min-sliced lifted transport plans. The preceding constructions define distances between projected
measures. A different use of slicing is to use a projection only as a device for building a feasible high-
dimensional transport plan. For equal-weight empirical measures a = n™! ¥, 6y, and g = n7' 3, 6,
sort the projected samples (x;, 0) and (y;, 0), and let 0g be the monotone matching induced by this

sorting. The lifted plan
1 n
o= Z 6(x1'/ya()(i))
i=1

is a genuine coupling between a and f in the original space. Min-SWGG-type methods then choose the
projection whose lifted plan has the smallest full-dimensional quadratic cost,

MSWGG;(a, f)* = m 1/ lx — y|*dme(x, v).

in
fesd-

This quantity is not a projected distance; it is a cheap feasible-plan construction. Consequently it gives
an upper bound on ‘W%(a, ), and the interest is algorithmic: the plan is obtained by sorting rather than
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by solving a high-dimensional linear program. Indeed, each 1 is an admissible coupling between the
original measures, so

Wia,p) < / lx — y|>dme(x, v), Wi(a, ) < MSWGGs(a, B)*.

Algorithm 9.3 Lifted min-sliced matching

Input: Equal-weight point clouds (x;)_,, (y:)!_,, finite direction set ® C S
Output: Feasible coupling mg induced by the selected projection direction.

For each 6 € © do: ) )
Let 0g, 79 be stable sorting permutations of (0, x;) and (0, y;).

Match x,,x) to Yo fork =1,...,n.
Store rank-matching permutation pg = 19 0 0
Evaluate E(0) = %Z?:l I = Ypoti) 2.

-1
0

Set 0* = minargmin, ¢ E(0) for the fixed order on ®. Return mg+ = % > 6(,5,.,%)0*(”).

selected projection lifted sliced plan quadratic W plan
[ ] ° ° [ ° Y PY
‘.:.. ° " ...' ‘ ... . = ...'
e o e
[ ] ° ° L] ° °
ot A ot

Figure 9.4: Lifted min-sliced plan. A one-dimensional direction is selected by a small deterministic sweep,
then red and blue atoms are sorted after projection and matched in that order. The middle panel lifts this
one-dimensional matching back to the plane; it is a feasible coupling but not the same object as the quadratic
W, matching shown on the right. This illustrates why sliced constructions are computationally light and
interpretable, while losing some of the geometry of the full transport problem.

9.3 Vector Quantiles and Linear Optimal Transport

Linear OT starts from the multivariate analogue of quantile coordinates. The one-dimensional
quantile function represents a probability measure by the monotone map sending a fixed reference law
to it; in dimension d > 1, Brenier’s theorem gives the corresponding construction after choosing an
absolutely continuous reference probability p, typically the uniform law on a convex body or a standard
Gaussian.

Vector quantiles. Assume that p is absolutely continuous. For a target law u with finite second
moment, its vector quantile relative to p is the Brenier map

Tu=Veou (Tgp = 1,
or equivalently the solution of

min [ 1= 1ePapo

This construction is canonical only after fixing p: changing the reference law changes the coordinates used
to represent p. Vector quantile regression uses the same idea conditionally, replacing scalar conditional
quantiles by conditional Brenier maps and thereby encoding multivariate ranks and depths [50].
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Linearized Wasserstein coordinates. Linear OT replaces a nonlinear transport distance by a Hilbert
norm between reference maps. It is useful when one reference measure is fixed and many nearby
distributions must be compared cheaply. Let T, be the Brenier map pushing p to a, understood as an
element of L?(p;RY) and hence defined only p-almost everywhere. The linear OT embedding is

a T,-1d e L*(p;R?),  LOTy(a,p) = T — Tslli(p)- (9.6)

If one of the two targets equals the reference, the linearized distance is exact: for instance, LOT,(p, &) =
ITe =1d12(p) = W2(p, @). For two arbitrary targets, the coupling (Tx, Tg)yp is admissible but not generally
optimal, so LOT) is a tangent-space approximation of the Wasserstein geometry [231]. For a family (a;)s
with weights (As)s, the linearized barycenter is obtained by averaging maps,

T = Z/\sTas, aroT = Tﬁp.
s

This is exact in one dimension, where quantile functions linearize ‘W>, and it is especially useful when
many barycenters with changing weights must be evaluated quickly.

Remark 9.11 (Three Hilbertian embeddings of measures). Several constructions in this text embed measures
into Hilbert spaces, but they encode different geometries. Kernel mean embeddings send a to / k(x,-)da(x)inan
RKHS and lead to MMD distances; see Section 6.2. Quadratic sliced Wasserstein sends a measure to the collection
of one-dimensional quantile functions of its projections, viewed in L2(S%1 % [0, 1]); see Section 9.2. Linear OT
sends a to the displacement field T, — Id from a fixed reference p in L2(p; R%). The first construction is linear in
the measure and depends on the kernel, the second is nonlinear but reduces OT to projected one-dimensional
quantiles, and the third is a tangent approximation to the full Wasserstein geometry around a chosen reference.

1D maps Ty, Tﬁ, T, measures «, 3,y

maps from p to a, 8 linearized barycenter Tﬁp McCann midpoint

Figure 9.5: Linear OT coordinates. Fixing a reference measure p turns each target into a map T, from p to a, or
equivalently into the displacement field T, — Id. In one dimension this is exactly the quantile parametrization
of W», so averaging the maps toward a two-component o and a two-component f gives the true Wasserstein
barycenter. In two dimensions, the first panel shows the reference-to-target maps, computed on dense clouds
and displayed on farthest-point subsets, with  represented by two Gaussian components. The middle purple
panel shows the linearized barycenter obtained by averaging the two maps from p. The right purple panel
shows the genuine McCann midpoint between a and f3, obtained by solving a direct OT problem between the
two target clouds and interpolating at ¢ = 1/2.

Proposition 9.12 (Local stability of linear OT). Assume that the measures are supported on a fixed convex
compact set, with densities bounded above and below, and that the Brenier maps from p are reqular. Then, for a, 8
in a sufficiently small reqular neighborhood of p,

Wa(a, ) <LOTy(a,p) and LOT,(a,p) < C Wala,p)!
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for constants C > 0 and 1 € (0, 1] depending on reqularity.

Proof. The first inequality is immediate: (T,, Tg)yp is a feasible coupling between a and . The reverse
local estimate is a standard stability statement for the Monge—Ampeére equation under the stated
regularity assumptions: changes in the target measure control changes in the Brenier potential in Holder
norms, hence control T, — T in L?(p). In simple one-dimensional settings, quantile functions make this
exact with 11 = 1. In several dimensions one should not read the statement as a global Lipschitz estimate
in ‘W;. Quantitative stability results for semi-discrete and Monge-Ampere maps give Holder exponents
depending on the dimension, density bounds, support geometry and regularity; see for instance the
estimates of Mérigot, Delalande and Chazal [163]. Under stronger smooth perturbations of uniformly
convex smooth densities, elliptic regularity can give Lipschitz dependence in stronger function norms,
but converting those controls to Wasserstein perturbations generally loses powers. m]

9.4 Spectral and Robust Wasserstein Distances

Spectral OT changes the scalar quadratic cost by measuring the whole displacement covariance
through a matrix gauge. The same object admits a robust projected formulation: instead of fixing
one projection, one maximizes over the polar set of the gauge. Subspace robust OT is the important
non-convex rank-constrained version of this idea [179]; spectral gauges provide its convex minimax
counterpart and connect to recent spectral-gradient viewpoints such as Muon dynamics [182].

Definition 9.13 (Monotone spectral gauge). A monotone spectral gauge on positive semidefinite
matrices is a convex, positively 1-homogeneous map y : S¢ — R, such that y(M) = 0 only for M = 0,
y(QMQT) = y(M) for every orthogonal matrix Q, and

0<M=<N = y(M)<yN).

The monotonicity condition means that increasing the displacement covariance in Loewner order cannot
decrease the transport penalty.

Definition 9.14 (Spectral Wasserstein distance). Let y be a monotone spectral gauge. For a coupling
n € U(a, B), define its displacement covariance

M, = /(x —y)(x —y)"dn(x, y).
The spectral Wasserstein distance associated with y is

2 . .
Wy(a,p) = neg}fx,ﬁ)y(Mn)- 9.7)

The special case y(M) = tr(M) gives the usual quadratic Wasserstein distance ‘W;. The spectral
gauge ¥ (M) = Amax(M) instead measures the worst transported variance direction. For A > 0, define
the quadratic projected transport cost

Woala,p)* = ot P / (x = y)TA(x — y)dr(x, y) = Wa((AV?)a, (AV?)B)%. (9.8)

The polar set of the gauge is
B, ={A>0; r(AM) < y(M) forallM >0}, 9.9
so that, for a closed gauge, y(M) = sup AeB, tr(AM).

Proposition 9.15 (Robust representation and metric equivalence). Assume, for simplicity, that the measures
are compactly supported and that vy is closed and finite on the positive semidefinite cone. Then

W,(a,B)* = sup Waala,p)*.
AeBy
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If there exist constants 0 < a < b < +oo such that ald € B, and B, C {A ; 0 < A < bld}, equivalently
atr(M) < y(M) < btr(M) (M =0),

then
Va Waa, B) < Wy (a, ) < Vb Wa(a, B).

In particular, W, is a distance. When 'y is the restriction of a norm to the positive semidefinite cone, these bounds
hold automatically in finite dimension, so W, is equivalent to ‘W, on measures with finite second moments.

Proof. Using the polar representation of y,

W, (a,B)? = inf sup tr(AM,).
(o BP = ot sup x(AMy)

The coupling set is convex and compact for weak convergence under compact support. Since y is a finite
gauge on a finite-dimensional cone and vanishes only at the origin, it is equivalent to the trace norm on
the slice tr(M) = 1, so B, is convex and compact. The map (7, A) > tr(AMy) is affine in each variable
and continuous. Sion’s minimax theorem gives

inf sup tr(AM;) = sup inftr(AMy) = sup Wo a(a, B)*.
T Aes, Aeg), T Ae8B,

For fixed A > 0, W5 4 is the Wasserstein pseudodistance associated with the seminorm x +— |AY2x|.
Since all terms are nonnegative, the robust identity also gives

W, (a,B) = sup W al(a, p).
AeB,),

A supremum of pseudodistances is symmetric and satisfies the triangle inequality.
If ald € B, and A < blId for all A € B,, then

aWaa, B)* = Woaala, B)* < Wy(a, B)* < b Wal(a, B)?,

which proves definiteness and equivalence with ‘W,. The equivalence between these operator bounds
and atr(M) < y(M) < btr(M) follows directly from the polar formula. In finite dimension, any
norm restricted to the positive semidefinite cone is equivalent to the trace norm on that cone. The
finite-second-moment case follows by truncation when these norm-equivalence bounds hold. m|

Definition 9.16 (Subspace robust Wasserstein). For 1 < k < d, the Paty—Cuturi subspace robust
Wasserstein distance is

SRWy k(a, B) = sup Wo((U)yar, (UT)yp) = sup  Wap(a,p).
UTU=1dy P2=P=PT, tr(P)=k

For the Ky Fan gauge
k
VEM) = > AdM),
(=1

where the eigenvalues are sorted in decreasing order, the polar set is
B, ={A; 0<A<Id, tr(A) < k}.
Thus k = d gives y4(M) = tr(M) and recovers W5. The convex hull of rank-k projectors is
{A; 0<A<Id, tr(A) =k},

and, since M > 0, the associated support function is the same Ky Fan gauge. Thus ‘W, is the convexified
spectral counterpart of SRW; x, while SRW; i keeps the original non-convex rank constraint. For k =1,
Y1(M) = Amax(M) and B, = {A = 0; tr(A) < 1}. This top-eigenvalue spectral Wasserstein geometry is
the case connected to Muon-type spectral dynamics in [182].
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trace-gauge coupling Amax-gauge coupling

°e % A 4

trace-gauge interpolation

Amax-gauge interpolation

t=0 t=1/4 t=1/2 t=3/4 t=1
Figure 9.6: Trace and spectral gauges for displacement covariances. The trace gauge minimizes the average
squared displacement and gives the usual quadratic transport plan from a shifted two-disk source silhouette
to a shifted heart-shaped target. The Amax gauge penalizes the worst projected displacement variance; the
displayed plan is obtained by approximating the robust formulation with finitely many directions. The last
two rows render the corresponding displacement interpolations from very dense farthest-point silhouette
samples and kernel-smoothed lifted plans, with the same convention as Figure 2.2: white means zero density,
and high density saturates in the red-to-blue interpolation color of the corresponding time. The spatial
separation makes the different displacement geometries easier to read.
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CHAPTER 10

Generalized OT Problems

The second family changes the optimization problem rather than only the ground distance. Barycen-
ters average several measures, multi-marginal OT couples many measures at once, inverse OT learns
the cost from observed transport, and weak OT allows randomized conditional responses. These
formulations remain close to Kantorovich linear programming, but the object being optimized is richer
than a single two-marginal coupling.

10.1 OT Barycenters

Barycenters ask how to average probability measures rather than points. This section explains the
variational definition, the special closed forms in one dimension and for Gaussians, and the entropic
algorithms used in practice.

Fréchet means. For discrete input histograms {bs }le, withbs € Z,,, and weights A € g, a Wasserstein
barycenter can be computed by minimizing

aeXy,

S
min Z AsLe.(a, bs), (10.1)
1

5=

where the cost matrices Cs € R"*"s are prescribed.

This barycenter problem was originally introduced by [1] following earlier ideas of [51]. For the
quadratic cost on X = R, their theory gives existence and uniqueness when at least one input measure
is absolutely continuous, and more generally under hypotheses ensuring that the relevant optimal
maps are well defined. Discrete existence, consistency and fixed-point constructions are further studied
in[8, 5, 139].

Given a set of input measures (f;)s defined on some space X, the barycenter problem becomes

S

min AsLe(a, Bs). (10.2)
aeMLX)

For X = R and c(x, y) = |x — y||?, if one input measure has a density, then the barycenter is unique [1].

Example 10.1 (Two measures recover a Wasserstein geodesic). For S =2, c(x,y) = |x — y||2 and weights (1—¢,1),
the barycenter is the point at time t on the Wasserstein geodesic between o and 1. If T is the Brenier map from
Bo to B1, this barycenter is (1 - #)Id + ¢ T)yBo, the McCann interpolation detailed in Section 13.2. If no Monge map
is available, the same construction uses an optimal coupling 7t and the interpolation map (x, y) — (1 —t)x + ty,
giving (1 —t)x + ty)ym.

Example 10.2 (Dirac inputs recover Fréchet means). Problem (10.2) generalizes the computation of barycenters
of points (xs )SS:1 € XS to arbitrary measures. Indeed, if fs = 0y, is a single Dirac mass, then a solution to (10.2)
is 6.+ where x* is a Fréchet mean of the points (xs)s.

Remark 10.3 (Mean of a quadratic barycenter). For c(x,y) = [x—y |2, the mean of the barycenter a* is necessarily

the barycenter of the means,
xda*(x)= ) A / xdps(x).
Joxaat= 3 [ xan

Indeed, the squared Wasserstein distance decomposes into a squared distance between means plus a centered
Wasserstein term. Minimizing the resulting quadratic function of the barycenter mean gives the displayed
identity. If the input measures have compact support, the usual multi-marginal barycentric construction also
gives a barycenter supported in the convex hull of the input supports.
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Figure 10.1: Wasserstein barycenter grids for four corner measures. The left panel uses the one-dimensional
formula Qu v = Z,-,]- Aij (u, v)Qij for one Gaussian law and three asymmetric two-Gaussian mixtures, and
displays densities reconstructed from the averaged quantiles. The right panel computes entropic Wasserstein
barycenters on a common pixel grid for the cat, two-disk, cross and clover silhouettes, using the normalized
squared ground cost, ¢ = 4-107% and a Sinkhorn tolerance of 5- 1078. The barycenters are rendered as density
images with values clamped at their 95% quantile rather than by threshold contours. Colors interpolate
between the four corners and encode the same bilinear weights in both panels.

The next elementary proposition explains why (10.2) is a convex optimization problem over measures.
The difficulty is not convexity, but the fact that the unknown is itself a measure whose support is not
known in advance.

Proposition 10.4 (Convexity of the OT cost). The map (a, B) — L(«a, B) is convex.
Proof. Let (ao, Bo) and (a1, B1) be two pairs of probability measures and let ¢ € [0, 1]. For n > 0, choose
couplings 7i; € U(a;, B;) such that

/ cdmi < Lolar )+ (i=0,1)
Then 7t¢ = (1 — t)mg + tmy is a coupling between (1 — #)ap + tag and (1 — £)Bo + t1. Hence

Lo((1=Bao +tar, (1-1)po +1tp1) < (1 - 1) Le(ao, Po) + tLc(az, 1) + 1.
Letting 7 — 0 gives the claim. o

Even when all input measures are discrete, the support of a barycenter is not known a priori. The
multi-marginal formulation of Section 10.2 shows that a discrete barycenter can be supported on all
weighted averages of one support point from each input. This gives at most [ ], n; candidate points if the
s-th input has #; atoms, which is prohibitive when the number of inputs is large. A common numerical
compromise is therefore to prescribe a smaller support for the barycenter and solve a fixed-support
problem.

One-dimensional case. On the line, barycenters become linear after the quantile change of variables.
This gives the rare case where the barycenter is explicit rather than the solution of a high-dimensional
optimization problem.

Proposition 10.5 (Quantile barycenters on the line). For X = Rand c(x,y) = |x — y|?, the quantile function
of a Wasserstein barycenter is the weighted average of the input quantile functions:

S
Cln=> A, relol.
s=1
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Proof. The one-dimensional formula (2.11) gives

1
Z/\s(wi(a/ﬁs):‘/o Z/\s

The minimization decouples pointwise in r. For each fixed r, the minimizer of z +— }}; As|z = C [>’_ ()% is

2
Clr) - ct;j(r) dr.

the weighted average ) AsCy. L(r). This function is nondecreasing because it is a positive weighted sum
of nondecreasing quantile functions, hence it is a valid quantile function. m]

Gaussian case. Gaussian barycenters show that the same separation as in the Gaussian Wasserstein
formula (2.18) persists: means average linearly, while covariances average according to the Bures—
Wasserstein geometry.

Example 10.6 (Gaussian inputs remain Gaussian). The barycenter of Gaussian measures is Gaussian. In one
dimension, it is obtained by averaging the means and the standard deviations, so the barycenter variance is
the square of this averaged standard deviation. In higher dimensions, the covariance £ minimizes the Bures
objective

X ZASB(Z/ Z‘5)2/
s

and equivalently solves the fixed-point equation

L= A (21/22521/2)1/2 .
S

This is the covariance analogue of the usual Euclidean barycenter equation: the mean part averages linearly,
while the covariance part averages through the Bures—Wasserstein geometry [5, 29].

Algorithm 10.1 Gaussian barycenter fixed point

Input: Gaussian measures N(m;, Z;), weights A, tolerance tol.
Output: Gaussian barycenter N(m, Z).

Setm =}  A;m;,.

Initialize: Set Z©) = 3 A, X,.

Fork=0,1,...do:

SK = A ((Z(k))l/ZZS(Z(k))l/Z)1/2.
(k) = (00)-1/2 ( 5<k))2 (E®)172.

If |2+ — 20| < tol then:
Set Z = 2k+1) Return N(m, ).

Sinkhorn for barycenters. A key difference with the regularized two-marginal OT problem is that there
is no canonical reference measure a ® f, because the barycenter « is unknown. To reduce complexity,
one usually fixes a candidate support for the barycenter and solves the discrete problem (10.1); this
introduces a discretization error but keeps the number of unknowns manageable.

One can then use entropic smoothing and approximate (10.1) by

S
min " ALE (a,bs) (10.3)

ael
n S:l

for some ¢ > 0. This is a smooth convex minimization problem, which can be tackled using gradient
descent [72]. An alternative is to use a descent method, typically quasi-Newton, on the semi-dual [73];
this is useful when adding extra regularization on the barycenter, for instance to impose smoothness.

A simple but effective approach, as remarked in [19], rewrites (10.3) as a weighted KL projection
problem

I(‘{jli)l’l {EZ/\SKL(PleS); Vs, P71, =bs, Pyl =...= Psllns}, (10.4)
s)s s
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Figure 10.2: Bures—Wasserstein barycenters of centered Gaussian covariance matrices. Each panel shows a

5 x 5 grid of barycenter ellipses for four corner covariances, without separate input panels: the corner ellipses
are the four input covariances themselves. The right grid uses more anisotropic inputs, making the nonlinear
rotation and scaling of covariance barycenters more visible.

where K; := ¢~C/¢. The barycenter a is implicitly encoded in the common row marginal

a=Pyl,, =...=Psl,,.

The optimal couplings solving (10.4) have scaling form

Ps = diag(us)K; diag(vs), (10.5)

and the generalized Sinkhorn iterations are

b
Vsel1,s], vV .=_=8 oL (10.6)
K, Tug
(€+1)
Vsefl,sy), u“V=2 (10.7)
KngHl)
where a“D = H(stgeﬂ))}“. (10.8)
S

The geometric mean in (10.8) enforces the fact that all couplings share the same barycenter marginal.

Algorithm 10.2 Entropic barycenter Sinkhorn

Input: Costs Cs, target weights b, barycenter weights A, regularization ¢ > 0, tolerance tol.

Output: Barycenter weights a and couplings P;.

Initialize: Set K, = ¢ Cs/¢, ugo) =1, foralls, rg = +00,and k = 0.

While r; > tol do:
Setk «— k+1.

For each marginal s do
v® — b
s KsTugkfl)'
Compute barycenter marginal: a¥) = [T, (K,v
For each marginal s do
(k) _ _a®
s = stgk)'

Set ng) = diag(ugk))Ks diag(vgk)) for all s.

S

k k
Set r = maxs max{[P{"1 —a® |, |(PY)T1 — b}

Return a®) and ng).

(k))/\s )
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Proposition 10.7 (Dual of entropic barycenters). The optimal scalings in (10.5) can be written as (us, vs) =
(efs/e, e8:/€) where (£, gs)s solve the dual problem

— gs/f fs/e . _
max {ZA (B, bs) = e(Kes /e, )),ZS:)\SfS—O}. (10.9)

Proof. Introduce Lagrange multipliers in (10.4):

({)?)151:131 &r}ga:)(s EAs(gKL(PsH(s) +(a- P11, fs) + (bs — PsT]ln/ gs>)~

Strong duality holds, so one can exchange the minimum and maximum. The minimization with respect
to a gives the constraint };; Asf; = 0, and the minimization with respect to P; gives the Legendre
transform of KL(:|Kj):

fs © gs
A bs) — eKL”
énga>)< Zs: s [(gs, s)—¢€ ( .

KS)} , Z/\st =0.

The separable conjugate is
KL (UIK) = > Ky j(e% - 1), (10.10)
ij
because for k > 0,
supur — (rlog(r/k) —r + k) = k(e" - 1),

r>0

and the case k = 0 follows by lower semicontinuity. Dropping constants independent of (fs, gs)s
gives (10.9). The coordinate maximization in g; gives (10.6); the block maximization in all (f;)s gives the
common marginal (10.8) and then (10.7). O

Classical applications include two-dimensional image interpolation, three-dimensional shape in-
terpolation, and barycenters on surfaces where the ground cost is the square of the geodesic distance;
see [213] for applications to computer graphics and imaging.

10.2 Multimarginal OT

Multi-marginal OT couples more than two measures at once. It is the natural language for barycenters,
matching with teams and several-body costs, but its tensor dimension is the main computational obstacle.

Definition and basic structure. The multi-marginal formulation replaces a coupling between two
measures by a joint distribution with several prescribed marginals. Given measures (« 5)521 on spaces

(/‘('s)f:1 and a cost ¢ : Xj X - - X Xs — R, the problem reads

inf / c(x1,...,xs)dm(xy,...,xs),
neU(ar,...,as) J Xy x--xXs

where U(ay, ..., as) is the set of probability measures whose s-th marginal is as. This is still a linear
program in the discrete setting, but its ambient tensor has size []; ;.

Multi-marginal formulation of barycenters. Wasserstein barycenters are the central example. For the
squared Euclidean cost, one can introduce a latent barycenter point and eliminate it explicitly, leading to
the multi-marginal cost

S
Coar(x1, -+, xs) = min > Asflx = x|
xeRd =
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Proposition 10.8 (Multi-marginal formula for quadratic barycenters). Let f1,...,Bs € PR and A € Zg.
Define

S
B(xi,...,xs) = ) As¥s,  Coar(x1,...,xs) = min ) Asllx = x5,
s=1 s

If * solves the multi-marginal OT problem with marginals (Bs)s and cost Cpar, then a* = Bymt™ is a Wasserstein
barycenter. Conversely, every barycenter is obtained this way from an optimal multi-marginal plan.

Proof. For any candidate barycenter o and couplings 7t; € U(a, B5), glue the couplings along their
common « marginal to obtain a joint law of (X, Y, ..., Ys). Conditioning on (Y;)s and minimizing over
X gives
D AEIX =Y > Emin 3 Al = Yol = Ecvar(¥i, .-, Y5).
S S

Taking the infimum over the couplings gives that the barycenter value is at least the multi-marginal value.
Conversely, from an optimal multi-marginal plan 7%, set X = B(Y3, ..., Ys). The couplings between X
and each Y; are feasible for the barycenter problem and attain exactly the multi-marginal cost, proving
equality and the formula. If a* is any barycenter, choose optimal couplings between a* and each 8, and
glue them along the common a* marginal. Since the barycenter and multi-marginal values are equal,
the conditional minimization inequality above must be an equality. Thus X = B(Y3,...,Ys) almost
surely for the induced optimal multi-marginal plan, and a* = Byr*. ]

Corollary 10.9 (Gaussian and discrete barycenters). Quadratic Wasserstein barycenters of Gaussian measures
are Gaussian. If the input measures are discrete, then there exists a barycenter supported on the set of weighted
averages Y., AsXs, i, of one support point from each input; in particular, if the s-th input has ns atoms, a barycenter
exists with at most [, ns atoms.

Proof. Let the input Gaussians have means m; and covariances Z;. For any candidate barycenter a with
mean m and covariance L, Gelbrich’s inequality [102], proved later in Theorem 14.18, gives

(Wg(a/ Bs) > |m — mg "2 +B(Z, Z's)z/

with equality for the Gaussian law with mean m and covariance X. Therefore the barycenter objective
is bounded below by a function depending only on (m, X), and this lower bound is attained by the
Gaussian measure with the minimizing mean and covariance. Hence at least one barycenter is Gaussian,
and uniqueness in the usual nondegenerate setting gives the Gaussian barycenter mentioned above. For
discrete inputs, any multi-marginal optimizer is supported on the finite product of the input supports,
and B maps this product to at most [], #, points. m]

Entropic regularization of multi-marginal OT. As in the two-marginal case, adding an entropic
penalty with respect to the product measure a1 ® - - - ® as leads to scaling algorithms:

inf /cdn+eKL(7‘c|o¢1®---®as).

nel(an,...,as)

The optimizer has the generalized Gibbs form

dn*(xl, . ,.X'S) _ exp(zs fs(XS) - ?(X1’ . ,xS)) l—[ das(xs)/

&

and generalized Sinkhorn iterations alternately update one potential f; so that the s-th marginal is

correct. The bottleneck is the tensor size [, 1, in the discrete case. Practical barycenter solvers therefore

exploit separability of the cost, low-rank structure, convolutional kernels, or a fixed barycenter support.
In finite dimension, the direct generalized scaling scheme is the tensor version of Sinkhorn.

10.3 Metric learning and inverse OT

This final section points to inverse problems where the ground cost itself is learned. Such problems
are typically bilevel and non-convex, but OT provides useful gradients with respect to the cost.
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Algorithm 10.3 Multi-marginal Sinkhorn

Input: Marginals a; € L, tensor cost C, regularization ¢ > 0, tolerance tol.
Output: Multi-marginal entropic coupling tensor P.

Initialize: Set us = 1, for all s and residual r = +oo.

While r > tol do;
Fors=1,...,5do:

(15); — = (as)i

i1 esdg—1 i 41,008 Kilp-»/is_lli,iSJr],m,is [Trzs (ur)iy ©

Set Py,...is = Kiy,.is [1s(us)s,.-
Set r = max; | (proj, )P — as|1.

Return P.

Metric learning and derivatives of OT OT is convex with respect to the measure and concave with
respect to the cost. Ground-metric learning was explicitly studied in [71], and it connects to the broader
metric-learning literature [137, 17].

Proposition 10.10 (Derivative with respect to the cost). In the discrete setting, assume that the optimal
coupling for Lc(a, b) is unique and denote it by P*(C). Then C +— Lc(a, b) is differentiable at C and

Vch(a,b) = P*(C).
Proof. The value is the minimum of affine functions of C,

LC(a/ b) = Perlr_}(ie?b)<c, P>

The envelope theorem, or equivalently Danskin’s theorem, states that the subdifferential with respect
to C is the convex hull of the optimal couplings. If the optimizer is unique, this subdifferential is the
singleton {P*(C)}, hence the value is differentiable with the displayed gradient. o

Thus, if the cost is parameterized as Cg, gradients of losses involving OT values are obtained by
backpropagating through the inner product (P*(Cg), d¢Cp). The difficulty is not differentiating a solved
OT problem, but learning a cost for which the resulting matching has the desired semantic behavior;
this is a bilevel and usually non-convex optimization problem.

° &
L]

o. * ..*.’;*\; bt ‘..‘ \. Sag 0

eSS SIS <

" e o oo
° oy S oy — & S J '.
S0 e ' ° ® ~ ™
- & \i\... . — & ‘.\. ° > a® e
* O > Z
Euclidean cost moderate anisotropy strong anisotropy

Figure 10.3: Changing the ground metric changes the optimal coupling. The same red and blue empirical
measures are matched with c4(x, y) = (x — y) T A(x — y) for the Euclidean metric and two increasingly
anisotropic Mahalanobis metrics. The small gray ellipse shows the unit ball of the metric: directions in which
the ellipse is elongated are cheaper, and this deforms the transport segments selected by the OT plan.

Inverse Optimal Transport Inverse OT asks for a ground cost that explains observed matchings or
flows as optimal transport plans. In its most direct form, one observes a plan T with marginals (a, f)
and seeks a cost ¢ such that 7 is optimal for

inf / c(x, y)dn(x, y).

nel(a,p)
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This is ill-posed without structure: adding potentials u(x) + v(y) to a cost does not change the set of
optimal couplings, and many costs can rationalize the same sparse plan.

A useful statistical methodology is to measure the suboptimality of the observed plan through a
Fenchel-Young loss. Write the score as s = —c and define the convex regularized prediction value

Ge(s) = sup / sdn — e KL(nt|a ® B).
neU(a,p)

The Fenchel-Young loss
L:(c; 1) = Ge(—c) + Gi(m) + / cdm

is nonnegative by Fenchel’s inequality and vanishes exactly when 7t € dG.(—c), i.e. when Tt satisfies
the regularized optimality conditions for c. Sharpened Fenchel-Young losses for inverse problems
over measures and inverse entropic/unbalanced OT are developed in [10]; curvature and identifiability
of inverse OT with respect to the cost are studied in [187]. Entropic regularization is important here
because it makes the forward map smoother and provides gradients with respect to c, at the price of a
bias that must be controlled statistically.

In the discrete unregularized case, this loss reduces to the optimality gap of the observed coupling.

ForP e U(a, b) and a cost matrix C, denote it by

Lior(C;P) = (C, Py~ min (C, P).
PeU(ab)

This inverse-OT gap loss is nonnegative and vanishes exactly when Pis optimal for C.
In practice, one restricts the cost to a finite-dimensional model class, often affine:

R
Co=) 6,C", 0¢€o,
r=1

where © is convex and the matrices C") encode features, graph distances or a Mahalanobis parame-
terization. This viewpoint appears in low-rank and sparse inverse OT models [83, 9] and in convex
formulations for learning OT costs from observed plans [153, 187].

A minimal finite-dimensional model is obtained by learning a bilinear cost on R?,

calx,y) = (Ax, y), A e R4,
For empirical measures a = 1 3,6, and =1 3, j Oy;, this gives the cost matrix

C(A)ij = (Axi, yj),

so both maps A — C(A) and A +— ¢4 are linear. Inverse OT within this model asks which matrix A
makes an observed matching or coupling look optimal; learning the cost is thus reduced to estimating a
linear parameter.

For a fixed matrix A, the forward prediction is the optimal face

Py = argmin (C(A), P).
PEU(]I;;/n,ﬂn/n)

When this face is a singleton, write its element as P,; otherwise P4 denotes a deterministic tie-broken
selection. Although A — C(A) is linear, the solution correspondence A +— P4 is polyhedral: changing
A changes the direction in which the transport polytope is probed, and a tie-broken selection is constant
on normal-cone cells. Figure 10.4 illustrates this correspondence on the OT4ML point clouds. The
construction follows the visual idea of the Python Optimal Transport logo [90]: red source atoms,
blue target atoms and straight segments show the selected optimal bijection. The rank-one matrices
A = —eje] and A = —eze; only score horizontal or vertical correlations. The matrix A = —I gives the
usual quadratic ‘W, assignment, up to the marginal-only terms discussed below, while A = +I reverses
the correlation and produces an anti-‘W», matching.
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Figure 10.4: Forward solutions of the bilinear cost c4(x, y) = (Ax, y) on the OT4ML logo point clouds. Each
panel solves the equal-weight assignment problem with a different matrix A; the source atoms are red, the
target atoms are blue, and the gray segments give one deterministic optimal bijection.

This elementary model already contains the quadratic Wasserstein assignment. Adding to a cost
matrix a term depending only on x; or only on y; shifts all feasible couplings by the same constant, and
therefore does not change the optimizer. Since

I =yl = Ix 1 + Iyl? - 2¢x, ),

the usual quadratic Wasserstein assignment has the same optimizer as the bilinear cost with A, = —I, up
to these marginal-only terms and an irrelevant positive factor. The inverse problem goes in the opposite
direction: after observing a coupling, one asks which matrices A could have generated it. Figure 10.5
generates an observed coupling P from this cost on two empirical mixtures of Gaussians, and then
evaluates Lior(C(A;); 13) along the anisotropic path

Ay = —diag(1+t,1-1), -1<t«1,

so that t = 0 recovers the matrix that generated the observed coupling. Equivalently, with equal weights,
P eU(,/n,1,/n) = B,/n and the plotted loss is the Kantorovich gap

LIOT(C(At)I P) - <C(At)r P) - PEU(I]L:?/lrlz’}Iln/n) <C(At)r P)/ C(At)l,] = <Atx11 y]>
Because t — C(A;) is affine and the Kantorovich value is a minimum of affine functions over the fixed
polytope U(1,/n,1,/n), this one-dimensional gap is convex and piecewise affine. Its zero set can
contain an interval for a small sample, reflecting the fact that the same observed coupling remains
optimal for a cone of nearby costs.

The comparison between n = 10 and #n = 100 illustrates an important statistical effect: as the number
of sampled points grows, the flat region of the empirical gap typically shrinks and the loss develops more
visible curvature around the generating parameter. This anticipates the population theory of Peyré, Poon
and Tron [187]: in the limit # — +oo, when the limiting Monge map itself has nondegenerate curvature
as the cost parameter varies, the iOT loss identifies the cost robustly (up to the usual marginal-only gauge
freedoms). In that regime, minimizing the gap is not only a certificate of optimality of the observed
transport, but also a stable way to recover the underlying cost.

Proposition 10.11 (Convex dual-gap formulation of inverse OT). Let P € U(a, b) be an observed coupling

and let Cg depend affinely on 6 € ©, where © is convex. The condition that Pis optimal for the cost Cg is
equivalent to the existence of dual potentials (f, g) such that

fi + Sj < (CQ)i,j and Zﬁi,]’((ce)i,f - fl - g]) =0.
ij

Consequently, for a convex regularizer R, the noisy inverse problem can be relaxed as the convex program

Jmin R(0) + A ;Pi,j((cg)i,j —fi—gj) subjectto fi+gj<(Co)i; Vi,j. (10.11)
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Figure 10.5: Inverse-OT gap loss for a bilinear cost. Panel (a): two empirical mixtures of two Gaussians are
matched with the cost c4, (x, y) = (Axx, y) for Ax = —I, which gives the same optimizer as the quadratic ‘W>
cost; red and blue level sets display the two sampling densities. Panels (b,c): the unregularized Fenchel-Young

Kantorovich gap Lior(C(At); ﬁ) along A; = —diag(1+t,1—t) for n = 10 and n = 100, using the same vertical
scale. The red dot marks the generating parameter ¢ = 0; the curves are convex and piecewise affine.

Proof. For a fixed cost Cg, Kantorovich duality gives

in (Cg, P) = ,a) + (¢, b).
Pengb)< 0, P) ﬁ+gjm;(1é<a)i,j<f a) +(g, b)

Since P has marginals (a, b), every dual feasible pair satisfies

(Co, P) = (f, ay = (g, by = > Pi((Co)ij — fi - &j) > 0.
ij
This nonnegative quantity is exactly the primal-dual gap of P. It vanishes if and only if P reaches the

dual value and is therefore optimal. If Cg is affine and © and R are convex, the constraints and objective
in (10.11) are convex, proving the relaxation claim. m]

Algorithm 10.4 Inverse OT by dual-gap fitting

Input: Observed plan Pe U(a, b), features C (") feasible set ©, regularizer R.
Output: Identified cost Cg» and potentials (f*, g*).

Set parametric cost: Cg = 3}, 0,C "),

Let (6%, f*, ¢*) be a minimizer of mingee, £, R(0) + A 3 ; ﬁi,j((Cg)i,]- - fi-gj)
Subject to f; + gj < (Cg);;  forall (i, j). Return 6*, Cg«, and (f*, g*).

The formulation (10.11) is useful because it avoids differentiating through a forward OT solver: it
learns a cost by making the observed plan satisfy complementary slackness. In statistical settings, Pis
only partially observed or noisy, so one adds sparsity, low-rank, smoothness or metric constraints to
select a meaningful cost [83, 9]. For entropic OT, the optimality condition becomes smoother:

~ (fi""gj_(CQ)i,j)

P;j~aibjexp -

which leads to likelihood-based or KL-based convex objectives when Cg is affine, and connects inverse
OT with generalized Sinkhorn iterations and transport-regularized inverse problems [130, 153]. Neural
parameterizations of Cg are more flexible but reintroduce non-convexity; the convex formulation above
is the clean mathematical baseline.

10.4 Weak Optimal Transport

Weak OT relaxes the cost so that it depends on the conditional distribution of destinations rather than
only on pointwise pairs. It is useful when a source point is allowed to choose a randomized response
and the model only penalizes an aggregate of that response, such as its conditional mean.
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Barycentric projection of a coupling. The first object to isolate is therefore the map obtained by
collapsing each conditional law to its barycenter.

Definition 10.12 (Barycentric projection of a coupling). Let a, € P2(RY) and let = € U(a, p).
Disintegrate m with respect to its first marginal as n(dx,dy) = my(dy)a(dx). The barycentric
projection of 7 is the map

Tn(x) = '/Rd ydm.(y), .B_TI = (ﬁr)ﬁ“- (10.12)

The projected target 3 records the distribution of conditional means, not the full second marginal.
Thus it is generally different from B; if © = (Id, T)ya is induced by a map, then T, = T and B = p.
This projection is not an optimal map for an arbitrary coupling: a deterministic rotation of a radially
symmetric source, for example, projects to the rotation itself, whereas the optimal map from the source
to itself is the identity. The useful positive statement is attached to quadratic optimal plans, as in the
tangent-space viewpoint on ‘W, developed by Ambrosio, Gigli and Savaré [7, Chap. 7].

Proposition 10.13 (Barycentric projection of a quadratic optimal plan). Let = € U(a, B) be optimal for the
quadratic cost |x — y|* between a, B € P>(RY), and define Ty, and Br by (10.12). Then (Id, Tr)ya is an optimal
coupling between a and Br. Equivalently, T, is a quadratic optimal transport map from a to the projected target

Pr-

Proof. By Theorem 3.28, 7 is concentrated on a c-cyclically monotone set I for c(x, y) = |x — y|?. For the
quadratic cost, and since it is enough to check cyclic permutations, this means that every finite cycle
(xi, yi)i, C I satisfies

m m

Z(xi, vi) > Z(xi/ Yie1),  Yme1 = Y1

i=1 i=1

After changing the disintegration on an a-negligible set, 71, is supported on the section

[r={y; (x,y) €T}

for a-a.e. x. Choose x1, ..., X in this full-measure set and independently sample Y; ~ m,,. Applying
the cyclic inequality to (x;,Y;) and taking expectations gives

D, Talxi)) 2 D (i, Talxin)-
i=1 i=1

Thus (Id, Tx)ga is concentrated on a cyclically monotone graph. By the cyclic-monotonicity charac-
terization of quadratic optimality, this plan is optimal between its two marginals, namely « and f.
o

Weak transport costs use the same disintegration but allow the objective to depend on the whole
conditional law, or on summaries such as the barycentric projection (10.12). The framework was
introduced through general transport costs and weak transport inequalities in [110]; existence, duality and
optimality conditions on Polish spaces are developed in [15]. For a weak cost C : X X P(Y) — RU {40},
the weak OT value is

WOTc(a,B) = neg}iﬁ)/ C(x, my)da(x). (10.13)

The classical Kantorovich problem is recovered when C(x,v) = f c(x, y)dv(y), because the objective
then becomes / c(x, y)dn(x, y). The genuinely weak behavior starts when C is nonlinear in v.

Proposition 10.14 (Weak Kantorovich duality). Assume that X, Y are compact metric spaces and that C(x, v)
is lower semicontinuous, bounded from below and convex in v, with the standard qualification assumptions
ensuring Fenchel-Rockafellar duality. For g € C(Y) define the weak C-transform

W= int {C(x,V) -/ g(y)dv(y)} |
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Then
WOTc(a,B) = su { C(x)da(x) + (y)dp( )}.
cla,p P) /8 /8y By

geCY

When C(x,v) = f c(x, y)dv(y), this reduces to the usual Kantorovich dual with g€(x) = inf,(c(x,y) — g(y)).

Proof. For any coupling 7 and any ¢ € C(Y), the definition of ¢© gives

Clx,m) > ¢5(x) + / 2(y)dns(y).

After integration with respect to a, the second term becomes / gdp because the second marginal of m is
B. This proves weak duality.

For the reverse inequality, consider the convex minimization over probability kernels x — 7, with
the affine constraint f niyda(x) = B. Fenchel-Rockafellar duality gives a continuous Lagrange multiplier
g for this marginal constraint. Minimizing the Lagrangian over each conditional law gives exactly the
pointwise term g€ (x), while the multiplier contributes f gdp. The compactness, lower semicontinuity,
convexity and qualification assumptions ensure no duality gap. This is the weak-cost analogue of
Proposition 4.2. O

Proposition 10.15 (Barycentric weak transport is weaker than ‘W,). Let a, f € Po(R?) and define

Cunlt,) =l = [ yr(P.
Equivalently, for a coupling 7, the integrand is |x — T(x)|[%. Then

We,. (@, B) < Wia, p).

Proof. Let 7 be any coupling and disintegrate it as tya. By Jensen’s inequality,
=Tl < [ 1= yPdm(y).

Integrating in x gives / Cpar(x, My )da(x) < f lx — y|>d7(x, y). Taking the infimum over 7 proves the
claim. m|

The barycentric cost is the canonical example to keep in mind: admissibility still constrains the full
conditional laws to have second marginal §, but the objective only charges the displacement from x
to Tr(x) and ignores the conditional variance around this barycenter. This connects weak OT with
martingale transport, Strassen-type convex-order constraints, barycentric projections and learning
problems where conditional averages are meaningful objects.
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Figure 10.6: Weak barycentric transport on a small disk-to-annulus coupling. The left panel shows the full
conditional laws: each red source atom splits its mass among several blue target atoms, with segment
thickness proportional to transported mass. The right panel collapses each conditional law 7ty to its
barycenter Tr(x) = f ydnix(y), shown in violet. The barycentric weak cost only sees the red-to-violet
displacement, and therefore ignores the conditional spread around each barycenter.
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CHAPTER 11

Beyond Comparing Measures

The last group leaves the setting of scalar measures on a common ambient space. Vector- and
matrix-valued OT transports mass with internal degrees of freedom, Gromov-Wasserstein compares
metric-measure spaces without a prescribed correspondence, and quantum OT replaces scalar couplings
by positive operators. In each case, the transport plan also has to encode structure carried by the support,
the fibers or the non-commutative state space.

11.1 Vector and Matrix-Valued Measures

Scalar OT transports a nonnegative density. In imaging, color processing, spectral analysis, diffusion
tensor imaging and quantum-inspired models, the object attached to a point can instead have several
nonnegative components or a positive semidefinite matrix. The first step beyond scalar OT is the positive
vector-valued case, where the fiber remains linear and commutative but the channels may interact.

Positive vector-valued measures.

Definition 11.1 (Positive vector-valued measure). A positive R}-valued measure on X is a tuple

!’l = ("lll coo /um) € M+(X/ R:—n)/

where each component ¢ is a nonnegative finite measure.

This models multi-channel densities such as color histograms, spectral bins or several species transported
on the same domain. In a conservative model the mass of each channel is preserved, so one assumes
[ug(/\’ ) = y’l‘(z\’ ) for every k. The natural vector-valued extension of OT therefore starts from the positive
cone RY'.

To keep the notation readable, first assume that the endpoints and the curve have densities. The direct
analogue of Benamou-Brenier fixes a vector density u;(x) € R} and a spatial flux Vi(x) = (Vi 1,...,Vi4) €
(R™)?, where Vtk ; is the momentum of channel k in spatial direction ¢. The conservative vector transport
cost associated with an action density @ is

1
Wi(uo, th) = ing /0 /X O(u;(x), Vi(x)) dx dt (11.1)

subject to the endpoint constraints updx = o, u1dx = pq and the componentwise continuity equation
d
dur +Vy-Vi=0, (Vi -V)k= Z I V. (11.2)
=1

Thus each component satisfies its own continuity equation, but the cost may still couple the components.
Singular curves are handled as in scalar dynamic OT by replacing densities and fluxes by measures and
using the lower semicontinuous perspective recession convention.

The following elementary family separates independent channel motion from genuinely coupled
vector transport.

Example 11.2 (Diagonal and coupled positive mobilities). Choose a mobility matrix M(u) € S, where S

denotes the cone of real symmetric positive semidefinite matrices, and set

d

O, V) = Y VM)V,
=1

with the usual convention that the value is finite only when each Vy belongs to the range of M(1z). One chooses



11.1 Vector and Matrix-Valued Measures 139

M so that this matrix perspective is convex and one-homogeneous in (1, V); this holds for the linear positive
mobilities below. For m =1 and M(u) = u, one recovers exactly the scalar Benamou-Brenier action. For

Mdiag(”) = diag(uy, ..., um),

the channels move independently. Non-diagonal mobilities are the simplest way to couple the coordinates while
keeping the same componentwise conservation law. For instance, with g = m=1 2(1, ...,1)andx > 0,

m

M (u0) = diag(u) + ()" we)gq”
k=1

increases the mobility in the common channel direction g while leaving transverse directions controlled by the
diagonal part. The local cost of moving one component can therefore depend on the densities and momenta of
the other components, even though each component mass remains conserved.

Proposition 11.3 (Diagonal positive vector Benamou-Brenier). Assume that [ug, ut € M. (X) have the same
mass my for every k. For the diagonal mobility Mgiag, the value of (11.1) is

”k [Jk
(Wc%iag(HOIMl) = Z mp (W%(_O _1)’

7
m m
k:m>0 k k

with the convention that zero-mass channels contribute zero.

Proof. For Mgiag(u) = diag(u1, ..., un), the action separates as

d m
Vk 2
Z VgTMdiag(u)+V€ = Z %/
=1 = Y

where Vk = (Vlk, ce, V;) is the spatial momentum of channel k, and the scalar perspective convention is
used. The constraint (11.2) also separates into diu* + V- VK = 0. The minimization therefore splits into
m independent scalar Benamou-Brenier problems. If m; = 0, nonnegativity and conservation force the
whole channel to vanish. If m; > 0, normalizing pf =u f /my and pf = Vtk /my factors the channel action
as my / |pf |2/pf, hence the scalar value is my ‘W%([u’é/mk, [ull‘/mk). Summing over the channels proves
the claim. m]

The conservative positive-cone model above is the basic extension of Benamou—Brenier. Adding a
source term dyu + V-V = S and a convex perspective penalty in S gives unbalanced or reaction—transport
variants. Such generalized transport models with dissipation and density modulation were developed
by Maas, Rumpf, Schonlieb and Simon [155, 156]; related nonlinear mobility distances and gradient
structures appear in [80, 165]. Figure 11.1 contrasts the exact diagonal case x = 0, where each positive
channel is transported by its quantile map, with a large-« illustrative common-mode interpolation in
which the channels move more coherently. The endpoints are two-mode mixtures: at each spatial mode
the two channels have Gaussian profiles with the same center but different amplitudes.
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Figure 11.1: One-dimensional positive R -valued transport displayed by arrow glyphs at eight time levels.
Each endpoint is a mixture of two localized Gaussian modes, and, inside each mode, both channel profiles
have the same center. Each arrow is proportional to the local fiber value (utl(x), utz(x)), and time runs
vertically from the red source to the blue target. Left: for x = 0, the diagonal mobility of Proposition 11.3 gives
two independent scalar quantile geodesics. Right: a large-x common-mode interpolation bends the display
toward the direction g = 2~ 2(1, 1), illustrating the qualitative effect of a mobility that favors coherent
channel motion while keeping the same componentwise continuity equation.

Positive matrix-valued measures. The next simplest fiber is the positive matrix cone. This is the
simplest tensor-valued model beyond vectors: the diagonal entries behave like positive channels, while
the eigenvectors encode local orientations.

Definition 11.4 (Positive matrix-valued measure). Write S™ for real symmetric matrices and S/ for
the positive semidefinite cone. A positive S'-valued measure is an element

A€ M (X;ST).

If A has density A(x) > 0, then tr A(x) is the scalar amount of mass at x, while, wherever tr A(x) > 0,
the normalized matrix A(x)/tr A(x) records an internal covariance or orientation. This is the matrix
analogue of the positive vector case: diagonal matrices encode nonnegative vector components, and
non-diagonal matrices add a local eigenbasis.

The conservative Benamou-Brenier model fixes a matrix density A;(x) € S’ and symmetric matrix
fluxes Py(x) = (P1,...,P:4) € (S™)?. With no flux through the boundary of X, the full matrix mass
/X At(x)dx is conserved, so the endpoints must have the same total matrix. The model minimizes the
matrix-perspective action

1 d
2 = T AT 11.
Wi Fo, ) = inf /0 /X ;tr (P APy ) dxdt (11.3)

subject to Agdx = Ap, A1dx = A1 and to the matrix-valued continuity equation

8tAt+VX~Pt=O, Vx'PtZ

d
92, Pry. (11.4)

e=1
Here A" denotes the Moore-Penrose inverse, with the usual perspective convention: the action is finite
only when the columns of each P; s belong to the range of A;. The map (A, P) — tr(PT A'P) is the matrix
fractional function; it is jointly convex on A > 0. This gives the simplest non-trivial matrix-valued

transport model: spatial motion is conservative, but the fiber carries orientation through the eigenvectors
of Ay (x ) .

Proposition 11.5 (Diagonal matrix subproblem). Assume that the endpoints are diagonal in a fixed orthonormal
basis,
A :diag(y},...,y;”), i=0,1,
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and that [Jg (X) = y’l‘ (X) = my for every k. If one restricts the admissible curves in (11.3) to remain diagonal in
that basis,

Ay = diag(u},...,ul"),  Piy=diag(V}, ..., V),

then the value of this restricted matrix problem is

k k
ﬂu:(M/ﬁ(fﬁl,fil),
mj My

k:mk>0

with zero contribution from zero-mass channels. Thus the commuting matrix submodel is exactly the diagonal
positive vector-valued Benamou—Brenier model of Proposition 11.3.

Proof. The continuity equation (11.4) is diagonal entry by diagonal entry and gives d;u* + V- V¥ = 0.
Moreover,

d m |Vk|2
Dt (PR AP = Y =5

=1 k=1 Mt
with the same scalar perspective convention as before. The admissible set and the action are therefore
exactly those of the diagonal vector model. ]

The restriction to a fixed diagonal basis gives eigenvalue transport; it should be read as a commuting
submodel, not as a claim that non-diagonal excursions can never change the unrestricted value. The
genuinely matrix-valued case starts when the eigenspaces vary with x or along the interpolation, so
that the transported object carries both mass and orientation. Static matrix-valued Monge-Kantorovich
problems and dual test-function metrics were developed in [173, 127, 174]; dynamic versions and
related non-commutative geometries appear in [61, 59, 49, 184]. Figure 11.2 shows the analogous
independent/coupled contrast for positive 2 X 2 matrix fibers, using two localized matrix modes whose
eigenvalue profiles share a common center at each mode.

1.0 A 1.0 1
+ 0.5 > + 0.5
0.0 1 ‘ 0.0 -
-2 0 2 -2 0 2
x
commuting tensor channels strongly coupled tensor fibers

Figure 11.2: Positive 2 X 2 matrix-valued transport on a one-dimensional base. Each endpoint is a mixture of
two localized matrix modes; within one mode, both eigenvalue profiles are Gaussian bumps with the same
center. Each ellipse is the glyph of a positive semidefinite matrix A¢(x), with axes given by eigenvectors and
eigenvalues. Left: the matrices are diagonal in a fixed basis, giving the commuting tensor analogue of
independent vector channels. Right: a coupled illustrative interpolation bends packet motion toward the
trace-density transport and uses non-commuting eigendirections; the superposition remains positive
semidefinite and produces spatially varying orientations.

11.2 Gromov—Wasserstein

Gromov-Wasserstein compares spaces through their internal distance structures rather than through
a fixed ambient ground cost. This is the right extension for graphs, shapes and point clouds whose
points are not pre-aligned.
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Discrete formulation. Optimal transport needs a ground cost C to compare histograms (a, b), and
thus cannot be used directly if the histograms are not defined on the same underlying space, or if one
cannot pre-register these spaces to define a ground cost. To address this issue, one can instead use a
weaker requirement: two matrices D € R™" and D’ € R"™*" are available and represent relationships
between the points on which the histograms are defined. A typical scenario is when these matrices are
powers of distance matrices. The Gromov—Wasserstein problem reads

GW((a, D), (b, D))" := min &pp(P) := | ]Z] A(Di, D, PP Py, (11.5)
where p > 1 and A is a distance on R, typically A(u, v) = |u — v|. This is a non-convex quadratic problem
over the transport polytope. In the uniform case with the additional hard-assignment constraint m = n
and P a permutation matrix, it becomes a Quadratic Assignment Problem (QAP) [150]; this restricted
graph-matching form is already NP-hard in full generality. The relaxed coupling formulation used in
GW can therefore be read as a soft graph-matching model [152].
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Figure 11.3: Gromov—-Wasserstein correspondences under increasing deformation. The red and blue point
clouds are not compared through an ambient Euclidean cross-cost; instead, the GW coupling compares their
internal pairwise distances. A perfectly isometric copy admits a clean structural match, while mild and
deliberately stronger deformations progressively bend the correspondence.

When the matrices D, D’ are genuine distance matrices, the general construction below shows that
GW satisfies the triangle inequality and defines a distance between metric spaces equipped with a
probability distribution, up to measure-preserving isometries. This distance was introduced and studied
in detail by Memoli in [160]. An in-depth mathematical exposition (in particular, its geodesic structure
and gradient flows) is given in [221]. See also [203] for applications in computer vision. Its relation to
Hausdorff and Gromov-Hausdorff distances is discussed at the end of this section.

General setting,.
Definition 11.6 (Metric-measure space). A metric-measure space is a triple
X=(X,dx,a),
where (X, dx) is a metric space and «a is a probability measure on X.

The general setting corresponds to computing couplings between metric-measure spaces X = (X, dx, @)
and Y = (Y, dy, B), where the distance and the measure are both part of the data. The natural setting
is that of Polish metric spaces; compactness is often assumed in this section to avoid existence and
integrability issues. One defines

GW(X, Y)Y = min / Aldx(x,x"), dy(y, y)Pdn(x, y)dn(x’, y'). (11.6)
nel(a,p) Jx2xy?

Proposition 11.7 (Euclidean GW is controlled by Wasserstein). Let &, 8 be probability measures on RY,
equipped with the Euclidean distance, and take A(u,v) = |u — v| in (11.6). Then

GW(R -1, @), R, 1 -1, B) <2Wp(a,B).

Proof. Let 7 be any coupling between @ and . For two independent pairs (X, Y), (X’,Y’) ~ 7, the
reverse triangle inequality gives

IX =X =Y = Y| < IX = Y]+ X" = Y’].

Taking the L” norm and using Minkowski gives a bound by 2( f |x — y|Pdm)'/P. Optimizing over 7t
proves the claim. m]
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To turn GW from a distortion score into a metric statement, one must quotient out the relabelings
that preserve both distances and mass.

Definition 11.8 (Isometric metric-measure spaces). Two metric-measure spaces X = (X, dx, @) and
Y = (Y,dy,p) are isometric if there exists a measurable map ¢ : supp(a) — supp(p) such that

pya = B, p(supp(a)) = supp(p), and
dy(p(x), p(x)) = dx(x,x")

for all x, x” € supp(«).

The next theorem explains why the averaged distortion above is not merely a matching score. Once
one quotients out measure-preserving isometries, it defines a genuine distance between metric-measure
spaces.

Theorem 11.9 (Gromov-Wasserstein metric modulo isometries). For compact metric-measure spaces, p > 1
and A(u,v) = lu —v|, GW defines a distance up to measure-preserving isometries.

Proof. It GW(X,Y) = 0 and 7 is an optimal plan, then dx(x,x’) = dy(y,y’) holds m ® m-almost
everywhere. By continuity, this equality holds on supp()*>. We show that X and Y are isometric by
showing that both are isometric to the support space (supp(n), d, ), where

’ ’ ]' ’ 1 ’
da(x, ), (') = 5, x') + 5dy(y, y).
The first projection ¢ : (x, ) > x is measure-preserving. For ((x, y), (x’,y’)) € supp(n)?,

d/\’(l,b(x/ y)/ l1b(x,/ ]/’)) = dX(x/ X/) = dy(y/ y/) = dﬂ((xl ]/)/ (x// ]/,))/

so 1 is an isometry and therefore injective. To see surjectivity onto supp(«), take x € supp(a). Since
Yym = a, there is a sequence (x, yx) € supp(n) with xx — x. The equality of distances on supp(n)
makes (yx)r Cauchy, and compactness gives a convergent subsequence with limit (x, y) € supp(n). The
same argument for the second projection shows that the support space is also isometric to Y.

For the triangle inequality, let 7 be an optimal coupling between X and Y, and &£ an optimal coupling
between Y and Z = (Z,dz, ). By the gluing lemma, take 0 on X X Y x Z whose (X, Y) and (Y, Z)
marginals are 7 and &. Let p = (Px,z)40, and write 6 = ¢ ® o for the product law of two independent
triples (x, y,z) and (x/, y’, z’). Then p is feasible between X and Z, and

1/p
GW(X,Z) < (/ |[dx(x, x") —dz(z,z")|F d6)
1/p 1/p
< ( [t - agt, o da) + ( [ vty - aztz, 20 o
=GWXY)+ GW(,2),

where the second inequality uses the pointwise triangle inequality followed by Minkowski’s inequality.
Symmetry and non-negativity are immediate. ]

The metric structure also gives geodesics. Sturm’s construction is useful conceptually because
it allows one to speak about interpolation, barycenters and gradient flows directly on the space of
metric-measure spaces, even though the intermediate space lives on a product support and is therefore
expensive numerically [221].

Proposition 11.10 (Gromov—-Wasserstein geodesics). Let Xo = (Xo, dx,, ao) and X1 = (X1, dx,, a1) be
compact metric-measure spaces, take A(u,v) = |u — v| in (11.6), and let T* be an optimal coupling. Define, on
Z = Xo X Xl,

dt((xO/ xl)/ (x(/)l xi)) = (1 - t)dXO (XO, x(,)) + thl (xlr xi)/ Xt = (Zr dtr N*)’

Att =0andt =1, and possibly in degenerate cases, one quotients Z by the zero-distance relation associated with
dy. Then t v— X; is a constant-speed geodesic:

GWXs, Xp) = |t =s| GW(Xo, X1) Vs, t €]0,1].
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Proof. Write D = GW (X, X1). For s < t, couple X; and X; by the diagonal coupling induced by the
identity on Z and the measure 7t*. For two independent points z = (xo, x1) and z’ = (x{, x]) sampled
from 1%,

di(z,2') = ds(z,2") = (t = 5)(dux, (x1, x]) = dx, (x0, Xp))-
Using this feasible coupling gives GW(X;, X;) < (t —s)D. The same construction with the projections
from Z to Xy and Xj gives GW(Xo, X;) < tD and GW(X;, X1) < (1 — £)D. The triangle inequality for
GW thenyields, for0 <s <t <1,

D < Q(W(XO/ XS) + Q(W(XS/Xt) + g(W(Xt,Xl) <sD + g(W(XS/Xt) + (1 - t)D/

s0 GW(Xs, X;) = (t — s)D. This proves equality. O
o o = = o %0,
° - °
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Figure 11.4: Local distortion in a mildly non-isometric GW match. The left panel colors transport segments by
the average residual induced by the displayed hard correspondence. The right panel shows the
pairwise-distance residual matrix |dx (x;, xi") = dy (Ys(i), Yo(i7))| in white-to-black scale, with darker entries
marking larger local distortion. This matrix is the local contribution minimized by the discrete GW objective
for the displayed correspondence.

We now record the profile lower bound used above as a useful initialization principle for the
non-convex solver.

Proposition 11.11 (Mémoli profile lower bound). Let X = (X,dx,a) and Y = (Y,dy, B) be compact
metric-measure spaces and take A(u,v) = |u — v| in (11.6), with the same exponent p > 1. For each x € X and
y € Y, define the distance-profile measures on Ry by
ax = (dx(x, e, By = (dy(y,)sh.
Let Ex = (x = ay)ya and Ey = (y +— By)yp, which are probability measures on P(R.). Then
W, (Ex, Ey) < GW(X,Y).

Here the left-hand distance is taken on the space P (R.) of profile measures. Its ground cost is the one-dimensional
Wasserstein distance W .

Proof. Fix any 7 € U(a, ). It induces a coupling (x, y) — (ax, f,) between Ex and Ey, hence

W, (Ex, Ev)’ < Wh(ax, By) dnlx, ).
XxY

For fixed (x, y), the map (x’,y’) — (dx(x,x’),dy(y,y’)) pushes the same coupling 7 to a coupling
between a, and . Therefore

Wl ) < /

X%

Y ldx(x, x") = dy (y, y)I’ dr(x’, y).

Integrating in (x, ) gives

W (Ex B < [ e, x) = dy(y, ) e, y)ans’, o)
X2xY?

Taking the infimum over 7 and then the p-th root proves the claim. m|
This lower bound is useful computationally because the profile cost matrix Cij = W (ax;, By, ) is an

ordinary OT cost between points. Solving this easier OT problem gives a geometry-aware initialization
for the non-convex GW iterations below, before the full pairwise-distance distortion is optimized.
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Entropic regularization and iterative solver. For the common squared distortion A(u, v)? = (u — v)?,
one often computes a stationary point of the entropic relaxation

mln SD p(P) — eH(P). (11.7)
PeU(a,b

Although the objective is non-convex, successive linearizations lead to a practical mirror-descent
scheme [186]. Up to an irrelevant global factor in the gradient, one alternates

P = Pr{r}%n (P, COy —eHP), CY:=Da1] +1,(D°b)" —2DPOY DT, (11.8)
€

Each update is an ordinary entropic OT problem and can therefore be solved with Sinkhorn iterations.
This is the standard entropic GW solver used to compute soft maps between domains; it improves
scalability and smooths the landscape, but it does not remove the non-convexity of the GW objective.

Algorithm 11.1 Entropic Gromov-Wasserstein linearization

Input: Metric matrices D, D’, weights a, b, regularization ¢ > 0, tolerance tol.
Output: Approximate entropic GW coupling P € U(a, b).
Initialize: Set P”) = a®b.
Fork =0,1,...do:

C =D2a1], +1,(D%b)T -2DPWO DT,

Solve entropic OT subproblem: pl+1) = argmin (P, CHy — eH(P).

PeU(a,b)
If [P+ — P)| < tol then:
Return P+,

Adding features. Fused Gromov—Wasserstein augments the structural term with a feature transport
cost [224]. In the discrete case, given a cross-feature cost M € R™ and a parameter A € [0, 1], one
minimizes
FGW, ,((a, D), (b, D)) := mln (1 A) Z M;jPij + A Z A(Diir, D, )PyPysjr.
Ljdg
The first term compares node attributes in the usual OT sense, while the second compares the intrinsic
geometry. The endpoints A = 0 and A = 1 recover feature-only OT and pure GW respectively;

intermediate values trade attribute matching against structural matching. This is useful when the two
spaces have both distances and features, and these two sources of information may disagree.

feature-only OT fused GW pure GW
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Figure 11.5: Feature information and intrinsic geometry in fused Gromov-Wasserstein. Small inner disks
encode binary node features. Feature-only OT follows the attributes even when this crosses the shape
structure, pure GW follows the intrinsic ordering, and fused GW balances the feature term with the
pairwise-distance distortion.

Hausdorff and Gromov-Hausdorff viewpoints. If A, B are compact subsets of a common metric space
(Z,dz), their Hausdorff distance is

dﬁ(A, B) = max {sup infdz(a,b),sup inf dz(a, b)}
acA b beB €A
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The Gromov-Hausdorff distance removes the common ambient space by minimizing this quantity over
all isometric embeddings into a third space:

den(X,Y) = Zi/r(;,fw d5(p(X), p(Y)).

Equivalently, it is half the minimal distortion of a correspondence between X and Y [114, 159]. This is
a worst-case set distance: every point must be matched with small distortion. Gromov-Wasserstein
replaces correspondences by probability couplings and worst-case distortion by averaged distortion. It
is therefore better adapted to noisy sampled shapes and weighted graphs, but it can ignore small sets of
mass that would dominate the Hausdorff distance.

11.3 Quantum Optimal Transport

Quantum optimal transport replaces probability vectors by density matrices and scalar couplings by
positive operators on a tensor product space. This is the right language when the transported objects are
matrix-valued signals, covariance-like descriptors or quantum states, and it exposes a precise bridge
between OT, non-commutative entropy and operator scaling. The finite-dimensional formulation below
follows the semidefinite viewpoint developed in matrix-valued and quantum OT [173, 61, 59, 184, 108, 55].

Finite-dimensional states and couplings.

Definition 11.12 (Hermitian and density matrices). Let H,, be the real vector space of n x n Hermitian
matrices,
Hy ={AeH,; A>0}, Hi' = {AeH]; w(A)=1}.

Elements of H;"' are density matrices.

A joint quantum state between C" and C™ is a matrix T € H;;,, acting on C" ® C™. Its marginals are the
partial traces, defined by duality through

tr(F Trg T) = tr((F ® Id,,)T), tr(G Tra T) = tr((Id, ® G)T), (11.9)

forall F € H, and G € H,,. Thus Trg(T) € H;; and Tra(T) € H}, play exactly the role of the two marginals
of a classical coupling. The feasible set is never empty, since A ® B has marginals A and B.

Definition 11.13 (Finite-dimensional quantum OT). Let A € HZ’l, B e H:r,,’l and let C € H,;;;, be a
Hermitian cost observable. The quantum OT value is the semidefinite program

QOTc(4,B) = min {tr(CT); Trg(T) = A, Tra(T) = B} (11.10)

Example 11.14 (Classical diagonal case). If A, B, C and T are all diagonal in fixed bases, then A and B are
probability vectors, T is a nonnegative matrix and the partial-trace constraints reduce to the usual row and
column sum constraints. Hence classical Kantorovich OT is the diagonal, commutative subcase of (11.10). The
genuinely quantum feature is that T may contain off-diagonal coherences and entanglement.

Proposition 11.15 (Quantum Kantorovich duality). For A € H;* and B € H;/", the dual of (11.10) is

QOT:(A,B) = o ax {tr(FA) +tr(GB): F®Id,; +1d,, ® G < C}. (11.11)
IS eH,,

ns

If A and B are positive definite, strong duality follows directly from Slater’s condition; the semidefinite case follows
by restriction to the supports of A and B or by approximation.

Proof. Introduce Hermitian Lagrange multipliers F and G for the two marginal constraints. The
Lagrangian is

tr(CT) + tr(F(A—Trg T)) + tr(G(B — Tra T)) = tr(FA) + tr(GB) + tr((C - F ® Id,, - Id,, ® G)T),
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where (11.9) was used in the last equality. Minimizing over T > 0 gives a finite lower bound if and
only if C -~ F®Id,, —Id, ® G > 0, in which case the infimum in T is 0. This gives the dual program.
When A, B > 0, the coupling A ® B is strictly feasible, so Slater’s theorem gives equality of primal
and dual values and dual attainment. The general finite-dimensional semidefinite case is obtained by
approximation As = (1 - 6)A + 61d, /n, Bs = (1 - 6)B + 0Id,; /m and by compactness, or equivalently by
reducing to the supports of A and B. m]

The dual potentials have the usual scalar gauge freedom: replacing (F, G) by (F + tId,,, G — tId,,)
leaves both the constraint and the value unchanged because tr(A) = tr(B) = 1.

Entropic regularization and Bregman iterations. As in scalar OT, one obtains a smoother problem by
adding the convex quantum entropy functional associated with the matrix logarithm.

Definition 11.16 (von Neumann quantum entropy). For a density matrix or positive semidefinite
matrix T, the shifted von Neumann entropy functional used here is

H(T) = tr(T(log T - 1d)) , VH(T) = logT,

with the convention 0log0 = 0 on eigenvalues. This is the convex negative quantum entropy; on
trace-one states it differs from the physical entropy — tr(T log T) by a sign and an additive constant.

For ¢ > (0 define
QOTE(A,B) = 1%1151 {tr(CT) + eH(T) : Trg(T) = A, Tra(T) = B}. (11.12)
=
This is the non-commutative analogue of entropic OT [184, 55]: the Shannon entropy of a coupling is
replaced by the trace entropy of a density matrix.

Proposition 11.17 (Entropic quantum OT duality). Assume A > 0, B > 0 and € > 0. Then (11.12) has a
unique positive minimizer. Its dual is

QOT:(A,B) = max {tr(FA) +tr(GB) — ¢ tr exp(F ®1dy +1d, G~ C)} . (11.13)
FeH,, GeH,, &
At optimality, primal and dual variables are linked by the Gibbs formula
T.(F, G) :eXp(F®Idm +I€d” ®G_C), (11.14)

with Trp(T,) = A and Tru(T,) = B.

Proof. The feasible set is compact and nonempty, and it contains the positive definite point A ® B. The
trace entropy is strictly convex on positive semidefinite matrices, hence the regularized primal has a
unique minimizer. Slater’s condition justifies the Lagrange dual computation. The Fenchel identity

sup tr(YT) — eH(T) = € trexp(Y/¢)
T>0

is the matrix analogue of the scalar exponential conjugacy. Applying it to the Lagrangian of (11.12), with
Y = F®Id, +1d, ® G - C, gives (11.13). The stationarity condition of this Fenchel identity gives (11.14);
differentiating the dual objective with respect to F and G yields the two marginal equations. m]

Writing K = exp(—C/¢), the objective in (11.12) differs by a constant from ¢ times the quantum KL
divergence
Dy(T|K) = tr(T(log T —logK) = T + K) .

The exact quantum analogue of Sinkhorn is an implicit alternating Bregman projection scheme onto the
affine marginal sets

Mu={T>0:Trp(T) = A},  Mp={T >0:Tra(T) = B}.
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Proposition 11.18 (Exact Bregman projections). Assume A, B > 0 and let K = exp(—C/¢). The minimizer
of (11.12) is equivalently the minimizer of Dy (T |K) over Ma N Mg. Moreover, if a current positive definite
matrix has Gibbs form T,(F, G), then its Bregman projection onto Ma has the form T,(F*, G), where F* is
chosen so that Trg T,(F*, G) = A. The projection onto Mp is analogous. Thus, when each one-block marginal
equation is solved exactly, alternating Bregman projections are equivalent to alternating block maximization of the
dual (11.13).

Proof. Since log K = —C/¢, the identity
tr(CT) + ¢H(T) = eDy(T|K) — ¢ tr(K)

holds, so the primal minimizer is the constrained Bregman projection of K up to an additive constant.
For the projection of a positive definite matrix S onto M, the affine set contains the positive definite
point A ® Id,,, /m; the entropy derivative log T —log S is singular at the boundary, so the projection lies
in the interior of the positive cone. Its Lagrangian first variation is

logT —logS -A®Id,, =0

for a Hermitian multiplier A. Hence T = exp(log S + A®1d,,). If S = T,(F, G), this is again of the form
T.(F + €A, G). The multiplier is fixed by the marginal equation Trp(T) = A. The same argument applies
to Mp. Finally, the first-order optimality condition for maximizing (11.13) over one block is exactly the
corresponding marginal equation, so the Bregman and block-dual views coincide. O

In the diagonal case this proposition gives the usual multiplicative Sinkhorn updates. In the
non-commutative case, however, the exact block equations

TrBTE(F/G):A/ TrATE(F/G):B

do not admit scalar division formulas, because the exponential of F ® Id,, + Id, ® G — C cannot be
separated unless the local potential F ® Id,, + Id,, ® G commutes with the cost C. When all matrices
are diagonal in the same basis, commutativity restores the scalar form T, = diag(u)K diag(v) and the
marginal equations reduce to the usual Sinkhorn divisions.

Algorithm 11.2 records this exact but implicit non-commutative analogue of Sinkhorn.

Algorithm 11.2 Exact quantum Bregman projections

Input: Density matrices A, B, cost C, regularization ¢ > 0, tolerance tol.
Output: Quantum entropic coupling T with partial traces A and B.
Initialize: Set Hermitian potentials F©) = 0 and G = 0.
Fork=0,1,...do:

T® = T,(F0, GW) = eXp(F(k)@d’”Hd”@G(k)_C) .

&

Solve A-projection equation: Trg T, (F*, G(k)) =A,

Set F+1) = F+,

Solve B-projection equation: Trg T,(F (k+1) G+) =B,

Set GK+D = G+,

If both partial-trace residuals are at most tol then:
Return T, (Fk+1, Gk+1)y,

Gurvits scaling and quantum Sinkhorn. The algorithm often called quantum Sinkhorn comes from
the operator-scaling literature of Gurvits and subsequent developments [115, 116, 105, 101]. It replaces
the true Gibbs coupling (11.14) by the symmetric factorization

T.(F,G) = exp(zz—g) exp(—C/¢) exp(zz—g) =UeV)KU®V), Z=F®ld,+Id, ® G, (11.15)

where U = exp(F/(2¢)), V = exp(G/(2¢)) and K = exp(-C/¢). If [Z,C] = 0, then T;(F, G) = T.(F, G);
otherwise this is a Strang-type symmetric surrogate.
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Fix a Choi convention and let K : H,, — H, be the completely positive map represented by the
positive Choi matrix K; let K* be its Hilbert-Schmidt adjoint. Up to the transpose dictated by the chosen
Choi convention, the marginal equations for the symmetric coupling take the operator-scaling form

UKVHUu=4, VEK*U?*V =B.
They can be enforced by the explicit congruence normalizations

Ry =K(V?), U« Ry (R}/AR)?)?R)?,

! ) (11.16)
Su=K*U?), V53757 Bs?) s,

These inverse square roots are well-defined when K > 0 and U, V, A, B > 0. This is Gurvits/operator

Algorithm 11.3 Gurvits/operator scaling for quantum Sinkhorn

Input: Positive marginals A, B, positive kernel operator K, maps K, K*, tolerance tol.
Output: Symmetrically scaled coupling T;.
Initialize: Set U = Id,, and V = 1d,,.
Set residual r = +co.
While r > tol do:
Ry =K(V?), U« R,(R}ARY?)R;.
Su=K*U2), V5,2 7BS ) s
SetT; = (U ® V)K(U ® V) and r to the maximum of its two operator-marginal residuals against A and
B.

Return T;.

1/2

scaling with prescribed targets; when all matrices are diagonal it reduces to classical Sinkhorn scaling,
and when the targets are proportional to identities it matches the usual bistochastic operator-scaling
normalization, up to the conventional trace normalization.

Remark 11.19 (Gurvits scaling is not the exact Bregman scheme). It is important not to identify (11.16) with
the exact Bregman scheme for (11.12). The exact Bregman step would enforce the marginals of T, (F,G) =
exp((Z — C)/¢) and would be a block maximization of the true concave dual (11.13). Gurvits scaling instead
enforces the marginals of the surrogate

Ts = exp(é) exp(—C/s)eXp(é) .

The two coincide in the commuting/diagonal regime, but in general the Baker-Campbell-Hausdorff commutator
terms do not vanish. The Gurvits iteration should therefore be understood as a tractable symmetric operator-
scaling approximation to entropic Q-OT, not as the literal alternating KL projection algorithm.

Remark 11.20 (Operator-valued couplings). The same definitions extend formally from matrices to separable
Hilbert spaces by replacing density matrices with positive trace-class operators of trace one, observables with
bounded self-adjoint operators and (11.9) with partial traces defined by duality against local bounded observables.
If TI(A, B) denotes positive trace-class operators with partial traces A and B, a bounded cost observable C gives
the problem infrcry(4 p) Tr(CT). For unbounded positive costs one must define the energy through the quadratic
form or spectral truncations, and in the entropic case one must ensure that the Gibbs operator exp(—C/¢) is
trace class and that the partial traces of the candidate coupling are well-defined. The matrix formulas above are
therefore the clean finite-dimensional core; the operator version adds domain and compactness assumptions
rather than a different algebraic structure.
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CHAPTER 12

Dynamic Optimal Transport

Optimal transport becomes especially powerful once distances between measures are seen as actions
of moving mass. This chapter first develops the dynamic language: continuity equations describe
admissible measure evolutions, while the Benamou—-Brenier formula identifies ‘W, with a least-action
principle. These ideas prepare the gradient-flow and generative-model chapters that follow.

12.1 Evolutions over the Space of Measures

We start with the continuity equation because it is the common language for particles, densities and
weak measure evolutions. It also makes precise which velocity fields actually move mass.

Lagrangian and Eulerian descriptions. We consider the evolution t — a; € P(R?). Such an evolution
can be described in a “Lagrangian” way as the advection of particles along a (time-dependent) vector
field v;(x) in R?. At the particle level, this advection is governed by

B0 e, (12.1)

and we write T; for the associated flow map, so that T;(x(0)) = x(t). The advected measure is then
at = (T)yav. For discrete measures, a; = % Yii—q Ox,(t), meaning each x;(t) solves (12.1).
In the Eulerian description, the same motion is written directly on the evolving measure: the particle
ODE becomes the PDE
8at

7 + div(vtat) =0. (12.2)

This PDE is often referred to as the advection equation, the continuity equation, or Liouville’s equation
when operating over a phase space. It is only a classical PDE when a; has a smooth density. For general
measures, and in particular for empirical measures, it is understood in the weak sense: for any smooth
test function (¢, x) — @(t, x) compactly supported in time,

1
/ / @t ) + (0:(x), Vag(t, ) das (x)d = 0. (12.3)
0 R4

This equation is obtained from (12.2) by integration by parts. Hence, for smooth positive densities, the
classical and weak formulations are equivalent; the weak formulation is useful because it still makes
sense for discrete measures whose particles evolve according to (12.1).

Proposition 12.1 (Lagrangian flows solve the continuity equation). Consider a smooth flow T; : RY — R?
and define a; = (T;)yao. Define the Eulerian velocity field by

vi(Ti(y)) = 9 Ty (y).

Then (a;, vt) solves the continuity equation in the weak sense (12.3). In particular, if ag = L 3, 6., is empirical,
then a; = % 2. Ox, () is empirical as well, with particle velocities X;(t) = vi(x;(t)).

Proof. Let ¢(t, x) be a smooth test function vanishing at t = 0 and ¢ = 1. Since a; = (T} )yavo,

& [ otmdaco =5 [ ot nwaa)

The chain rule gives

5 [ T = [ @it T+ Taplt, Tiw), AT daoly).
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Using the definition of v; and the push-forward relation, this equals

[ (@rtt,3)+ Wit 0, o)) da.
Integrating in time and using the boundary values of ¢ gives (12.3). m]

From measure evolutions to vector fields. For a given evolution (a;);, there are typically infinitely
many velocity fields v; satisfying
8tat + diV(O{tUt) =0. (124)

This non-uniqueness comes from the kernel of the weighted divergence. The linear space of vector fields
that leave a measure « invariant is

H, = {v; div(av) = 0}.

It is usually non-trivial: for instance, if a is an isotropic Gaussian, H, contains rotational vector fields
generated by anti-symmetric matrices.

Dacorogna-Moser inversion. Reconstructing particles from an observed density evolution is therefore
ill-posed. A simple choice, introduced by Dacorogna and Moser [74], is to impose that the flux a;v; is a
gradient field, leading formally to

Ut = —alVA_l (Qtat), (125)
t

with suitable boundary conditions, for instance vanishing at infinity. This formula is useful conceptually
but delicate when «; vanishes, and it does not generally produce a gradient velocity field.

Least-square inversion and gradient structure. A more robust choice, used implicitly in flow matching,
optimal transport and Wasserstein gradient flows, is to select among all admissible velocities the one
with smallest kinetic energy:

min % /0 1 /R TP day()dt subjectto dya + diviare) = 0. (12.6)
Proposition 12.2 (Least-square velocities are gradients). Assume that oy = p; dx is a smooth positive density
curve and that boundary terms vanish. The minimizer of (12.6), if it exists, is a gradient field
v = Vy,
where @y, unique up to an additive constant, solves the weighted Poisson equation
—div(p:Vey) = dips, vp = =VA Grar),  Aa, = div(a; Vo). (12.7)

Proof. Introduce a Lagrange multiplier ¢; for the continuity equation. The constrained problem has the
formal saddle formulation

1
min max ‘/0 [% /Rd loe ()] devs (x) + ./Rd @r(x) (div(eop)(x) + dpap(x))dx | dt.

v %

Integrating by parts in the divergence term gives, for each ¢,

1
/ (§||Ut||2 - (Voy, Ut)) da; + / @t draxy.

The pointwise minimizer in vy is therefore v; = V. Substituting this into the constraint d; p; +div(p;v;) =
0 gives the weighted Poisson equation in (12.7). The inverse notation is just a shorthand for solving this
equation on zero-mean right-hand sides, modulo additive constants. m]

In general this inversion is still computationally demanding, but special choices of (a;); lead to
simpler formulas; this is the mechanism exploited later by flow matching.
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Algorithm 12.1 Least-square velocity reconstruction

Input: Smooth positive density curve (p;);c[o,1] and boundary conditions.
Output: Minimal-energy velocity field v; realizing the curve.

For each time t do:
Compute d;p;.

Solve weighted Poisson equation: —div(p;V¢;) = dipt, f eipr = 0.
Setv; = Voy.

Return (v4)efo,1]-

12.2 Benamou-Brenier dynamic formulation of OT

The dynamic formulation identifies ‘W, with the kinetic energy of the cheapest continuity-equation
path. It is the point where OT becomes a least-action principle.

Instead of assuming that a whole curve (a;)¢[o,1] is prescribed, one only fixes its endpoints ag and
a1 and minimizes the least-square energy (12.6). The theorem of Benamou and Brenier states that this
geodesic energy is exactly the squared Wasserstein distance [18].

Theorem 12.3 (Benamou-Brenier). For probability measures ag, a1 € P,(RY),

1

Wiao,an = inf [ [ ool dascoar (128)
(ar,08) Jo JRE

where the infimum is over (a;, v;) solving dray + V- (apvr) = 0 with ap—9 = ag and ap=1 = a1. If ag has a

density and T is the optimal Monge map Tyog = a1, the minimizer is

ar = ((1—t)Id + tT)gay, v ((1 - £)x + tT(x)) = T(x) — x. (12.9)

Proof. For the inequality “dynamic < static”, assume first that a Monge map T exists and define (a¢, v¢)
by (12.9). Since the Lagrangian velocity T(x) — x is independent of ¢,

1
/0 / Jor]P daxydt = / IT(0) - 21 dao (),

so the dynamic cost is no larger than the static Monge cost. Without a Monge map, the same
construction is made with an optimal coupling 7: sample (X, Y) ~ © and move along the straight path
yx,y(t) = (1 —t)X + tY. This path measure has action / lx = y|?dn(x, y); projecting path velocities onto
their conditional mean at time ¢ gives an admissible Eulerian velocity with no larger action, so the
dynamic value is no larger than the Kantorovich value.

Conversely, for a smooth deterministic path, take the flow T; defined by T =vi0T; and Ty = Id. Then
at = (Tt)yavo and (Tq)yap = aj. Jensen’s inequality gives

1
ITa(x) - x[? < /0 los (T (x))|*dt.

After integration with respect to ag, the Monge cost is bounded above by the dynamic action. For
general finite-energy solutions of the continuity equation, the superposition principle lifts the curve to
a probability measure on absolutely continuous paths; applying Jensen’s inequality pathwise gives a
coupling of the endpoints whose quadratic cost is no larger than the action. Thus the Kantorovich value
is bounded above by the dynamic value. m]

Although (12.8) is not jointly convex in (a;, v¢), it becomes convex after replacing velocities by the
momentum measure m; = v;a; and using the perspective action. In the absolutely continuous case
ay = pr dx and my(x) = p(x)ve(x), this reads

Ll

W(ap, aq) = inf / —_—
2( 0, 1) Ot pi+div m;=0 0 JR4 Pt(x)

pt=odx=0(o, Pt=1 dx:le

dx dt, (12.10)

with the usual convention that the integrand is 0 when (p¢, m;) = (0, 0) and +co when p; = 0 but m; # 0.
For singular endpoints or curves, the same statement is interpreted with vector-valued momentum
measures and the corresponding recession convention. This convex reformulation enables geodesic
interpolation by convex optimization once the domain is discretized.
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Proximal splitting. The convex momentum formulation also explains the original Benamou—Brenier
solver. Papadakis, Peyré and Oudet [178] showed that, after discretization, the ALG2 scheme is
a Douglas—Rachford splitting, equivalently ADMM on the Fenchel-Rockafellar dual. Suppressing
discretization indices, write U = (p, m) and introduce the perspective integrand

lml?/p, p>0,
J(p,m) =10, (p,m)=1(0,0),
+00, otherwise.

Let

1
T = [ [ Koo mdcdt, €= ((pm); dp+divin =0, pudx = o, prcy = ),
0 R

and let G = 1¢ be the indicator of this affine continuity constraint. The convex Benamou-Brenier problem
is therefore

min 7 (U) + G(U).

On the resulting Hilbert space of unknowns, or formally for an L?-type product structure, the two
proximal operators are

- .1 - - . 1 -
prox (U) = argmin,; §||LI - U||ﬁ +F (U), prox, g(U) = argmin; §||U - U||ﬁ.

For the standard product metric, the first map is local in (¢, x): it is the proximal operator of the convex
perspective . The second map is the orthogonal projection onto the affine set defined by the divergence
equation and endpoint constraints. Douglas—Rachford then alternates these two simple operations:

uktt = proxT¢(Zk),
ukt = prong(lekJr1 -7k,

Zk+1 — Zk + l‘:[k+1 _ Uk+1.

Equivalently one may swap the roles of ¥ and G. At convergence, the two shadow sequences u* and
U* agree and give a minimizer of the convex dynamic problem. This viewpoint is useful because it
separates the nonlinear but pointwise perspective proximal step from the global but linear projection
onto the continuity equation [178, 86].

Algorithm 12.2 Douglas-Rachford for dynamic Benamou-Brenier

Input: Functionals ¥, G = ¢, proximal parameter 7 > 0, initial field A
Output: Discrete density-momentum field U*.
Fork=0,1,...do:

uk+l = proxTT(Zk). N

Project reflected point: U**! = prox, ,(2U**! - Z¥) = Proj,(2U**! - ZF).

Update Zk*1 = ZK 4+ Uk+! — y++1,

If |U**! — U**!| < tol then:

Return U1,
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‘-’A’f’A’c.o &

density sequence midpoint velocities

Figure 12.1: Benamou-Brenier geodesic between two sampled silhouettes. A discrete quadratic OT plan
between finely subsampled cat and two-disks point clouds induces the McCann interpolation

Zt = (1 -t)X +tY, which is the Lagrangian realization of the least-action solution. The left panel renders
local color images of the smaller-bandwidth kernel-smoothed densities with enough padding to include the
full silhouettes. The right panel overlays shortened velocity arrows centered at evenly subsampled midpoint
particles Z1 ; each displayed arrow runs in data coordinates from a source-side tail to a target-side head
along the matched characteristic direction Y — X, but is not drawn as the full endpoint segment from X to Y.

Remark 12.4 (Path-space formulation). Let S = C([0, 1]; RY) be the space of continuous paths endowed with the
uniform topology. For t € [0, 1] define the evaluation map

Pi:S—RY,  Py) =y

The Benamou—Brenier cost admits the equivalent formulation

Wiao,ar) = inf { / / ()2t AM(y) ; (Po)sM = g, (leM—al}

If g has a density, the minimizer M" is unique. Its time marginals reproduce the optimal curve: a; = (Pt)yM*
for all t. Furthermore, for a.e. f, denoting Q;(y) = y() on absolutely continuous paths, the conditional law of the
velocity is deterministic:

(Pt, Q)gM(dx, dg) = at(dx)0y;(x)(dq),
where v}

; 1s the optimal velocity field in the Benamou-Brenier formulation. Hence M" concentrates on straight-line
geodesics and, for a.e. f, assigns exactly one direction at a;-a.e. spatial point.

Extensions of the dynamic formulation. The same variational grammar extends beyond the quadratic
Wasserstein distance. One changes either the kinetic exponent, the mobility or the balance equation,
while keeping a continuity-type constraint and a convex perspective action.

Remark 12.5 (Generalized Benamou-Brenier distances). The dynamic formulation is not specific to ‘W5. For
measures with finite p-th moments and p > 1, one has the analogous action formula

1
Whaoa= ot ] o daeodr,
drap+Vi(av)=0 Jo JRrd

ap=0=ag, aj=1=0a1

When a; = p; dx and m; = p;vy, this becomes the convex perspective action

/ / |mt(x)| dx dt, latpt +V-my =0,
Ri p(x)P~1

with the usual convention that the integrand is 0 if (p, m) = (0, 0) and +o0 if p = 0 but m # 0.

A second class of variants changes the mobility of the medium: the quadratic action |m|?/p is replaced by
[m|?/6(p) for a suitable concave mobility 6. Under appropriate structural assumptions, this produces transport
metrics adapted to nonlinear diffusions and finite-volume discretizations [80]. On finite graphs and Markov
chains, the analogous action uses an edge mobility, often the logarithmic mean of the endpoint densities, and
leads to discrete Wasserstein geometries [154, 165]. These extensions keep the same variational grammar as
Benamou—Brenier: a continuity-type constraint, an action density, and geodesics obtained by minimizing an
integrated kinetic cost.

Dynamic unbalanced OT. Unbalanced dynamic transport is obtained by allowing mass to be created
and destroyed along the path. The continuity equation is replaced by a balance equation, and the
action penalizes both spatial motion and growth. This dynamic formulation underlies the Hellinger—
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Kantorovich and Wasserstein-Fisher-Rao metrics [145, 66]; its equivalence with static entropy-transport
and cone formulations is developed in [146, 65]. A representative quadratic action is

1 2 SZ
dpr +V-my =54, / M+K2—t dx dt,
0 pt pt

with the same perspective convention as above. Equivalently, writing m; = p;v; and s; = psg, one

minimizes /01 /(|vt 1> + Kthz)dptdt under d;p; + V- (p:v;) = g¢pr. The parameter « fixes the relative cost

of reaction and transport; changing it rescales the radial/angular balance in the associated cone metric.
For measure-valued triples, the action is understood in the lower-semicontinuous perspective sense

" iz |2 2§2 . . . _ [dp dm ds
L?IK(p’n/l’S) _/( p +x p d/\/ (prmls)_ dA/ dA/dA ’

where A dominates p and the total variations of m and s, and the value is independent of this choice.
The convention is 0/0 = 0 and a/0 = +oo for a > 0, so finite action forces both the flux and source to be
absolutely continuous with respect to the transported mass.

Proposition 12.6 (Static/dynamic equivalence for unbalanced OT). Fix the action above and let CW, be the
cone value of Theorem 9.4 with the cone metric normalized to the same growth scale k. For nonnegative finite
measures oo, a1 on RY, the dynamic value

1
WEFRZ(ag, a1) = inf /ﬂK(pt,mz,st)dt (12.11)
tpe+Veme=st Jo
po=ao, p1=a1

equals the static cone formulation CW,(avo, av1). Hence the static unbalanced problem and the balance-equation
least-action problem define the same geodesic distance.

Proof. The cone construction turns variation of mass into radial motion and spatial transport into
angular motion on €[R?]. Applying the Benamou-Brenier theorem on the cone to the lifted endpoint
measures gives a dynamic least-action problem on €[R?] whose static value is the cone value CW,. of
Theorem 9.4. This is the standard static/dynamic identification for the Hellinger-Kantorovich and
Wasserstein—Fisher-Rao metrics [145, 146, 66, 65].

Projecting a cone curve back to the base space with the weight 2 produces a measure curve p;, a
spatial flux m; and a source term s; satisfying the balance equation. With the matching normalization of
the cone metric, the cone kinetic energy decomposes exactly into the perspective action A, in (12.11).
Conversely, any finite-action triple (p;, 1, s;) can be lifted to a cone curve whose radial velocity realizes
the growth term and whose spatial velocity realizes the transport term, with the same action after
relaxation. The two infima are therefore equal; lower semicontinuity gives the general finite-measure
statement from the smooth positive case. m]

t=0 t=.25 t=.5 t=.75 t=1
balanced L J\/\_M J\‘/\_M 4\4/\/¥ J
unbalancedLJLkMJ\_AJ\A/\‘

Figure 12.2: Balanced and unbalanced Sinkhorn-barycenter interpolations between two one-dimensional
Gaussian mixtures with swapped modal masses. The balanced row conserves total mass, so excess mass from
the dominant left mode must move along the line toward the dominant right target mode, producing
transient mass in the middle. The unbalanced row uses KL-relaxed marginal constraints; mass can be
attenuated near overrepresented modes and recreated near underrepresented modes, giving a
reaction—transport interpolation closer to the Wasserstein-Fisher-Rao intuition.
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CHAPTER 13

Wasserstein Gradient Flows

Once W, is a dynamic metric, one can run gradient descent directly on the space of measures.
This chapter derives the formal Wasserstein gradient, explains the JKO minimizing-movement scheme,
records the role of geodesic convexity in convergence, and then applies the same calculus to mean-field
neural-network training.

13.1 Minimizing Movements and Wasserstein Gradients

This first section explains how a variational implicit-Euler step on measures gives rise, in the
small-step limit, to a continuity equation driven by the Wasserstein gradient of the energy.

We now consider a function f(a) and seek a minimizing evolution (a;);. The general strategy of
minimizing movement over a metric space is to construct a discrete-time evolution using an implicit
Euler scheme:

Qp4r 1= argmin % Wolar, a)? + f(a). (13.1)
o

Algorithm 13.1 JKO minimizing movement

Input: Energy f, initial measure a?, time step T > 0, number of steps K.
Output: Discrete gradient-flow trajectory (a*
Fork=0,...,K-1do:
ak*l € argmin £ Wi(ak, a) + f(a).
a€P>(RY)
Setaj = ak for t € [kt, (k +1)7).

K
k=0"

Return (ak)kK:0 and af.

Euclidean gradient flows. If we restrict (13.1) to finite dimensions and assume a; = O,) and @ = Oy
(single Dirac measures), this matches the implicit Euler scheme:

— S 2
x(t+1):= argn’;miﬂx x(B)|° + h(x),

where h(x) = f(6x). Its solution is formally given by the implicit Euler formula:
x(t +7) = (Id + tVh)H(x(1)).
In contrast, the explicit Euler scheme is:
x(t + 1) = (Id = 7Vh)(x(t)) = x(t) — TVh(x(t)).
Both schemes converge as T — 0 to:
x(t) = =Vh(x(t)). (13.2)

Wasserstein gradient formula. The implicit Euler scheme has the advantage that it does not require h
or f to be smooth. For f, this is crucial to handle evolutions over measures that may have densities,
atoms or other singular parts.

As 17 — 0, under certain conditions on f, (13.1) defines a continuous evolution ¢ — a;. As

discussed earlier, this evolution can be described as a Lagrangian evolution (12.1). We use the following
first-variation convention: for any g € P(R?) and the signed zero-mass perturbation p =  — a,

f(l-1)a+1p)=fla+1p)=f(a) + T/[éf(oc)](x)dp(x) + 0o(7).

The key infinitesimal object is the vector field that represents this differential in the Wasserstein metric.
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Definition 13.1 (Wasserstein gradient). Assume that f admits a smooth first variation 6 f(«). In the
smooth formal calculus on P,(R?), the Wasserstein gradient of f at a is the gradient vector field

Vay f(a) = V16 f(a).

The associated formal gradient flow is the continuity equation

% + div(—Vay f(ar)ay) = 0. (13.3)
The following proposition explains why this vector field is the Riemannian gradient for the L?(a) metric

on velocities.

Proposition 13.2 (Formal Wasserstein gradient). Assume that f admits a smooth first variation 6 f () and
that o has a smooth positive density. For infinitesimal perturbations generated by a velocity field v through
(Id + Tv)ya, the differential of f is

d
ahzof((ld + 1)) = /(V(Sf((x)(x), v(x))da(x).
Hence, for the Riemannian metric ||v||i2 @ = f lol*>de, the Wasserstein gradient is the vector field

Va f(a) = Vof(a).
Proof. The push-forward expansion gives, in the sense of distributions,
(Id + o)y = a — T div(av) + o(1).

Using the definition of the first variation,

f(d + to)ya) = f(a) - T/ Of(a) div(av)dx + o(7).

An integration by parts, with either compact support or vanishing boundary flux, gives

—/ Of(a)div(av)dx = /(Véf(a), v)da.
By definition of the Riesz representative for the L?(a) metric, this representative is V5 f (a). O

The Wasserstein gradient-flow viewpoint already appears in John D. Lafferty’s PhD work, published
as “The Density Manifold and Configuration Space Quantization”, under the name “density manifold”.
It was then systematically developed by Otto, who exposed the formal Riemannian structure of this
space [176]. Rigorous metric-space treatments and numerical JKO schemes can be found in [7, 20, 180, 98].

From the JKO step to the velocity field. A first-order expansion of the JKO step explains why (13.3)
uses the vector field Vay f(a). Write (13.1) as a minimization over displacement fields v such that
a = (Id + to)a;:
1
min ZT2 ||v||§2(a[) + f((Id + To)gay).
Then we perform a first-order Taylor expansion of this formulation using

(Id + to)ya; = a; — tdiv(vay) + o(7)
f(Id + To)yay) = flar) - T/ Of (a¢) div(va)dx + o(7)
= flar) + 7 / (Va0 f(ar)(x), v(x))das(x) + o(1)

to obtain the following first-order expansion in 7 of the problem minimized in (13.1)

min f(a) + 7 [ 31000 + (VaFlan)), o0 | () + ).

The pointwise minimizer is v = —Vay f (a¢), which gives the velocity in the continuity equation. We now
detail examples of such Wasserstein gradient flows.
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Figure 13.1: JKO minimizing movements for the entropy flow in one dimension. The left panel displays
successive implicit-Euler minimizers for the heat equation, colored from red to blue. The right panel tracks
inverse CDF values Q¢(s) = Ft_l(s) for selected probability levels s, giving a Lagrangian view of the proximal
movement in Wasserstein space.

Discrete evolutions. If f(«) can be evaluated on discrete distributions and Viy is continuous in this
case, the flow (13.3) maintains the number of Dirac masses, a; = % 2 Ox;(1)- The particles X(t) := (x;(t));
evolve according to a system of coupled ODEs:

%i(t) = —nVy FX (1), (13.4)

where F(X) := f (% Y. 6x;) and the factor n comes from the empirical Wasserstein metric % >l

Algorithm 13.2 Empirical Wasserstein particle descent

Input: Particles X 0= (x(l), e, x2 ), functional f, step size &, tolerance tol.

Output: Particle trajectory (X¥); and empirical measures.
Define F(X) = f(1 X1, 6x,) .
Fork=0,1,...do:
Fori=1,...,ndo
gk =nVyF(X5), xfH = Xk — gk,
If max; ||JCZ’.‘+1 - x{.‘II < tol then:
Return % > 6x;<+1.

Linear Functionals. The first benchmark is a functional whose first variation does not depend on the
current measure.

Example 13.3 (Linear potentials generate independent particles). Take a linear functional

f(a):/h(x)da(x). (13.5)

Then 6 f(a) = h is independent of «, and the flow (13.3) becomes

% +div(~=Vha;) = 0.

This implies particles move independently according to the usual gradient flow (13.2).

Shannon Neg-Entropy. Entropy gives the opposite benchmark: the flow is no longer a deterministic
push-forward of particles, but a diffusion of density.

Example 13.4 (Entropy generates heat and porous-medium flows). The canonical density-dependent functional
is the Shannon neg-entropy

fla) = / log (j—z(x)) da(x). (13.6)

Here, 0f(a) = log(da/dx) up to an additive constant, so Ve f(a) = Va/a (often called the score). The flow
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(13.3) becomes the heat equation

ata’ t = Aa £
Other entropy functionals lead to nonlinear diffusion equations; finite-volume and particle discretizations are
discussed in [53, 107, 154, 87]. For a generalized entropy

fla)= / g (j—z) dx, (13.7)

with a scalar convex function g, one obtains nonlinear diffusions in the smooth-density regime:

X~ AP,

where the pressure P satisfies P’/(s) = sg”’(s). For example, g(s) = slog(s) gives P(s) = s and recovers (13.6),
while g(s) = s™/(m —1), m > 1, gives P(s) = s™ up to an additive constant and yields the porous-medium
equation.

The preceding examples are also governed by a precise geodesic-convexity criterion. A celebrated
theorem by McCann [157] states that an internal energy of the form (13.7), for ¢ : R* — RU {+0co} with
¢(0) = 0, is geodesically convex on P(RY) when g is convex and the map r  r?g(r~) is convex and
nonincreasing on (0, +o0). Examples of such functions are g(s) = s7 for g > 1 and Shannon entropy
g(s) = slog(s). By contrast, g(s) = —log(s), associated with the reverse KL divergence, does not satisfy
this displacement-convexity criterion.

heat equation porous medium m = 2 porous medium m = 6
1.254 1.254 1.254
1.004 1.004 1.004
0.75 0.754 0.754
0.50 1 0.50 0.50
0.251 0.254 0.254
0.00 T T T T T 0.00 T T T T T 0.00 T T T T T
-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2

Figure 13.2: Entropy-driven Wasserstein gradient flows from the same compact initial density. The heat flow is
generated by Shannon entropy g(p) = plog p and instantly develops Gaussian tails. The porous-medium
flows use the power entropy g(p) = p™ /(m — 1), hence d;p = A(p™): the middle panel has m = 2, while the
right panel has the stronger nonlinearity m = 6, i.e. d;p = A(p®). Larger powers diffuse mainly where the
density is high, producing a flatter core and a sharper compact free boundary.

Interaction Energies. In a similar spirit, to obtain nonlinear evolutions without requiring the measure
to have density, one can consider

f@ = [[ ke pdatodat) (138)
For a symmetric kernel k:
of(@)x) =2 [ Kr,yda(y), Vavf@)(x) =2 [ Vak(r,y)da(y),
For ap = 1 ¥, 8y, the flow (13.3) implies particles (x;(t)); obey:

(1) = =2 3 VKCai(), (1)
i

If k is positive definite, or more generally conditionally positive definite on signed measures of zero
total mass as for the energy-distance kernel k(x, y) = —||x — y|, and one minimizes the squared kernel
discrepancy to a teacher distribution 8, then

la = BI} = // kdada -2 / (/ k(x, y)dﬁ(y)) da(x) + constant.
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Thus MMD-type training energies are exactly an interaction energy plus a linear potential; the teacher

distribution appears through the potential x +— -2 f k(x,y)dB(y). The corresponding empirical
Wasserstein gradient flow is

1(0) = =2 3 Vak(ai(), 30 +2 [ Vik(xi(0),y)dB(0).
i

The corresponding simulation loop is Algorithm 13.3.

Algorithm 13.3 MMD particle flow against a teacher law

Input: Initial particles (x7)",, teacher law B or teacher samples (y)7_,, kernel k, step size /.

Output: Particle trajectory targeting f.
Fork=0,1,... do:
Fori=1,...,ndo
Set self-interaction rf =-2 Z7=1 ka(xf.‘, x;‘).
If 8 is available analytically then:
Set teacher attraction af =2 f ka(xf?, y)dp(y).
If only samples (y;);_, are available then:
Set ”5‘( =3 Zszl ka(xf.‘, Yb)-
Set velocity Uf.‘ = rf + al’.‘.
Update x*1 = x¥ + nok.

Return (xf,‘),-,k.

The first term is a kernelized self-interaction, while the second is the attraction induced by the
continuous teacher kernel mean. At the continuum level, characteristic positive-definite kernels, and the
Euclidean energy-distance kernel on probability measures, have f as the unique minimizer of |a — ||i.
For a finite number of particles, however, the flow can only form a kernelized quadrature of §, and small
particle systems may cover the target modes poorly. Figure 13.3 illustrates this finite-particle effect.

n = 10 particles n = 50 particles n = 300 particles

)

[N
€y
L)
L}

Figure 13.3: Particle count in the deterministic Wasserstein gradient flow of the squared MMD-type
discrepancy to a smooth two-Gaussian teacher distribution, using here the energy-distance kernel

k(x,y) = —|x — y|. The teacher itself is shown only through true density contours, while red dots are a
compact shifted Gaussian initialization placed away from the target, red-to-blue curves show a thinned subset
of particle trajectories, and blue dots show the stabilized long-time particles. With too few particles, the
empirical measure forms a sparse kernelized quadrature and may under-cover the target modes; increasing n
makes the particle cloud approximate the continuous target geometry more faithfully.

Stochastic particles and McKean-Vlasov limits. More generally, deterministic particle flows have
stochastic counterparts, where Brownian noise at the particle level becomes an entropy term at the level
of measures. If the drift does not depend on the empirical measure, each particle evolves independently
according to

dX; = b(Xt)dt + \/EadBt,

and the one-particle law a; = pydx directly satisfies the linear Fokker-Planck equation

atpt = —le(bpt) + U2Apt.
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Figure 13.4: Interaction—energy particle flows for three choices of k. A positive Gaussian kernel

k(x,y) = exp(—|x - y||2 /(207)) produces short-range repulsion under Wasserstein descent; changing its sign
produces attraction and collapse; adding a quadratic long-range attraction to the repulsive kernel yields a
balanced attraction-repulsion dynamics. The curves use arclength-based red-to-blue coloring along a longer
integration of the coupled particle ODE (13.4).
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Figure 13.5: Particle trajectories induced by different discrepancy geometries. The red particles and blue target
cloud are the same in all panels. Straight OT displacement produces rays from an optimal matching; an
MMD-type witness field gives smoother nonlocal forces; the Sinkhorn-divergence force is an entropic,
debiased transport attraction; and the normalized drifting field combines attraction to data with
self-repulsion. The figure is qualitative: it compares geometric behavior, not solver performance.

Example 13.5 (Langevin drift as a free-energy flow). If b = —VV, this linear Fokker-Planck equation is the ‘W
gradient flow of the free energy

pH/Vpdx+02/plogpdx.

The mean-field case is different: the drift is recomputed from the current empirical distribution of all
particles,

1 n
dX}'() = b(X] (1), )t + V20dBi(), i = = > dxyey.
i=1

For finite n, the empirical law pj is itself random. Under suitable Lipschitz, growth and chaotic-
initialization assumptions, propagation of chaos states that finitely many particles become asymptotically
independent as n — oo, all with the same deterministic law p;dx; equivalently, the empirical measure
uy converges in probability to this law. The limiting density solves the nonlinear Fokker-Planck, or
McKean-Vlasov, equation

drpr = —div (b(x, pr)pt) + o> Apy.
When the interaction drift has variational form

08

b(xr p) = _Vg

(x),

this PDE is the Wasserstein gradient flow of the entropy-regularized energy

Ep) + 02/ plog pdx.
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Figure 13.6: Three numerical representations of the same entropy-regularized Wasserstein gradient flow of
KL(p|pB), where f is a two-Gaussian target shifted to the right of an initially isotropic Gaussian density. The
first row simulates independent Langevin particles and displays a thinned set of trajectories in the left panel.
The second row evolves many deterministic particles with velocity 7(V log  — V log p;), estimating V log p; by
a sharper kernel-density score; only representative trajectories and particle subsets are displayed. The third
row solves the corresponding Fokker—Planck equation on a grid, starting from the initial density in the left
panel. The remaining columns use front-loaded times, so that the onset of the flow and the later deformation
toward a bimodal law are both visible.

13.2 Geodesic Convexity and Convergence

Geodesic convexity is the convexity notion adapted to Wasserstein geometry. It is the condition that
turns the formal gradient-flow calculus into a convergence theory.

Geodesics and convexity. A constant-speed W, geodesic between ag and «; is obtained, as in
Definition 3.35, from any optimal coupling * € U(ap, 1) by the McCann interpolation

ay = (1 —t)Py + tPy)ym*, te[0,1],

where Py(x,y) = x and P1(x, y) = y. If the optimal plan is induced by a Brenier map T, this reduces to
((1 = t)Id + tT)a0. The coupling formula is important because geodesics exist even when no Monge
map exists, for instance when a Dirac mass must split.

Definition 13.6 (Geodesic convexity). A functional f on P»(R¥) is geodesically convex if for every
W, geodesic (),

flar) < @ =1t)f(ao) +tf(ar).
It is A-geodesically convex if the right-hand side is improved by —%t(l N4 %(ao, ai).

Proposition 13.7 (Basic geodesically convex energies). The following formal statements hold on P»(RY).
1. If h is convex, then a f hda is geodesically convex; if h is A-strongly convex, it is A-geodesically convex.

2. IfW(x —y) is convex as a function of the displacement, then o +— } / W (x —y)da(x)da(y) is geodesically
convex.

3. Shannon entropy o — f plog p dx is geodesically convex.

4. The relative entropy KL(a|y) with dy = e~Vdx/Z is A-geodesically convex when V is A-strongly convex.

Proof. Along a Monge geodesic X; = (1 — )Xo + t X3, convexity of h gives h(X;) < (1 — t)h(Xo) + th(X1),
and strong convexity gives the additional quadratic term; integrating proves the first claim. The
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interaction claim follows similarly by applying convexity of W to pairwise differences X; — X =
(1-1)(Xo — X{) +t(X1 — X]) and integrating over two independent copies. The entropy claim is McCann'’s
displacement convexity theorem; at the density level it follows from the concavity of the Jacobian
determinant under the interpolation of optimal maps. Finally, KL(a|y) = [ plog pdx+ [ Vda+constant,
so it is the sum of displacement-convex entropy and a A-geodesically convex linear potential. m]

Convergence of the flow. In general, analyzing (13.3) is delicate. The cleanest case is when f is
geodesically convex in the sense above. This condition is the Wasserstein analogue of convexity in
Euclidean gradient descent.

Proposition 13.8 (Energy decay for convex Wasserstein flows). Assume formally that f is geodesically
convex, admits a smooth first variation, and has a minimizer a*. Let (a;); be a smooth solution of the Wasserstein
gradient flow

Qtat + diV(CttU[) =0, Ot = —V(Wf(a[).

Then 4
a0 == [ 1w fla P day(x) <0,

If Ty is the optimal map from a; to a*, then

Flan) = f(*) < 2 Wi, a*)

and consequently
Wilao, a*)

flan) - fla*) < =22

If f is A-geodesically convex with A > 0, then
flar) = fa*) < e (f(ao) - f(a¥).
Proof. The chain rule and Proposition 13.2 give
d 2
/(e = /(wa(at)(x), 01(x)) day(x) = —/ IV f (@) ()" dar (x).

Geodesic convexity along the geodesic ((1 - s)Id + sT;)ya; gives

f@®) = flar) > /(wa(at)(X), Ti(x) — x) davs (x).

Since vy = —Vay f(a;), this reads

Flar) — f(a*) < / (0r(x), T(x) — x) das ().

The standard first-variation formula for the squared Wasserstein distance gives

d1

& Wi, ) = / (r = Ti(x), 04(x)) davs(x),

which proves the differential inequality. Integrating it from O to ¢ and using the monotonicity of
s f(as) gives

t
1
t(f(ar) = f(a®)) < /0 (flas) = fla®)) ds < 5 Wilao, a*).
If f is A-geodesically convex, the Wasserstein analogue of strong convexity gives the slope inequality
[ 19w @ > 24(7(@i) - f(a*)
Combining it with the energy dissipation identity yields

L (Flan - Fl@) < -20(fa) - fla®),

and Gronwall’s lemma gives the exponential rate. m]
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Proposition 13.9 (Convex examples covered by the theory). The hypotheses of Proposition 13.8 are satisfied
in the following standard cases, at least at the formal smooth level used in this section.

1. For the linear energy f(a) = / hda, geodesic convexity holds when h is convex. If h is A-strongly convex,
then f is A-geodesically convex and the flow enjoys the exponential rate of Proposition 13.8.

2. For the interaction energy f(a) = % /f W(x — y)da(x)da(y), geodesic convexity holds when W is convex
and even. This covers repulsive or attractive pairwise models whose displacement cost has no non-convex
wells.

3. The Shannon entropy f(a) = f plog p dx and, more generally, McCann displacement-convex internal
energies generate diffusion-type Wasserstein gradient flows.

4. Ify = Z7'e™Vdx and V is A-strongly convex, then the relative entropy KL(a|y) is A-geodesically convex.
Its flow is the Fokker—Planck equation with invariant law .

Proof. Let (at): be the McCann interpolation between @y and a1, written with an optimal coupling as
X; = (1 -1)Xp + tX;. For a linear energy, Jensen’s inequality gives

h(Xy) < (1 - Hh(Xo) + th(Xy),

and the strong convexity version gives the additional term —%t(l - 1)|Xo — X1|*. Integrating over the
optimal coupling proves geodesic convexity and A-geodesic convexity.

For interaction energies, use two independent copies of the optimal coupling. The pairwise
displacement evolves as

Xi = X[ = (1-1)(Xo — Xj) + (X1 = XJ).

Convexity of W gives the convexity inequality after integration over the product coupling. Evenness
of W ensures that the interaction is symmetric in the two particles and matches the usual factor 1/2
in (13.8).

The entropy claim is McCann'’s displacement-convexity theorem. For smooth positive densities and
Brenier maps, it follows from the change-of-variables formula and the concavity of the determinant
along positive matrices; the general statement is obtained by approximation. Finally,

KL(a|7/):/plogpdx+/Vda+logZ,

so it is the sum of the displacement-convex entropy and the A-geodesically convex linear potential
generated by V. Proposition 13.8 then applies to all four cases. m]

Convexity and curvature. The same language is not restricted to subsets of R?. If (X, d, m) is a geodesic
metric-measure space, ‘W> geodesics can be defined by transporting each pair of endpoints along metric
geodesics, or more intrinsically by dynamical optimal plans on path space, as discussed in Section 3.5.
Given a reference measure m, the entropy relative to m is

/plogpdm, ifa=pm,
X

+00, otherwise.

Enty,(a) :=

On a smooth Riemannian manifold (M, g), the Ricci curvature tensor Ric, is the trace of the Riemann
curvature tensor; the lower bound Ricy > Ag means that Ricg(v,v) > Alv |§ for every tangent vector v.
The fundamental link between curvature and optimal transport is that this tensor lower bound is exactly
encoded by geodesic convexity of entropy.

Theorem 13.10 (Ricci curvature and entropy convexity). Let (M, g) be a smooth compact connected
Riemannian manifold without boundary, and let m = vol,. For A € R, the lower Ricci bound Ricg > Ag holds if
and only if Enty, is A-geodesically convex on (P2(M), W»).

This equivalence was developed in the smooth Riemannian setting by Cordero-Erausquin, McCann
and Schmuckenschlédger and by von Renesse and Sturm [69, 229]; it is a central theme of the optimal-
transport approach to curvature in Villani’s monograph [226]. Lott-Villani and Sturm then used the
same entropy-convexity principle to define synthetic lower Ricci curvature bounds on metric-measure
spaces [151, 219, 220]. Outside this convex, curvature-controlled regime, such as in the mean-field
neural-network example below, the flow may still be informative but its convergence analysis requires
problem-specific arguments.
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13.3 Training Two-Layer MLPs as Wasserstein Flows

Mean-field limits recast the training of wide neural networks as transport of a distribution of neurons.
This section shows how the particle ODE of gradient descent becomes a Wasserstein flow in parameter
space.

We use z € R? for the input data and y € R” for the label. A neuron is a particle

x = (u,v) e R xR,

where u is the inner weight and v is the outer vector weight. For a scalar nonlinearity o, define the
vector-valued feature
Y(x,z) =vo({u, z)) € RY.

The width-n network and its mean-field version are
1 v 1
Oxte) = 4 Dz, Gale)= [yaat, = P,

This formulation removes the artificial ordering of neurons and allows « to be a continuous distribution
of infinitely many neurons.
Let p be a probability distribution on data-label pairs (z, y) € R? x R”. The population risk is

fla) = / 0(Ga(2), y)dp(z, y),

and the empirical risk is the special case p = py = N7} Zszl O(z,yr)- Since a — G, is linear, f is
convex as a function of & whenever £(-, y) is convex. For the empirical neuron law ax = nty o x;, the
Wasserstein metric induces on particles the rescaled metric n=! ¥, |%|?. The corresponding particle

flow is
1
; Z 6](,‘) ’
1

which is the gradient flow of F(X) = f(ax) for this Wasserstein particle metric, equivalently Euclidean
gradient descent with the time scale multiplied by n. It gives a particle discretization of (13.3).
Assume that ¢ is differentiable in its first variable. The first variation is

i =-nVyF(X), F(X)=f

5 (@)(x) = / (Vil(Gal2), y), (¥, 2))dp(z, y), (13.9)

and the Wasserstein gradient in parameter space is
Vay fa)(x) = Vo f(a)(x) = /[Dxll)(x, 2)]"V1l(Ga(2), y)dp(z, y)-

For the squared Euclidean loss {(s, y) = %||s — y|?, the energy is the sum of a quadratic interaction and a
linear potential:

fla)= %// k(x, x")da(x)da(x) + / g(x)da(x) + %/ ||y||2dp(z,y), (13.10)

with
k(x,x") = /(gb(x,z), Y(x', z))dp(z, y), glx) = —/(y, ¥(x,z))dp(z, y). (13.11)

Thus

Of(a)(x) = / k(x, x")da(x’) + g(x), Vaw f(a)(x) = / Vik(x, x")da(x") + V,g(x).

These kernels are generally not convex in the particle variable, so the geodesic-convex convergence
theory above does not apply directly.
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neuron trajectories directional concentration

Figure 13.7: Mean-field training of a homogeneous two-layer model as transport in neuron space. The left
panel shows the Wasserstein particle gradient flow in the reduced homogeneous coordinates (|u|v1, |u|v2),
with black dashed rays marking the teacher directions. The right panel shows the weighted angular density
along a front-loaded sequence of times, colored from red to blue, so that the early concentration of neuron
directions is visible. The display follows the rendering of the auxiliary MLP experiment but keeps only the W,
flow, not the spectral-flow comparison.

Classical convexity and stationarity. Before using the specific homogeneity mechanism of Chizat
and Bach, it is useful to isolate a simpler convex-analytic principle behind many mean-field arguments.
Consider an energy of the form

F(a) = %// k(x, x)da(x)da(x") + / V(x)da(x) + C,

on probability measures over a parameter domain. Assume that the quadratic part is convex in the
classical sense, namely convex for the affine structure of measures:

Q1 =s)a+sB)<(1-5)Q(a)+sQ(B), Qo) = %// kdada.

This is ordinary convexity of the functional on the convex set of measures, not displacement convexity
along ‘W> geodesics.

Proposition 13.11 (Affine convexity and stationary densities). Let F = Q + / V da + C be as above, and
assume that Q is classically convex. Suppose that a Wasserstein gradient flow for F converges to a measure
Qoo = Poodx. Assume also the standard reqularity needed to pass to the limit in the first variation, and assume
that the support and positivity of p« allow the stationary condition to be tested against all admissible zero-mass
density perturbations. In the form needed here, assume that this stationarity yields, for every competitor 3, the
variational inequality

/ SF(ateo)(x)d(B — cteo)(x) > 0.

Then aw is a global minimizer of F.

Proof sketch. The dissipation identity for the gradient flow gives stationarity of the limit: formally, after
passing to the limit,

/ [VSF ()P dates = 0.

Without such a support and positivity assumption, this identity only controls the first variation on the
region explored by the limit. The density hypothesis allows one to test against sufficiently many signed
density perturbations of total mass zero. By approximation and the assumed regularity, this yields the
displayed first-order variational inequality for arbitrary competitors . Classical convexity of F in the
affine variable & then gives the usual subgradient inequality

F(B) > Flaw) + / SF(@o)d(B = o) > F(eteo).



13.3 Training Two-Layer MLPs as Wasserstein Flows 167

Thus no competitor has smaller energy. For square-loss two-layer mean-field models, (13.10) is exactly
of this quadratic-plus-linear form, and positive semidefiniteness of the induced kernel k is the classical
convexity assumption. m|

The mean-field description of two-layer training was developed in several works, including [63,
158]. The distinctive contribution of Chizat and Bach is a global-convergence analysis for positively
homogeneous networks without adding an explicit regularizer or relying on noisy SGD to create a
Laplacian term. The following formal statement isolates the core mechanism and ignores the technical
issues due to ReLU non-smoothness, support propagation and compactness.

Proposition 13.12 (Formal global optimality for two-homogeneous mean-field flows). Assume that the
feature is positively two-homogeneous in the neuron variable,

Y(Ax,z) = /\leb(x,z) (A >0),

and that f(a) = J(Gn) with | convex and differentiable as a functional of the predictor. Let « be a smooth stationary
point of the Wasserstein flow, so that V.6 f (a)(x) = 0 on supp(a). Assume also full directional support: for every
nonzero direction w, the support of v intersects the ray {Aw : A > 0}. Then « is a global minimizer of f over the
mean-field model class.

Proof. Write
ha(x) = 6f(a)(x) = (V](Ga), ¥(x,-)), -

By two-homogeneity of ¢, one has h,(Ax) = A%h,(x). Normalize a nonzero direction @ and choose
7o > 0 with r,w € supp(a). Stationarity gives a zero radial derivative at this point:

=2ryha(w).

Ir=re

d
0= a]/la(f’a})

Hence h,(w) = 0 for every direction w, and by homogeneity h,(x) = 0 for every x.
For any competitor 8, convexity of | gives

£B) - fl@) > / ha(x)d(B — @)(x) = 0.

Thus no competitor has smaller risk. The rigorous theorem replaces the full directional support
assumption by propagation and overparameterization hypotheses ensuring that a negative descent
direction would be present in the support and would contradict stationarity. m]
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CHAPTER 14

Generative Models via Transportation

The preceding gradient-flow calculus is variational. Modern machine-learning models often use the
same transportation language more broadly: one may prescribe an interpolation and regress its velocity,
fit a one-step generator to a descent field, or view network depth as a continuous transport of token
measures. The examples below separate what is genuinely a Wasserstein gradient flow from what is a
transportation dynamics with a useful geometric interpretation.

14.1 Generative Models via Flow Matching

Flow matching constructs a generative map by learning the velocity field of an interpolation. The
key computational insight is that a constrained continuity-equation problem can be trained by an
unconstrained regression.

Generative models aim to build a transportation map T between a reference distribution a (typically
an isotropic Gaussian) and the target data distribution . Since such reference measures are non-atomic, a
measurable map with Ty = 8 exists on standard Borel spaces, for instance by identifying both probability
spaces with the unit interval and using a quantile-type rearrangement. This abstract existence statement
is much weaker than having an explicit and numerically stable construction of T. Optimal transport
is one approach to achieving this, but it is computationally expensive and raises questions about how
to estimate it from samples. A different route is to prescribe an interpolation between noise and
data, learn its velocity, and obtain T by integrating a time-dependent vector field v;. This point of
view sits at the meeting point of two literatures, surveyed from a transport perspective in [181]. The
diffusion branch builds on score matching [124], denoising score matching [227], nonequilibrium noising
chains [212], denoising diffusion probabilistic models [122], score-based generative modeling [214], and
the continuous-time score-SDE/probability-flow formulation [215]. The deterministic regression branch
was introduced, essentially in parallel, under three closely related names: flow matching [147], rectified
flow [148], and stochastic interpolants [2]. In all three cases, the computational object is a velocity
field whose regression loss avoids simulating the learned ODE during training. This vector field v; is
obtained by constructing an interpolation a; and then finding v; using the least-squares formula (12.7).
As we will explain, for a specific class of interpolation (obtained by a parametric push-forward), this v;
can be obtained by avoiding explicitly inverting a Laplacian and instead computing a simple conditional
expectation. This conditional expectation can itself be estimated by solving another least-squares
problem, but this time unconstrained, making the estimation feasible from finite samples of @ and f.

Stochastic interpolant. We assume that a; is defined via a “projection” (in a loose sense) of a latent
distribution 7w € P(R?), using an operator P; : RY — R? where d’ > d, i.e.

Vie[0,1], = (Pym. (14.1)

The basic two-endpoint construction already covers most flow-matching paths used in practice.

Example 14.1 (Linear two-endpoint stochastic interpolants). Set d’ = 2d, write (x,y) € R? x R, and choose
Po(x,y) = x and P1(x,y) = y. If m has marginals (ag, a1), then a; = (Pt)ﬂn interpolates between the two
endpoint laws. The simplest choices are the independent coupling 7 = ap ® a1 and the straight path

Pi(x,y) = (1 —t)x +ty.

With this linear path and an arbitrary coupling 7, the regression below is the common core of flow matching and
rectified flow: Lipman et al. emphasize conditional probability paths and simulation-free training of continuous
normalizing flows, while rectified flow emphasizes straight couplings, reflow, and the possibility of reducing
transport costs and discretization error [147, 148].

More complex constructions are possible when sampling from 7t remains simple; stochastic interpolants add
latent variables or noise, connecting deterministic flows, probability-flow ODEs and diffusion SDEs [2].
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frn=a®pBand a = % 2.6y, = % Z]» 6y/, then a; consists of n X m Dirac masses

1
ap = ﬁ ) (Sp[(x‘./y].).
L]
If 1 = (Id, T)sa is a Brenier-type coupling, then a; = ((1 — t)Id + tT)ya is the so-called McCann OT
interpolation.

product pairing OT pairing curved bridge
o ° ¢ °- o —— s L = e
? < “o® ? °® } — °®
G = e
L] L J L]
L ° ° o — ® [ ——
M e o".o * /o'..o . ,——’o'..o
o o2 R — o ol

Figure 14.1: Flow matching interpolants between the same empirical source and target measures. A
product-style random pairing produces crossing paths, an OT pairing gives direct displacement rays, and a
curved bridge changes the path geometry while keeping the same endpoints. Gray arrows mark
representative midpoint velocities d; P;.

Flow matching formula. This interpolation is not directly useful for sampling from §, but it can be used
to define a flow field v; so that the Eulerian advection equation (12.2) holds. This flow field is computed
by solving an unconstrained least-squares problem, or equivalently, it is a conditional expectation.

Proposition 14.2 (Flow matching vector field). For each fixed t, assume d;P; € L?(r;; R?). The solution of the
flow-matching problem over measurable fields vy : R — R?

min / Jor(Py()) - [3: Py 1) dreCa). (14.2)
Ut R

Equivalently, the minimizer is characterized a;-almost everywhere by the conditional expectation
01(2) = Eyr (19:P2]() | 2 = Pr(). (14.3)
Then the pair (o, vy ) satisfies the continuity equation (12.2).

Proof. We first recall the two equivalent ways of writing the interpolated measure. Formally, one may
write

) = [ otz =Pl dn),

while the rigorous meaning is that, for every smooth test function ¢,

[ o = [ e dn (14.4
R4 R4

The minimizer in (14.2) is the orthogonal projection in L?(r; RY) of the latent velocity d;P;(u) onto the
closed subspace of functions that depend on u only through P;(u). This projection is the conditional
expectation (14.3). Formally, this can be read as

vi(2) = 6(z = P(u))[9¢Pt](u) dm(u),

1
¢ (Z) R

and rigorously it means that, for every smooth test vector field m,

/ (m(z), v1(2) dar(z) = / (m(Pr(0)), [9:P;1(w)) dre(u). (145)
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We now prove that this field transports the curve (a;);. The weak form of d;a; + div(a;v;) = 0 is that,
for every smooth scalar test function ¢,

% p(z)das(z) - /(vt(z), Vo(z))dai(z) = 0. (14.6)

Using (14.4) and differentiating under the integral sign gives
d
[ e = [y, Drwpdn) (147)

On the other hand, applying (14.5) with m = V¢ gives

/ (01(2), Vo(2)) das(z) = / (Vo (Py(w)), [3P/)(w))drw). (14.8)

Comparing (14.7) and (14.8) yields (14.6), which is the desired continuity equation. o

The conditional expectation in (14.3) has a simple measure-theoretic meaning. Let a; = (P;)y7 and
define the vector-valued measure m; on R? by

/ W(z), dmy(2)) = / WP (), [Py 1(w)dre(ar)
R4 R

for every bounded continuous vector field ¢. Since a;(A) = 0 implies 7t(P; 1(A)) = 0, one has m; < ay.
The Radon-Nikodym decomposition of m; with respect to a; is therefore

_ dmt

dmy(z) = vi(z)dar(z), o=

In the language of Lebesgue decomposition, the flux measure m; has only an absolutely continuous part
with respect to ¢ and no singular part; the conditional expectation is precisely this density. Equivalently,
disintegrating © with respect to the map P; gives nt(du) = m; . (du)a;(dz), where 7 , is supported on
the fiber {u : P;(u) = z}, and

on(z) = /{ L

Thus the solution of (14.2) is the conditional expectation of the velocities d; P;: intuitively, v¢(z) is the
average velocity of all trajectories passing through z. Numerically, (x, t) — v;(x) can be parameterized
by a neural network (e.g., a U-Net for vision tasks) and estimated using stochastic gradient descent on
the objective in (14.2).

Algorithm 14.1 Flow matching regression and sampling

Input: Interpolant P;(u), training source u ~ m, parametrized field vg(f, z), training steps N.
Output: Learned sampler Xy — Xj.
Training:
Forg=1,...,N do:
Draw t; ~ Unif(0, 1) and u,; ~ 7.
Set Zq = Ptq(lxlq) and wq = atPt(Mq)ltth.
Update 0 by one stochastic-gradient step on [vg(t;, z5) — wy 2.

Sampling;:
Draw X ~ ap.
Integrate X; = vg(t, X}), t €0,1]. Return Xj.

For the exact field v;, integrating the ODE x = v;(x) defines a transport map T;. If v; is regular enough,
or more generally if the continuity equation has a unique solution for this velocity, then (Tt)uao = ay.
Thus the same interpolation as (14.1) is represented by a deterministic flow rather than by the original
coupling. The sampling procedure consists in first drawing Xy ~ @, and then integrating the ODE
X; = vi(Xy) starting with X;—g = Xp. In the ideal exact-field limit, the resulting X;-; is distributed
according to a1 = .
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Connection with diffusion models. In the special case where P:(x,y) = (1 — t)x + ty is a linear
interpolation and 7 = a ® 8, the curve a; is a convolution of rescaled versions of g and a;. The
flow-matching problem (14.2) becomes

min [ (= 0+ 1) = (y = D o) ().
@)t JRIxR?

When one endpoint is an isotropic Gaussian, this construction is closely related to the probability-
flow formulation of diffusion models, up to the usual change of time parametrization [215]. This is
why flow matching can be viewed both as a deterministic alternative to diffusion training and as a
common language for diffusion paths, OT-inspired paths, and rectified paths [147, 148, 2]. The next two
propositions are written in the noising direction, from a data law a to a Gaussian; reversing time gives
the corresponding sampling flow. They also give an explicit closed form for v; and show that it is a
gradient field. In this setting, v; is also the solution of the constrained least-squares problem (12.7). The
regression (14.2) is computationally simpler because the continuity equation has already been enforced
by the chosen interpolant. To prove this, we rely on Tweedie’s formula, which expresses the optimal
Gaussian denoiser through the score, i.e. the gradient of the log-density.

Proposition 14.3 (Tweedie identity). Let W be a random vector in R? with density . For o > 0, observe
Z = W+oe, wheree~ N(0,1y)is independent of W.

Denote by
Bo = B*N(0,0%l4)
the density of Z. Then

E[W[Z=z] =2z + 02Vlogps(z)  forallz e R%.

B(w) ps(z — w)

with @, the N(0, 621
Bo(2) ¢ 0,5%a)

Proof. Bayes’ rule gives the conditional density pwz(w | z) =
density. Hence

EW|Z=2z]= ﬁg()/ w B(w) ps(z — w) dw.

Differentiating the Gaussian convolution under the integral sign and using V.¢,(z - w) = —072(z —
w) sz — w) yields

V.Ba(z) = / B) Vopo(z — w)dw = ~07%(z ~E[W | Z = 2] o (2).
Rearranging finishes the proof. m|

Proposition 14.4 (Gaussian-endpoint flow-matching field). Let X ~ a and Y ~ N(0, I;) be independent.
Fort € (0,1) set
= 1-6)X+tY, ay = Law(Zy).

The regression minimizer v* : R? x (0,1) — R of

1
n’;}in /0 .//Rdedh/ —x-ov((1-t)x+ty, 1E)|2 da(x)dN(y)dt

1 t d
-7 X — 1—_tV10gat(x) (x eR%, te(0,1)).

In particular, for each t € (0, 1) this field is a gradient field,

v*(x,t) = —

|- 1 t
*(. = —
v*(-, 1) V(Z(l—t)+1—t10gat .

Proof. Fix t € (0,1) and write W = (1 - )X, 0 = t, so that Z; = W + 0¥ matches the setting of
Proposition 14.3. Conditional expectations satisfy v*(z,t) = E[Y - X | Z; = z] = % E[Z; —W | Z; =z] -
ﬁ E[W | Z; = z]. Applying Proposition 14.3 to E[W | Z; = z] and noting E[Y | Z; = z] = —t Vlog a;(z)
gives the claimed formula. O
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Figure 14.2: One-dimensional diffusion bridge for a Gaussian-mixture data law. The forward path

Zt = (1 -t)X +tY smooths the red data density toward a blue Gaussian endpoint. Reversing the
probability-flow ODE transports a denser set of blue noise samples back toward the data modes, making the
splitting of trajectories across mixture components visible.

The same probability-flow intuition is visible in two dimensions. For a discrete data law, or more
generally for a Gaussian mixture, the noising density is a Gaussian mixture whose score can be evaluated
explicitly. This makes it possible to draw backward trajectories without training a neural network. In the
plots below, the Gaussian endpoint has covariance 62Id to keep the geometry visible at the scale of the
three atoms. For a scalar noising schedule Z; = a; X + b;Y, the intermediate law has component centers
atcj and covariance (b0)*1d. For the linear bridge, p;(z) = 2 wiN((1 - t)cj, (to)*1d), with s; = Vlogpy,
and the scaled version of Proposition 14.4 gives v;(z) = —(z + ta2s4(z)) /(1 — t).

Algorithm 14.2 Exact probability-flow sampling for a Gaussian mixture

Input: Gaussian-mixture data law, schedule (a;, b;), noise level o, number of samples R.
Output: Backward samples (Zg)),.
Define the noising variable: Z; = a; X + b;Y, Y ~ N(0, 6%1d).
Compute closed-form mixture density p; and score s; = Vlog p;.
’ 11,2

Set probability-flow velocity: v;(z) = Z—fz + (% - b;bt) 0%s1(2).
Forr=1,...,R do:

Draw Zgr) from the Gaussian endpoint.

Integrate Z'Er) = vt(Zgr)) backward fromt =1tot =0.

Return (Z(()r))r.

When is the induced map optimal? Integrating the learned velocity gives a deterministic map from
ag to a1, but this map is not automatically the Brenier optimal map. It is optimal only in special cases
where the accumulated flow remains the gradient of a convex potential. The Gaussian product-coupling
case already shows the precise obstruction: the interpolated covariances are simple, the velocity is affine,
but the terminal map can contain a hidden rotational part. This phenomenon, and its extensions to
rectified flows and mixtures, is analyzed in depth in [121].

Proposition 14.5 (Gaussian flow matching and optimality). Let Yo, X1 > 0 and let Xo ~ N(0, Xo) and
X1 ~ N(0, Xq) be independent. Consider the linear flow-matching interpolation

Zt = (1 - t)XO + tXl/ ay = LaW(Zt) = N(O/ Z“l‘)/

where
Y = (1- 1) + 2% (14.9)
Then the exact flow-matching velocity is affine, v;(z) = Az, with
A= (5 - (1 - t)Zo) ;. (14.10)

The induced flow map T from ag to ay is

~1/2. (14.11)

e 12\ 12
T = 52 ((1- 021 + 2 e w2
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linear bridge, a; =1—1t,by =t

OU/variance-preserving bridge, a; = cos(mtt/2), by = sin(ntt/2)

: .@0@

Figure 14.3: Two-dimensional noising paths from three Dirac masses to a single Gaussian. The top row shows
the linear interpolation Z; = (1 — )X + tY, whose component centers move linearly toward the origin and
whose covariance grows like (ta)zld. The bottom row uses the variance-preserving Ornstein—Uhlenbeck
coefficients a; = e~7 and by = V1 — ¢~27, reparametrized by 7 = — log cos(7tt/2) so that a; = cos(nt/2) and
by = sin(mtt/2). It has the same endpoints but a different speed of contraction and noising.

In particular,

TRM = 2(1)/2(251/221261/2)1/2281/2' (14.12)
This terminal map coincides with the quadratic optimal transport map
OT _ v—1/2/¢1/2 1/2\1/2-1/2
T =5,77(2, " L1,)) 7 g, (14.13)

if and only if XoXq = X1 Xo.
Proof. The conditional-expectation formula gives
0i(z) = E[X1 - Xo | Z¢ = z].
Since all variables are jointly Gaussian, this conditional expectation is linear and
v¢(z) = Cov(Xy — Xo, Zt) Cov(Zy) 'z = (tZ1 — (1 - )Z0) I} 'z,
which proves (14.10). To solve the characteristic equation, whiten the source by setting

-1/2

2z,

c=x""m5'?,  Z=x
In these coordinates the source covariance is Id and
Y = (1-t)2d + t2C.

Because Id and C commute, the affine flow map in whitened coordinates is simply T, = i:/ %, Indeed,

d =12 =-1/2
az/ = (tC-(1-1)1d)Z, 7,

which is exactly the equation Ty = A;T; with Ty = Id. Returning to the original coordinates gives (14.11),
and t = 1 gives (14.12).

Both TlFM and T°T push N(0, Zy) to N(0, Z1). The Brenier map between nondegenerate Gaussians is
the unique symmetric positive definite linear map with this property. Hence T/™ = TOT if and only
if TlFM is symmetric positive definite. The map TlFM is similar to C1/2, so if it is symmetric then it is
automatically positive definite. It remains to characterize symmetry. Since C'/2 is symmetric positive
definite,

(TlFM)T — 281/2C1/2):(1)/2.

Thus symmetry of T is equivalent to ZoC/? = C1/25, hence to £oC = C¥ by functional calculus.

Multiplying this identity on the left and right by Z(l)/ z gives XoXi = L1Xp. Conversely, if £y and X4
commute, they are orthogonally co-diagonalizable, and both (14.12) and (14.13) reduce in that basis to
the diagonal map with entries 4/A; x/Ag . This proves the equivalence. m|

The proposition gives a compact warning about a common overinterpretation of flow matching.
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Remark 14.6 (Changing the bridge speed does not restore optimality). The same terminal map (14.12) is
obtained for any scalar schedule Z; = a;X + b;X; with the same endpoints, because after whitening the
covariance path remains afld + bt2C. Thus changing the speed of a scalar Gaussian bridge, for instance by using
an OU schedule, cannot repair the non-optimality created by non-commuting covariances.

Commuting covariances reduce the terminal map to independent one-dimensional scalings, whereas non-
commuting covariances create a non-symmetric affine map, hence a transport with a rotational or shearing
component. More generally, mixture-like paths can create the same obstruction even when every instantaneous
velocity looks natural. This distinction is closely related to counterexamples showing that flow maps associated
with Fokker-Planck or diffusion-type evolutions do not in general provide optimal transport maps [138]. In
particular, starting from an isotropic Gaussian does not by itself guarantee optimality once the target distribution
is non-Gaussian; additional structural assumptions on the path or on the coupling are needed.

Variations on the interpolant. The geometry of the generated trajectories depends on the chosen
interpolant, not only on the two endpoint laws. There is first a harmless ambiguity: a monotone
reparametrization Z; = (1 — A(#))X + A(#)Y of the linear bridge only changes the speed of the flow,

vi(z) = A'(t) v;ig)(z), o) = E[Y =X | (1 -r)X +rY =z].

It therefore leaves the spatial integral curves unchanged. Diffusion models use a genuinely different
family of noising paths. If

Zi=am X +bY, Y ~N(0,0%d),

then both the mixture centers and the component variances are changed. Writing p; for the density of
Zy and s; = Vlog p;, Tweedie’s formula gives, away from times where a; = 0,

— A/ — ’ _ _ a; a;btz ’ 2
vi(z) =a;E[X | Zy = z] + biE[Y | Zy = 2] = a—tz + o biby | 075¢(2).

For the linear bridge, a; = 1 — ¢ and b; = t, this recovers the formula above. For the variance-preserving
Ornstein—Uhlenbeck noising used in diffusion models,

ar=e’", by = V1 —e27,

one obtains the forward probability-flow velocity v.(z) = —z — 02V log p-(z). Sampling follows the
reverse field z + 02V log p-(z) as T decreases. This is the noising law used in the left panel of Figure 14.4;
the trajectories are more curved than for the linear bridge because the centers and variances evolve
according to the OU/Fokker-Planck scaling rather than by affine interpolation. Numerically, the
integration is stopped at a small positive time before the Dirac endpoint, where the score becomes
singular.

The finite-time coefficients a; = cos(mtt/2) and b; = sin(mt/2) are not a new spatial interpolant: they
are exactly the OU coefficients after the time change 7 = —log cos(nt/2). Figure 14.5 therefore compares
OU with a genuinely different scalar bridge,

ap=(1-1t)(1-21), by =t,

whose data coefficient changes sign before vanishing. This overshooting bridge is mainly a diagnostic
example: it keeps the same endpoints, but its intermediate mixture reflects through the origin and
produces visibly different reverse trajectories.
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diffusion-like trajectories OT displacement rays

Figure 14.4: Diffusion-style sampling trajectories compared with OT rays in the three-Dirac setting of

Figure 14.3. Red particles are sampled from the centered Gaussian endpoint and transported toward the three
blue atoms. The left panel integrates the reverse probability-flow ODE for the variance-preserving OU noising
ar = e~ %, by = V1 — 727, using the closed-form Gaussian-mixture score and stopping just before the singular
Dirac endpoint. The right panel uses the straight displacement rays selected by a quadratic OT matching to
the same atoms.

linear bridge OU VP bridge overshooting bridge

.K_ .R ’

Figure 14.5: Effect of the interpolant on the exact reverse flow for the same three-Dirac target and the same
Gaussian endpoint. The linear bridge a; = 1 —t, by = t produces almost radial curves. The

variance-preserving OU bridge a; = ™%, by = V1 — =27 changes the relative speed of contraction and
noising. The overshooting bridge a; = (1 —t)(1 — 2¢), by =t is not a time reparameterization of either one and
produces a more pronounced bending of the reverse trajectories.

14.2 One-Step Generative Models

One-step generative models try to keep the geometric training principle of flows while removing the
expensive multi-step integration at sampling time. The idea is to evolve the model distribution during
training, but to store the final evolution in a single generator evaluation.

Training a one-step flow. Let C be a simple latent distribution and let ag = (Gg)yC be the model
distribution. Assume that the target data distribution is . A Wasserstein-flow construction chooses a
discrepancy

&pla),
for instance a smoothed KL(a|8), an MMD/IPM loss, or the debiased Sinkhorn divergence £¢(a, f)
introduced in Section 7.8. The associated formal descent is

It + div(pewy) =0, wi(x) = =VoaEp(pe)(x). (14.14)

Instead of integrating (14.14) at inference time, one fits a parametric residual field U, along the current
model distribution:

1
min [ [ Wt 0 = w0 dpue) (14.15)

In a particle or generator implementation, the learned residual is then used to update the current
generator by

a} = (Id + U, )gae, or equivalently G (2) = Go(z) + tU,(Go(2)).
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Algorithm 14.3 One-step Wasserstein-flow generator update

Input: Generator Gg,, latent law (, data law 8, numerical descent-field oracle W, step size 7, batch size
B.

Output: Updated generator G, ;.

Draw z, ~ Cforb=1,...,B.

Set xp = ng(Zb).

Set wi(x) = Wg[ag, [(x), where Wy[a] = —=V0,Ep(a).

Set 1 by minimizing the empirical least-squares loss: % 2521 U, (xp) = wi(xp)]?.

Update by composition: Gg,,,(z) = Gg,(z) + U, (Gg,(2)). Return Gg,,, .

After many training updates, the accumulated generator is evaluated once at test time. This is the
organizing principle behind recent one-step methods based on Wasserstein gradient flows: W-Flow uses
such a construction with the Sinkhorn divergence as a tractable global discrepancy [117], while drifting
methods evolve the generated distribution during training through a fitted vector field and also admit
one-step inference [78]. The gradient-flow interpretation of drifting models, and its relation to KL, MMD,
sliced-Wasserstein and Sinkhorn-type discrepancies, is analyzed in [113, 120]. These ideas are also
connected to the Sinkhorn-type normalization dynamics used to model attention in Sinkformers [201].

Self-corrected drifting fields. Drifting methods need not start from an exact Wasserstein gradient.
They often prescribe an attraction-minus-repulsion field and then regress this field in L*(u;). A simple
continuous version uses a positive kernel K.(x, y) and defines, for any measure v,

[(y = x)Ke(x, y) dv(y)
[Kee,y)dv(y)

For the Gaussian kernel K.(x, y) = exp(—|x — y|*/(2¢)), this normalized field is a score of a smoothed
density:

Be[v](x) = (14.16)

B:[v](x) = eVlog(/ Ke(x,y) dv(y)) . (14.17)
The drifting velocity is then

[ Ke(x,y)dB(y)
[ Ke(x, y)duey)

The first term pulls samples toward data, while the second term corrects self-attraction and prevents
all particles from collapsing onto the same high-density region. Sinkhorn drifting replaces these
one-sided kernel normalizations by two-sided entropic OT couplings, so that the cross and self terms
are normalized by Sinkhorn scaling rather than by a single denominator [120].

ui(x) = B[B1(x)  Belpr1(x) = £V log (14.18)

Algorithm 14.4 Self-corrected drifting particle update

Input: Particles xf.‘ for uy, data samples (yb)fz1 from f, kernel scale ¢, step h.

k+1
PR

Output: Updated particles x
For each particle 7 do:
Set Zs,; = 25:1 Kg(xf.‘, yp) and bf.‘ = Zﬁ‘ll Zgzl(yb - xf.‘)Kg(xff, Yp)-
SetZ,,; = 7:1 Ks(xllf,x;.‘) and mlk = Z;ll Z?zl(x;.‘ - xf)Kg(xf.‘, x;.‘).
Set uf = bf,‘ - mf‘

Update x**! = xk + huf.

k+1)i-

Return (x;

Proposition 14.7 (Drifting as a time-dependent Wasserstein gradient). Let u; be a smooth curve of positive
densities and let uy = Vo be a smooth time-dependent gradient field. Define the semi-relaxed functional

Rialue) =~ [ o daco + [ g0 dut) (14.19)
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Figure 14.6: Drifting trajectories for a small particle generator. The raw Laplacian-kernel drift has weak
long-range attraction and can leave particles away from the data modes. The self-corrected field uses the
difference B¢[B] — B¢[u¢], so a longer integration brings particles to the blue modes while repelling them from
their own current concentration.

Here p; and @y are frozen when taking the first variation with respect to the first arqument a.. Then the continuity
equation

Orpy + div(psus) = 0
is the formal Wasserstein gradient descent of the time-dependent functional o — Ry(ct|ue).

Proof. Since p; and ¢; are fixed in the variation with respect to «, the first variation is

daRe(a|ur)(x) = =i (x).

By Proposition 13.2,
V(WRt(a“li‘) = VéaRt(lelut) = —vq)t = —ut'

The Wasserstein gradient-descent velocity is the negative of this gradient, namely u;. Substituting this
velocity in the continuity equation gives the claimed flow. m]

Example 14.8 (Kernel drifting as a semi-relaxed divergence). For the Gaussian-kernel drift (14.18), set

J Kelx, ) dB(y)
t(x) = elog .
[ Ke(x,y)due(y)
Then u; = Vg, so Proposition 14.7 shows that kernel drifting is the Wasserstein gradient descent of
[ Ke(x,y)due(y)

R?riﬂ(lﬂ‘ut) =¢ / log da(x) + constant.

[ Ke(x, ) dB(y)

It is “semi-relaxed” because the current model y; is used to build the potential, but it is not varied inside the
denominator when computing the first variation in a.

Remark 14.9 (General fields and projection onto gradients). A general regressed field b; is not necessarily a
Wasserstein gradient, since Wasserstein tangent vectors are represented by gradient fields modulo L?(y;)-null
directions. The gradient component is obtained by the weighted projection

Vi = argmin [ 1V9(x) - bi (0P du (o).
Vo

One may first normalize b; pointwise, for instance by b /(||b¢| + 1), or globally by ||b¢| L2(w) before this projection.
Proposition 14.7 then applies to the projected field. Non-gradient components can still be useful in a parametric
model, but they are not descent directions of a scalar functional for the W, Riemannian metric.
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14.3 Evolution in Depth of Transformers

Deep residual architectures can be read as time discretizations of ODEs or PDEs. For transformers,
the transported objects are token measures and the velocity is induced by attention.

Transformers were introduced as sequence-to-sequence architectures driven by self-attention [223]
and have since become a central architecture for language and vision models [45, 81]. Their distinctive
feature is that each token is updated by a data-dependent average of all other tokens. This makes an
attention layer permutation-equivariant before positional encoding, context dependent after conditioning
on the input sequence, and naturally compatible with a measure viewpoint in which a prompt is regarded
as an empirical distribution of tokens.

The mathematical limit used below concerns depth rather than model scale: one lets the number of
residual attention layers grow while each layer makes a small update, as in continuous-depth neural
networks [58]. For attention, the resulting velocity is nonlinear in the current token law because it is
normalized by the whole context. This measure-theoretic view appears in the analysis of attention
as a Lipschitz or interacting-particle operator [230, 106], in the Sinkhorn-normalized dynamics of
Sinkformers [201], and in recent well-posedness and mean-field-limit results for several attention
mechanisms [54]. It also separates the infinite-depth limit studied here from the token-limit question,
where one controls how a finite empirical context approximates its limiting attention operator [36].

We now consider very deep transformers, focusing on a single-head attention mechanism for
simplicity while ignoring MLP layers, layer normalization, causality, and masking. This stripped-down
framework is best suited to modeling encoders and vision transformers; the references above indicate
which parts of this simplified picture extend to richer attention mechanisms.

Attention as a context-dependent velocity. After tokenization, embedding, and positional encoding,
each input (from a set of tokens) is represented as a point cloud (x;)!_, of n points in the space of
vectorized tokens. An attention layer with skip connection and rescaling by 1/T (where T is the depth)
defines a transformation of the tokens:

1 €<Qx"’Kxf>Vx]-

T L4y, @ik’
J

Xi— X; +

where 0 = (K, Q, V) are the parameters of the attention layer, represented by three matrices.

Token measure evolution. To handle an arbitrary number of tokens, we define a = % 2. Oy, as the
empirical measure of tokens and rewrite the transformer mapping as:

1
Xi X+ Tre[“](xi)/
where
[ e QxKNVy da(y)
/e<QX'KZ> da(z)

At the level of the token distribution, the layer pushes a forward by the “in-context” mapping I'g, [«],
which depends on the context ¢, the tokens, and the depth-dependent parameters 6;. Denoting ¢ € [0, 1]
as the depth and 7 = 1/T as the step size, this gives:

Tola](x) :=

@t = (Id + 1T, [Uft])ﬁat-
As 7 — 0, this converges formally to the conservation equation

8t0¢t + diV(OLtFQ, [at]) =0.

Gradient structure and limitations. When the token space has dimension d and the query/key space
has dimension 7, take Q, K € R™ and V € R™4_ If V = QTK, the field Tg[a] is a gradient vector field in
the token variable. Indeed, define the log-partition potential

a(x) = / exp((Qx, Kyda(y),  Ua(x) = log ®a(x).
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Algorithm 14.5 Residual attention depth evolution

n

Input: Tokens (x? " |, depth T, layer parameters (Qx, Kk, Vi)
Output: Final token measure ar.
Initialize: 0o = 1 Y1, 6,0, T=1/T.
Fork=0,...,T —1do: X
Fori=l,....n %(-)exp((Qkxl,‘,ka’.‘))kalf
r@k [ak]('x;{) = ]2]' exp((Qlkxl’.(,K]kx;-{)) :
B = K 1T, [ak](xF).

Set a1 = (Id + g [ak])sak.

Return ar.

Then
[ Q"Ky exp({(Qx, Ky))da(y) _

[ exp((Qx, Kz))da(z)

This is an instantaneous gradient in x. It is not, however, the gradient of the first variation of a fixed
functional of «, because the potential U, itself depends on the current measure through the same
attention normalization. Thus the PDE is generally a transportation dynamics, not a Wasserstein gradient
flow. Special variants recover additional structure: Sinkhorn attention can be interpreted through
doubly stochastic normalization and Wasserstein-type gradient flows [201, 54], while layer normalization
leads naturally to dynamics on the sphere and to modified metrics. The key open difficulty for the
present viewpoint is training: after the architecture has been rewritten as a controlled transport equation,
learning corresponds to optimizing the time-dependent parameters (6;); rather than merely analyzing
the forward PDE for fixed parameters.

Vila(x) = Tola](x).

14.4 Flows over the Gaussian Manifold

Gaussian measures provide a useful testing ground for the preceding dynamics. They are not
invariant under a general Wasserstein gradient flow: a nonlinear velocity usually creates non-Gaussian
densities immediately. The useful substitute is to either identify affine velocities, which exactly preserve
Gaussianity, or to project the dynamics onto the Gaussian manifold. In both cases the measure
PDE reduces to matrix ODEs for the mean and covariance. This viewpoint is emphasized in the
survey [181] and is useful for comparing diffusion paths, Wasserstein gradient flows, drifting fields and
transformer-type dynamics.

For constrained gradient flows on this family, the covariance equation is the finite-dimensional
Bures—Wasserstein gradient flow on positive definite matrices. Thus Gaussian closure is not just a
computational shortcut: it is the restriction of Wasserstein geometry to the Gaussian submanifold, where
affine gradient fields encode tangent vectors.

W, geodesic Sinkhorn closure drifting closure

Figure 14.7: Gaussian closures of transport dynamics between two overlapping anisotropic Gaussians. The left
panel is the exact W, Gaussian geodesic. The middle panel shows a regularized Sinkhorn-style closure, where
the same mean path is accompanied by inflated intermediate covariances. The right panel shows a
drifting-style closure with a curved mean path and moment-matched covariance ellipses. These
finite-dimensional pictures keep only means and covariances, and therefore discard higher-order shape
information that would be created by a genuinely nonlinear velocity field.
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Gaussianity preservation. The first question is invariance: one wants a simple criterion ensuring that
the continuity equation does not leave the finite-dimensional Gaussian family.

Proposition 14.10 (Affine velocities preserve Gaussianity). Let a; = N(my, X;), with X positive definite,
solve the continuity equation with an affine velocity

Ut(X) = bt + At(x - mt).
Then a; remains Gaussian and its moments solve
m; = by, Zt = ALy + ZtA;r

Conversely, any smooth Gaussian curve with positive definite covariance can be generated by such an affine velocity.
If one wants the velocity to be a Wasserstein tangent gradient, one chooses the unique symmetric solution of the
Lyapunov equation

Ay + XA = 2,}.

Proof. Let X; follow the characteristic ODE X; = by + Ai(X; — my). This linear ODE maps Gaussian
random variables to Gaussian random variables. Taking expectation gives m; = b;. Writing X; = X; —my,

one has X; = A;X;, hence

Zt = %E(Xfﬁt‘r) = AX; +ZtA;r.

For the converse, set b; = m; and choose any matrix A; satisfying the covariance equation. Since Xy is
positive definite, the Lyapunov map A +— AL; + XA is invertible on symmetric matrices, which gives
the unique symmetric choice when a gradient velocity is required. In that case v; is the gradient of the
quadratic potential x — (b;, x) + (As(x —m;), x —my)/2. m|

Constrained evolution on the Gaussian manifold. For non-affine velocities, the finite-dimensional
substitute is to project the Wasserstein dynamics onto the Gaussian manifold.
Let
G={Nm,X):meR? >0}

be the Gaussian submanifold of P»(R?). The Wasserstein gradient of a functional constrained to a
smooth submanifold M C P, is defined as the Riesz representative of the differential restricted to
tangent velocities of M. Equivalently, it is the small-step limit of the constrained JKO scheme

1
af*! € argmin — (Wg(a, ak) + f(a).
aeM 2t

For M = G, tangent velocities are affine gradient fields v(x) = b + A(x — m) with A = AT. The
constrained gradient is therefore the L%(N(m, £)) projection of the ambient Wasserstein gradient onto
this finite-dimensional affine space, whenever the ambient gradient exists.

Proposition 14.11 (Gaussian-constrained Wasserstein gradients). Let f be a smooth functional and assume
that its restriction to nondegenerate Gaussian measures can be written as

f(N(m, T)) = F(m, X).
Then the Wasserstein gradient constrained to the Gaussian family is the affine vector field
UF(x) = va(m/ Z‘) + ZVEF(III, Z)(X - m)/
where Vy F denotes the symmetric matrix derivative. Equivalently, vr is the L*(N (m, L)) projection of the ambient
Wasserstein gradient onto affine gradient fields, whenever the ambient gradient exists. Hence the gradient descent
flow constrained to Gaussian measures satisfies

my; = -V F(m, ), Yy = —2(Z;VeF(my, I¢) + Ve F(my, Z)Xy), (14.20)

and the descent velocity is affine.
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Proof. Test the functional along a Gaussian tangent vector, represented by an affine gradient field
v(x) =b+ A(x —m)
with A symmetric. The induced first-order variations are th = b and £ = AZ + EA. Therefore
dF(m, X)[b, AL + ZA] = (VmF, b) + tr(VEF(AZ + ZA)).

Since A, X and Vg F are symmetric, the second term equals
2tr(VegF AY) = /(2VZF(x —m), A(x — m))dN(m, Z)(x).
Together with the mean term, this gives
dF(m,X)[m, X] = /(vp(x), o(x))dN(m, Z)(x)

for all affine gradient fields v. This identifies the constrained Wasserstein gradient in the induced L?(«)
metric, or equivalently the projection of the ambient gradient when it exists. Substituting the descent
velocity —vr in Proposition 14.10 gives (14.20). o

This proposition should be read as the organizing rule for Gaussian closures: once the scalar energy
has been reduced to a function of (m, ), its constrained Wasserstein gradient is automatically affine
and the covariance follows the Bures-type ODE (14.20). When the first variation of f is quadratic, this
constrained gradient coincides with the full Wasserstein gradient.

Gaussian-preserving gradient flows. The next examples show that many familiar energies already
have affine Wasserstein gradients on Gaussian inputs, so their full flow remains inside the Gaussian
family.

Example 14.12 (Gaussian energies and affine gradients). Proposition 14.11 turns many standard energies into
explicit affine fields:

® Quadratic potential energy. If

fla) = /(%xTHx + (L, x))da(x), H=HT,

then
Vay f(a)(x) =Hx +{ =(Hm+ {) + H(x —m).
This is the Gaussian form of transport under a quadratic confinement.

* Quadratic interaction energy. If
1
fla) = 1 / (x —y)TG(x — y)da(x)da(y), G=GT,

then F(m, Z) = 1tr(GZ) and
Vay f(a)(x) = G(x —m).
The mean is unchanged and the covariance contracts or expands according to the signs of G.

* Relative entropy to a Gaussian. For @ = N(m, Z),
f(@) = KL(ala)

has
Vay f(a)(x) = £ m — ) + (71 - Z71)(x — m).

The descent equations are the Ornstein—Uhlenbeck moment equations
my = —i_l(mt —m), )':t =2Id - 2_1Zt - Zti_l.
® Squared Wasserstein distance to a Gaussian. For

fla)= 3 Wie,®),  &=NmE),
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the Gaussian Brenier map Ty 3 is affine,
Tosa(x) =m+M(x—m), M =x VEl/2gxl/2)1/25-1/2,
Hence
Vay f(@)(x) = x = Taa(x) = (m —m) + (Id = M)(x —m),
and descent moves each Gaussian infinitesimally along the Bures—Wasserstein geodesic toward a.

® Gaussian-only losses. Sliced SW% losses to a Gaussian, Gaussian Sinkhorn divergences, and any smooth

closed formula depending only on (m, X) fit the same constrained-gradient template:
vg(x) = VinF + 2Vg F(x — m).

For Gaussian Sinkhorn divergences this finite-dimensional flow is studied in [119].

Not every PDE preserves Gaussianity exactly. For instance, Wasserstein flows of relative Fisher information,
related to quantum-drift or higher-order diffusion equations, typically require a Gaussian projection to close
on (m, X). Such projected closures are still useful: they expose the finite-dimensional dynamics predicted by a
variational model and make it easy to compare variational flows with non-variational affine dynamics such as
drifting fields or the Gaussian transformer closure below.

Proposition 14.13 (Centered Gaussian covariance catalogue). Let y = N(0,Id) and let yu; = N(0, C;) with
Ct > 0. For the normalizations displayed below, the Wasserstein descent constrained to the centered Gaussian
manifold satisfies C; = h(C;), with
KL(uly) : h(C)=2(Id-0C),
3Luly) = (O =2CT-0),
Wi y) : h(C)=4(C"*-0),
MMD;(w,y),  k(x,y) =(x, y)* + h(C)=8(C-C?,
&2 12 2 &2 12 £
Se(u,y) : h(C)=4 (c + EIcl) _2 (c + EId) —2C - £1d,
SWi(,y) @ h(C)=V(C)C+CV(C),

where S, is the debiased Sinkhorn divergence for the quadratic cost | x — y|* and KL reqularization strength ¢, and

1 T
V(C)_2/SH( eTce_l) 067 do(6)

for the normalized spherical measure . Here

I(MIV)=/IVlogp(x)+x|2p(x)dx (u = pdx).

Thus the unhalved Fisher divergence has right-hand side 4(C~ — C). Multiplying any of these energies by a
constant simply rescales the corresponding right-hand side.

Proof. Each row is obtained by identifying the affine descent velocity v(x) = Mcx generated by the
corresponding Gaussian-constrained calculation and then applying Proposition 14.10, which gives
C = McC + CM/. For KL(:|y), the Fokker-Planck velocity is (C ~1 _Id)x, hence C = 2(Id — C). For the

Fisher row, the restriction of %I to centered Gaussians is
1 -1
. (tr(C) +tr(Ch) - Zd) .

Using Proposition 14.11 gives the descent velocity (C~2 — Id)x, hence C = 2(C~! — C). This row should
be read as a Gaussian projected closure of the fourth-order Fisher flow.

For ‘W3(-, 7), the Brenier map from N(0, C) to y is C"/2x, so the descent velocity for the unhalved
squared distance is 2(C~/2 —1d)x, giving 4(C/? — C). For the polynomial MMD row, centered Gaussians
satisfy MMD%([J, y)=|C - Id"% ; the first variation is quadratic and its descent velocity is 4(Id — C)x,
giving 8(C — C?).
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Gaussian Sinkhorn dual potentials are quadratic, so the velocity is again linear; differentiating
the closed Gaussian formula yields the displayed spectral expression. The square roots are spectral
functions of C, hence commute with C, which is why the covariance ODE closes as a matrix function
of C alone. For sliced Wasserstein, each one-dimensional projection is a Gaussian transport with
velocity 2((6TCO)™1/2 — 1)(0, x)0; averaging these velocities over S*~! gives v(x) = V(C)x and thus
C=V(C)C+CV(C). O

Example 14.14 (Linear mean-field networks as cross-moment flows). In the two-layer model above, take the
linear activation o(s) = s, so that

Y((u,v),z) =v{u, z).

The predictor is the linear map

Ga,(2) = Qiz, Qt=/vquat(u,v)€Rd/Xd.

Thus the energy depends on the neuron law only through the cross moment Q¢, a subblock of the raw second
moment of x = (1, v). For square loss, set

S = / zz"dp(z,y), R = / yz'dp(z,y), H; = Q:S—R.

The first variation is
5f(ar)(u,0) = (Hy, vu™) = 0" Hyu.

Hence the particle velocity in parameter space is linear:

et =={i, )

Therefore a Gaussian law of neurons remains Gaussian. Its mean and covariance follow Proposition 14.10,
with a matrix depending only on the current cross moment Q¢, a raw second-moment subblock that becomes a
covariance subblock when the neuron law is centered. This exact closure is special to the linear activation; for
nonlinear activations, Gaussian closures are usually projections rather than invariant families.

Non-variational Gaussian-preserving flows. The last examples are not ordinary gradient flows of a
fixed scalar energy on the full Wasserstein space. They preserve Gaussianity because the prescribed
velocity field is affine when evaluated on Gaussian measures.

Example 14.15 (Flow matching and diffusion paths between Gaussians). Consider a prescribed Gaussian
interpolation o = N'(m¢, Z;). Proposition 14.10 shows that an exact flow-matching velocity can be taken affine:

Ut(x) =my + At(x — mt), AtZt + EtAt = Zt.

In the isotropic case Xt = stzld, this reduces to the transparent formula
. $¢
vt(x) = iy + ;(X —my).

For instance, the diffusion noising path
Xt =4 Xog+ 012, Z~N(0,Id),

hasm; = a;mgp and Xy = a%):o + GtZId. Thus, in the Gaussian case, diffusion paths and flow-matching paths
reduce to the same mean-covariance bookkeeping, although the corresponding training objectives are different.

Example 14.16 (Gaussian kernel drifting). Let the target be § = N(th, L) and assume y; = N(my, Xt). For the
Gaussian kernel

Ke(x,y) = exp(=Ix - yI?/(2¢)),
the normalized field (14.16) satisfies

Belutl(x) = —e(Z¢ + eld) ™1 (x — my).
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Thus the drifting velocity (14.18) is affine and preserves Gaussianity. With
Ar=Ei+eld)™!,  A=E+ed)

the ODE is . . . .
m; = cA(m — my), X = S((At - ALt + X (Ar — A))

This finite-dimensional model explains the stabilizing role of the self-normalized repulsion term in drifting:
without it, the covariance equation loses the A;X; + X;A; contribution.

Example 14.17 (Gaussian closure of attention dynamics). For the transformer PDE, assume a = N(m, ). Since

exponential tilting preserves Gaussianity,

f 2{Qx,Ky) yda(y)
= ZKTQx.
fe<Qx'KZ> da(z) m* Qx

Therefore
Tgla](x) = Vm + VEKT Qx

is affine. The Gaussian token law is preserved and satisfies
iy = (Vi + ViZ¢K[ Qp)my, X = BiZ + LB/, Bt = Vi%iK[ Qt.

When V; = Q/ K}, the matrix By = Q K¢ LK [T Q; is symmetric positive semidefinite, matching the gradient-field
case mentioned above. This closure is not a convergence theorem for trained transformers. It is instead a tractable
model of how attention can shear, amplify or contract a cloud of tokens through its covariance.

Contractive Gaussian projection. The preceding examples show when Gaussianity is preserved or
imposed by projection. Gelbrich’s inequality [102] gives a useful variational explanation: replacing a
measure by the Gaussian with the same first two moments cannot increase its Wasserstein distance to
another similarly projected measure.

Theorem 14.18 (Gelbrich theorem). For u € Po(R?), let
Ru = N(my, Z,)
be the Gaussian with the same mean and covariance as (. Then
W3Ry, Rv) = |m,, —m, |* + BA(Z,, I,) < W3, v).

Proof. Take any coupling (X, Y) of u and v, center the variables, and write C = E[(X —m,)(Y —m,)"]. In

1/2 ,<1/2

the positive definite case, positivity of the block covariance matrix implies the factorization C = £,/°KE,

with [K[op < 1, and therefore, by operator /nuclear norm duality,

trC < tr ((z}/ szzi/z)m) .

The semidefinite case follows by adding nld to both covariance matrices and letting 1 | 0. Expanding
E|X - Y|? gives the lower bound

E|IX - Y”2 > "my —m, "2 + 82(2511 ).

Taking the infimum over couplings proves the inequality, while equality for Gaussian laws is Proposi-
tion 2.39. O

The following preservation criterion is a direct consequence of Gelbrich’s theorem and was explained
to us by Hugo Lavenant. It says that a functional which does not increase under moment-matched
Gaussian projection admits Gaussian minimizing movements from Gaussian initial data.

Theorem 14.19 (Hugo Lavenant Gaussian-preservation criterion). Let F : P(RY) — (—00, +0] satisfy

F(Rp) < F(u)  Yu e PaRY),
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with R defined in Theorem 14.18. If y is Gaussian and v minimizes the [KO step

1
0 )+ 5 Wiy, ),

then Rv is also a minimizer. If the [KO minimizer is unique, it is Gaussian. Thus any unique Wasserstein gradient
flow obtained as the limit of this [KO scheme preserves Gaussian initial data.

Proof. For the JKO claim, Ry = y because y is Gaussian. Hence, for any competitor 7,
1 1
F(Rn) + 5= Wi(y, Rn) < F() + — Wiy, ).
2T 27
Applying this to a minimizer n = v shows that Rv is again a minimizer. Uniqueness forces v = Rv. O

Remark 14.20 (Gaussian barycenters from contraction). The same projection argument also explains why
quadratic Wasserstein barycenters of Gaussian measures are Gaussian. If §s are Gaussian and

F(u) = > As Wh(u, Bs),

then Rps = Bs, and Theorem 14.18 gives F(Ru) < F(u). Thus the moment-matched Gaussian projection of any
barycenter is again a barycenter; when the barycenter is unique, it must itself be Gaussian. This is the contraction
viewpoint behind Corollary 10.9.
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Conclusion

Optimal transport is useful because it keeps several viewpoints active at once. It is a linear program
over couplings, a duality theory for potentials, a geometry on probability measures, a source of PDEs
and gradient flows, and a computational toolbox built around linear programming, Sinkhorn scaling and
low-dimensional projections. These viewpoints reinforce each other: Brenier maps explain geodesics,
geodesic convexity explains convergence of flows, entropic regularization turns transport into scalable
differentiable losses, and dual norms or sliced variants reveal what is gained and lost when OT is
simplified.

For machine learning, this interplay is especially stimulating. Modern generative modeling, diffusion
and flow matching, inverse problems, robust optimization, and even continuous-depth views of
transformers all ask for ways to move, compare or learn distributions in high dimension. These
applications do not merely consume existing OT theory; they create difficult mathematical questions
because empirical measures are singular, dimensions are large, models are parametrized and non-convex,
and computational approximations are inseparable from statistical error. The strength of OT is precisely
that it gives a common language for these tensions, while still leaving enough open structure for new
mathematics to be needed.
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APPENDIX A

Notation Table

This appendix collects the main notation used throughout the book. The last column points to the
first section, equation, definition, proposition or theorem where the notation is defined or first used in a

mathematically meaningful way.

Notation Meaning First reference

Ambient spaces, measures and elementary objects

R? Euclidean ambient space. Section 2.1

XY Source and target spaces. Eq. (2.5)

M(X) Finite signed Radon measures on X. Section 2.1

Mi(X), M}r(X ) Positive finite measures and probability measures. Section 2.1

P(X), Pp(X) Probability measures, with finite p-moment for #,. Section 3.3

X Probability simplex of histograms of length 7. Definition 2.1

Ox Dirac mass at x. Definition 2.2

a, B,y Source, target and auxiliary probability measures. Eq. (2.5)

Pa Density of a with respect to a reference measure.  Definition 2.5

da,dx Integration against a and against Lebesgue Section 2.1
measure.

E Expectation of a random variable. Section 2.1

supp(m) Topological support of a measure. Definition 2.4

Supp(b) Index support of a histogram. Eq. (6.8)

C(X) Continuous real-valued functions on X. Section 2.1

Il Euclidean norm or the norm indicated by a Chapter 1
subscript.

D) Euclidean/Frobenius pairing or measure-function  Section 2.1
pairing.

Discrete matching and discrete Kantorovich OT

(xi)i, (yj); Source and target point clouds. Eq. (1.1)

C=(Ci)) Cost matrix between source and target points. Eq. (1.1)

o € Perm(n) Permutation encoding a one-to-one matching. Eq. (1.1)

Py, PE erm Permutation matrix and the set of all such matrices. Definition 3.7

By Birkhoff polytope of bistochastic matrices. Definition 3.8

a,b Discrete probability histograms. Eq. (3.1)

p Discrete transport/coupling matrix. Eq. (3.1)

U(a, b) Polytope of discrete couplings with marginals a,b. Eq. (3.1)

1,,PT All-ones vector and transpose of P. Eq. (3.1)

Lc(a,b) Discrete Kantorovich optimal value with cost C. Eq. (3.2)

D Ground distance matrix for discrete Wasserstein Definition 3.30
distances.

Wy(a,b) Discrete p-Wasserstein distance. Definition 3.30

Monge maps, one-dimensional OT and Gaussians

T,T Transport map. Eq. (2.5)

Ty Push-forward of a by T. Definition 2.8

T# g Pullback of a test function, T* g=goT. Remark 2.9

Id Identity map. Definition 2.8

’VVp Directed Monge transport distance. Eq. (2.6)

Vo Brenier map for quadratic cost. Theorem 2.18

Ca Cumulative distribution function of a 1-D measure. Eq. (2.8)
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Notation Meaning First reference

Cy 1 Quantile function of a 1-D measure. Eq. (29)

N(m,X) Gaussian law with mean m and covariance L. Eq. (2.14)

mgy, Xy Mean and covariance of a Gaussian measure «. Eq. (2.18)

B(Zy, Zﬁ) Bures covariance distance. Definition 2.38

tr(X) Trace of a matrix. Eq. (2.18)

Continuous Kantorovich OT and Wasserstein distances

s Coupling or transport plan. Definition 3.17

U(a, B) Set of couplings between a and f. Eq. (34)

Le(a,B) Kantorovich optimal value with ground cost c. Eq. (3.5)

d Ground distance on the underlying metric space. ~ Eq. (3.8)

Wp(a,p) p-Wasserstein distance. Definition 3.33

Wela,B) Worst-displacement Wasserstein distance. Eq. (3.13)

A B Probability laws over probability measures. Eq. (3.9)

agy Collapsed mixture associated with a law over Definition 3.47
measures.

W» Wasserstein distance on the Wasserstein space. Eq. (3.11)

r c-cyclically monotone subset of X x Y. Definition 3.27

p Glued or composed coupling. Lemma 3.32

- Weak* convergence of measures. Definition 3.38

TV, |- Itv Total variation divergence/norm. Section 2.1

Duality, transforms and weak norms

f,g Discrete dual potentials. Eq. (4.2)

f. 8 Continuous dual potentials. Eq. (4.5

R(a,b) Feasible set of discrete dual potentials. Eq. (4.1)

R(c) Feasible set of continuous dual potentials. Eq. (4.6)

€, 8¢ c-transform of a potential. Definition 4.8

Li(g) Laguerre/power cell in semi-discrete OT. Eq. (5.4)

Qn(a) Optimal m-point quantization error. Eq. (5.9)

Lip(f) Lipschitz constant of f. Eq. (5.10)

W1 Kantorovich—-Rubinstein distance /norm. Eq. (5.11)

Wic Graph Wasserstein-1/transshipment distance. Proposition 5.8

dg,Vg,divg Graph geodesic distance, gradient and divergence. Proposition 5.8

-1 Dual norm induced by a discriminator class B. Eq. (6.1)

H, k Reproducing kernel Hilbert space and its kernel. Definition 6.9

MMDy Maximum mean discrepancy/kernel norm for k. Definition 6.9

Dy, Dy Continuous and discrete ¢-divergences. Eq. (6.6)

P Recession slope of an entropy function. Definition 6.13

p* Legendre transform of ¢. Eq. (6.13)

KL,KL Continuous and discrete Kullback-Leibler Definitions 7.5, 7.9
divergences.

) Hellinger divergence/distance. Section 6.3

JS Jensen—Shannon divergence. Section 6.3

Entropic regularization and Sinkhorn algorithms

€ Entropic regularization strength. Eq.(7.1)

H(P) Shannon-Boltzmann entropy of a matrix. Definition 7.1

L¢(a,b) Discrete entropic OT value. Eq. (7.1)

Li(a,p) Continuous entropic OT value. Eq. (7.11)

K Gibbs kernel e=C/¢. Eq.(7.2)

u,v Left and right Sinkhorn scalings. Eq.(7.2)

diag(u)K diag(v) Scaling form of the entropic coupling. Eq. (8.1)

o} Entrywise product of vectors. Eq. (7.4)

ul®, u+) Current and next Sinkhorn iterates. Eq. (7.5)

dgq

Hilbert projective metric on positive vectors.

Definition 8.13
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Notation Meaning First reference
Projkl KL/Bregman projection. Eq. (8.1)

Li(a, B) Debiased Sinkhorn divergence. Eq. (7.31)

Extensions of OT

V1,2 Entropy functions penalizing marginal mismatch.  Eq. (9.1)

UW,, UW, ¢ Relaxed unbalanced OT value with marginal Eq. 9.1)
penalties.

L¢ Reverse-formulation local unbalanced cost. Eq. (9.2)

H. Homogeneous perspective of the local cost L. Eq. (9.3)

HW Homogeneous unbalanced formulation. Eq. (9.4)

C[X] Cone over the metric space X. Section 9.1

CW, CW, Cone formulation of unbalanced OT, with CW, Theorem 9.4, Eq. (12.11)
using growth scale «.

Ay Dynamic unbalanced perspective action for Eq. (12.11)
transport and growth.

WER; Wasserstein-Fisher-Rao dynamic distance with Eq. (12.11)
growth scale «.

Bs, As Input measures and weights in barycenter Eq. (10.2)
problems.

a* Optimal measure, often a barycenter. Section 10.1

SW) Sliced Wasserstein distance. Definition 9.5

gi-1 Unit sphere of projection directions. Definition 9.5

Py Projection on direction 6. Definition 9.5

MaxSW,, Max-sliced Wasserstein distance. Definition 9.8

MSWGG, Min-sliced lifted-plan upper bound on “W. Section 9.2

SWp k., MaxSW, ¢ Average and max Wasserstein distances over Definition 9.9
k-dimensional projections.

wy Spectral Wasserstein distance associated with a Eq. (9.7)
matrix gauge ).

B, Polar set defining the robust projected form of W,,. Eq. (9.9)

Wa,a Quadratic Wasserstein pseudodistance after Eq. 9.8)
projection by A1/2.

SRW) i Paty—Cuturi subspace robust Wasserstein distance. Section 9.4

LOT, Linear OT distance around reference p. Eq. (9.6)

T Barycentric projection of a coupling . Eq. (10.12)

Brn Pushforward of a by the barycentric projection. Eq. (10.12)

WOT¢ Weak OT value with conditional-law cost C. Eq. (10.13)

g€ Weak C-transform in weak OT duality. Proposition 10.14

ug, Vi Positive vector-valued density and spatial flux. Egs. (11.1), (11.2)

Wo Dynamic vector-valued BB-type cost. Eq. (11.1)

D, D’ Intra-domain distance matrices in discrete GW. Eq. (11.5)

A Discrepancy between intra-domain distances. Eq. (11.5)

GW Discrete Gromov-Wasserstein cost. Eq. (11.5)

X, Y Metric-measure spaces. Definition 11.6

gw Continuous Gromov-Wasserstein distance. Eq. (11.6)

dy, dcu Hausdorff and Gromov-Hausdorff distances. Section 11.2

FGW, p Fused Gromov-Wasserstein distance. Section 11.2

s", s Real symmetric matrices and their positive Definition 11.4
semidefinite cone.

At, Pt Positive matrix-valued density and spatial matrix ~ Egs. (11.3), (11.4)
flux.

Wnat Conservative matrix-valued BB-type cost. Eq. (11.3)

Hn, H, H,qu’l Hermitian matrices, positive semidefinite Definition 11.12
Hermitian matrices and density matrices.

Try, Trp Partial traces of a bipartite matrix. Eq. (11.9)
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Notation Meaning First reference

QOTc(A, B) Finite-dimensional quantum OT value with cost Eq. (11.10)
observable C.

QOT% (A, B) Entropically regularized quantum OT value. Eq. (11.12)

T.(F,G), Ts(F, G) Exact Gibbs coupling and symmetric Egs. (11.14), (11.15)

Gurvits-scaling surrogate.

Dynamic OT and Wasserstein gradient flows

at
Ut
T
Py

“VV% via action
Vaw f(a)

of(a)

dra + div(av) =0
Attt

S =C([0,1];RY)

Time-dependent curve of probability measures.
Eulerian velocity field transporting a;.
Lagrangian particle flow map.

Interpolant map in flow matching; later also path
evaluation.

Benamou-Brenier dynamic formulation.
Wasserstein gradient of a functional.

First variation of f at a.

Continuity equation.

One JKO/minimizing-movement step.

Path space in the superposition formulation.

Eq. (12.2)
Eq. (12.2)
Eq. (12.1)
Eq. (14.1)

Eq. (12.8)
Proposition 13.2
Proposition 13.2
Eq. (12.2)

Eq. (13.1)
Chapter 12
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Index

absolute continuity, 14, 15, 35, 68, 79, 81
absolutely continuous path, 139, 140
additively homogeneous map, 94, 95
admissible

potential, 49
adversarial

loss, i, 70

perturbation, 46
affine

closure, 163-167

constraint, 92, 123

gradient, 163-165

marginal constraint, 91, 92
affine map, 24, 52, 97, 158
Alexandrov solution, 18
alternate optimization, 54
alternating

projection, 74, 91, 92, 94

tree, 6,7
alternating optimization, 54
assignment problem, 1, 2, 5-7, 26, 29, 31, 50, 129,

154, 155

attention, 162, 168

mechanism, 162

operator, 162

self-attention, 162

single-head, 162
auction algorithm, 6, 50, 51

Baker-Campbell-Hausdorff formula, 135
balance equation, 141
Banach dual, 9, 10
Banach space, 9
barrier
entropy, 72
logarithmic, 32, 72, 75
LP, 72
parameter, 32
barycenter mean, 115
barycentric
mixture, 44, 45
projection, 27, 122-124
transport, 124
Beckmann
flow, 61
formulation, 56, 61, 62
Benamou-Brenier, 79, 80, 125-128, 137, 139-141
distance, 140
formulation, 79, 139, 140
Berry-Esseen
bound, 48

theorem, 47
Bessel function, 65
Birkhoff contraction theorem, 97, 98
Birkhoff polytope, 29
Birkhoff-von Neumann theorem, 30, 31, 35
bistochastic matrix, 29, 31
Boltzmann entropy, 71
Borel measure, 8,9, 15
Borel set, 8-10, 16
Bregman
divergence, 67, 69, 76, 86, 87, 91, 92
iteration, 133
penalty, 91
projection, 72, 88, 91-93, 95, 96, 134, 135
regularization, 86-88
three-point formula, 92
Brenier
factor, 16
map, 16, 17, 20, 22, 35, 49, 54, 82, 101, 111, 115,
147,149, 158, 166, 167, 170
source hypothesis, 15
theorem, 14-16, 18, 19, 23, 24, 35, 37, 54, 57,
110
bridge
Brownian, 79, 81, 82
O, 157, 160
overshooting, 159, 160
variance-preserving, 157, 159, 160
Bures
covariance, 24
metric, 22-25
smoothed term, 100
Bures-Wasserstein geometry, 22, 24, 45, 100, 117,
163, 166
Burg entropy, 69

c-concavity, 85
c-cyclical monotonicity, 35, 36
c-transform, 49, 51-56, 60, 77, 83, 84
Caffarelli regularity, 17
Catalan number, 6
causality, 162
cell mass, 57
central

limit theorem, 42, 47

path, 32
centroidal Voronoi, 59
change-of-variables, 18, 25, 116, 149
change-of-variables formula, 18, 149
characteristic kernel, 145
Choi matrix, 135
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Index

circle
transport, 3, 4
unfolded interval, 4
collapsed mixture, 44, 45
column normalization, 73
commutator, 135
compact space, 35
compact sublevel set, 104
complete metric space, 9
conditional
expectation, 153-156, 158
quantile, 111
conditional law, i, 21, 22, 79, 81, 122, 123, 140
conditional probability, 9, 16, 39, 44, 153
cone
formulation, 106
lifting, 106, 141
metric, 106
congruence normalization, 135
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